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1. Introduction

The question as to whether a given system of differential equations is variational
or not has been of considerable interest. To state the problem more explicitly,
suppose one has a given system of differential equations, then can one find out
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whether they are variational or not, and if so, can a Lagrange function for these
equations be constructed [1]. The problem in this form is often referred to as the
inverse problem of the calculus of variations [2]. In addition to this aspect of the
problem, there have been recent advances with many applications to differential
geometry [3], [4]. In quantum mechanics and quantum field theory, the question
of the existence of a Lagrangian which is necessary for a quantization procedure
such as path integrals has been of interest. In this short note, we would like to
consider some mathematical aspects related to this problem.

Any system of second-order differential equations which has coefficients that
do not depend explicitly on the time can be represented by a particular vector
field on a tangent bundle [5], [6]. This vector field is usually referred to as a
second order differential equation for the bundle. In the application just men-
tioned, one would like to interpret the conditions for the particular equations
to be derivable from a Lagrangian in terms of differential geometric methods
which are associated with the second order differential equation vector field.

The main interest here will be to formulate a generalized idea of self-
adjointness and show how it is linked to the problem introduced above. This
formulation is illustrated with respect to several model problems associated
with a given contact two-form structure. It can be shown for example that
the Euler or Lagrangian vector field, is self-adjoint under the definition used
here with respect to the exterior derivative of the Cartan form. The resulting
formalism leads to a natural formulation of symmetries, as well as canonical
transformations.

2. Review and Formulation of the Problem

A vector field Γ on the tangent bundle π : T (M) → M of a differentiable
manifold M of dimension n, is called a second-order differential equation if for
each point (q, u) of T (M), where u ∈ Tq(u)

π∗Γ(q,u) = u. (1)

Evolution space will then be thought of as the first jet bundle of smooth maps,
which is called J1(R,M), with R = R. The points of J1(R,M) are defined
in terms of smooth maps R → M , that is curves in M . Let us identify the
parameter on any curve with the time, considered as an additional coordinate.
Time may be incorporated by forming the manifold R ×M . Any curve σ in
M defines another curve in R ×M , called its graph, given by r → (t, σ(t)). In
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terms of coordinates, (t, qa, ua), a section t → (t, σa(t), ua(t)), will be the 1-jet
of the curve σ if and only if

ua(t) = σ̇a(t), (2)

for all t in the domain of σ. This condition may be expressed in terms of the n
local contact 1-forms θa, which have coordinate expression

θa = dxa − ua dt. (3)

Any vector field Γ on J1(R,M) whose integral curves are all 1-jets of curves in
M must satisfy

< Γ, θa >= 0, < Γ, dt >= 1. (4)

The vector field Γ is the second-order differential equation field, and can be
written in terms of coordinates as follows

Γ =
∂

∂t
+ ua ∂

∂qa
+ fa ∂

∂ua
. (5)

The integral curves with initial t coordinate 0 have t for parameter and satisfy

q̇a(t) = ua(t), u̇a(t) = fa(t, q(t), u(t)). (6)

They are the 1-jets of the solution curves of the second-order differential equa-
tions

q̈a = fa(t, q, q̇). (7)

Thus, J1(R,M) is a vector bundle over R×M , and is equipped with a system
of 1-forms, the contact forms, with local basis {θa}. Let X be a vector field
on R × M . There is a unique vector field X(1) on J1(R,M), called its first
prolongation, such that π∗X

(1) = X and LX(1)θa is a linear combination of the
basic contact 1-forms. In coordinates, if X takes the form

X = τ
∂

∂t
+ ξa ∂

∂qa
, (8)

with τ , ξa local functions, then

X(1) = τ
∂

∂t
+ ξa ∂

∂qa
+ ηa ∂

∂ua
, (9)

where ηa is defined by

ηa = ξ̇a − uaτ̇ =
∂ξa

∂t
+ ub∂ξ

a

∂qb
− ua(

∂τ

∂t
+ ub ∂τ

∂qb
). (10)
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It follows from (10) that

(
∂

∂t
)(1) =

∂

∂t
,

and for any vector fields X, Y on R × M , [X(1), Y (1)] = [X,Y ](1). It is a
straightforward consequence of this definition that for any vector field X on
R×M , and any second-order differential equation field Γ, the vector field

V = LX(1)Γ − τ̇Γ,

is vertical, where τ = iX dt. The addition of a vertical vector field to a second-
order differential equation field leads to a new second-order differential equation
field [5], [6]. The effect of the action of the flow of X(1) on Γ is to transform
it into a new second order differential equation field, but with a change of
parametrization if τ̇ 6= 0.

One can also say that a vector at a point of J1(R,M) is vertical if it is
tangent to the fibre of π : J1(R,M) → R ×M . For example, the vector fields
Va = ∂/∂ua form a local basis of vertical vector fields. If Γ is a given second
order vector field given in (5), then a set of local vector fields Ha, in terms of
this second-order differential equation field Γ are given by

Ha =
∂

∂qa
−Qb

a

∂

∂ub
, Qb

a = −
1

2

∂f b

∂ua
. (11)

Elements of the vector field system spanned by the Ha are called horizontal.
The vector fields {Ha, Va,Γ} form a local vector field basis on J1(R,M). The
dual basis of 1-forms is given by {θa, ψa, dt}, where using (3)

ψa = dua − fadt+Qa
bθ

b = Qa
b dx

b + dua − (fa +Qa
bu

b) dt. (12)

A type (1, 1) tensor field S can be defined on J1(R,M) by

S = Va ⊗ θa.

Then S vanishes on vertical vectors, and on second order differential equation
fields. For any vector field Z on J1(R,M), it is clear that S(Z) is vertical. One
can define the vertical lift Xv to J1(R,M) by using S

Xv = S(X(1)).

A Lagrangian, for example, determines a second-order differential equation field
Γ. The integral curves of Γ are the 1-jets of the solution curves of the Euler-
Lagrange equations. Suppose that the Lagrangian is regular, so that

Va(Vb(L)) =
∂2L

∂ua∂ub
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is nonsingular. Thus, there exists gbk such that

∂2L

∂ua∂ub
gbk = δk

a .

Then Γ, which is called the Euler-Lagrange field, is given by [7],

Γ =
∂

∂t
+ ua ∂

∂qa
+ Λa ∂

∂ua
, (13)

where Λa are defined in terms of the Lagrangian as follows

Λi = gij(−
∂2L

∂uj∂qk
q̇k −

∂2L

∂uj∂t
+
∂L

∂qj
).

Since {Ha, Va,Γ} and {θa, ψa, dt} are dual local bases, the vector field Γ is
uniquely determined by the equations

< Γ, θa >= 0, < Γ, ψa >= 0, < Γ, dt >= 1. (14)

3. Generalized Self-adjointness

Recall that a subspace of a tangent space to a differential manifold is called a
Lagrangian subspace for a two-form if the two-form vanishes on each pair of
vectors from the subspace. The following theorem has been proved in [6] and
it will be referred to in the following.

Theorem. Let Γ be a second-order differential equation on the tangent
bundle of a differentiable manifold N . Necessary and sufficient conditions for
Γ to be derivable from a regular Lagrangian are that there exists on T (N) a
two-form ω, of maximal rank, for which LΓω = 0, and such that all vertical
subspaces are Lagrangian both for ω and for iH dω, where H is any horizontal
vector.

Recall that f is a constant of motion for the dynamical vector field Y if
LY f = 0. Suppose one considers the trivial bundle R × N over the real line
R = R, where N is a 2n-dimensional real C∞-differentiable manifold. Here N
could be TM in which case, N is the evolution space of the system. Suppose
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ϕ ∈ Ω1(R × N) is a given one-form for which dϕ is of constant rank 2n. The
two-form ω = dϕ defines an exact contact structure on R×N .

Definition 1. A vector field X on R×N is called self-adjoint with respect
to the given two-form ω dϕ

iX ω = 0, iX dt = 1. (15)

Similarly, X is self-adjoint with respect to the given contact structure if iX dϕ =
0 holds.

The first of these conditions states that X must be a characteristic vector
field of dϕ. Since C(dϕ) is one-dimensional, the two conditions define a unique
vector field on R×N . It is easy to verify that the original one-form ϕ may be
replaced in the above definition by any one-form ϕ′ for which dϕ = dϕ′, that
is, which locally differs from ϕ by at most a total differential.

Proposition 1. Suppose that ω = dϕ and iHω are Lagrangian. A neces-
sary condition for the two-form ω = dϕ to satisfy LΓω = 0 is that the vector
field Γ on R×N be self-adjoint is that

iΓdϕ = 0.

Proof. From the homotopy identity

LΓω = iΓ dω + diΓω = 0.

Since dω = 0 follows from ω, the requirement the iΓ dϕ = 0 ensures that
LΓω = 0.

Let N be the tangent bundle TM of the n-dimensional manifold M , and
consider a regular time-dependent Lagrange function L ∈ C∞(R× TM).

Proposition 2. The vector field Γ defined by (13) is self-adjoint with
respect to the derivative of the Cartan form, ω = dθ, where θ is defined by,

θ = (L− q̇i ∂L

∂q̇i
) dt +

∂L

∂q̇i
dqi. (16)
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Proof. It is clear that the equation iΓdt = 1 holds. It has been shown in [9]
that iΓ dθ = 0 holds as well, which means that all the conditions for generalized
self-adjointness are satisfied.

Let us introduce some examples. First, this definition of self-adjointness
leads to the idea of a self-adjoint system of differential equations. In any lo-
cal coordinate system (t, x1, · · · , xn) on the manifold R × N , where N is a
2n-dimensional real C∞-differentiable manifold, consider a one-form with the
structure

ϕ = H dt +Gj dx
j .

Here, H and Gj depend only on t and the xj . This form can be differentiated
in a straightforward way to give

dϕ = (
∂Gi

∂t
−
∂H

∂xi
) dt ∧ dxi +

∂Gi

∂xj
dxj ∧ dxi.

Let the vector field which is to be self-adjoint with respect to dϕ be represented
by

X = η
∂

∂t
+ λi ∂

∂xi
.

Then, iXdt = 1 implies that η = 1, and the condition iXdϕ = 0 implies that

[(
∂Gi

∂t
−
∂H

∂xi
) + λj(

∂Gi

∂xj
−
∂Gj

∂xi
)] dxi − (

∂Gi

∂t
−
∂H

∂xi
)λi dt = 0.

Since dt and dxi are independent, this results in the following pair of equations

(
∂H

∂xi
−
∂Gi

∂t
) = λj(

∂Gi

∂xj
−
∂Gj

∂xi
), (

∂Gi

∂t
−
∂H

∂xi
)λi = 0.

As another example, it has been shown in [9] that, for a first order Lagrange
function, the derivative of the Cartan form (16) can be written as α = dθ =
E + F . Here, E and F are defined as the differential two-forms given by

E = Ei dq
i ∧ dt,

F = Fab(dq
a − q̇a dt) ∧ (dqb − q̇b dt) +Gab(dq̇

a − q̈a dt) ∧ (dqb − q̇b dt),

where the functions Fab and Gab are defined in the following way

Fab =
1

2
(
∂2L

∂qa∂q̇b
−

∂2L

∂qb∂q̇a
), Gab =

∂2L

∂q̇a∂q̇b
.

Now dθ satisfies iΓ dθ = 0, where Γ is given in (13). If we require that α be
closed, that is, dα = 0, by direct calculation one can obtain the standard form
of the Helmholtz conditions [9].



142 P. Bracken

Finally, consider a different example. With the horizontal distribution
spanned by Hi, one can consider {Hi, ∂/∂u

i} a basis of local vector fields for
T (M). The dual basis of one-forms is {dqi, θj}, where θj = duj − 1

2∂qsf jdqs.
The Lie derivatives of these one-forms with respect to the second-order differ-
ential equation field Γ = ui∂/∂qi + +f i∂/∂ui are written

LΓ dq
i = dui,

LΓθ
i = LΓ du

i −
1

2
LΓ(

∂f i

∂qj
dqj −

1

2

∂f i

∂qj
LΓ(dqj)

= −
1

2
Γ(
∂f i

∂qj
) dqj −

1

2

∂f i

∂qj
duj + df i.

Let ω be the two-form defined by

ω = aij dq
i ∧ dqj + gij dq

i ∧ θj, aij + aji = 0.

Terms of the form θi ∧ θj are excluded from the expression for ω, so that the
condition that vertical subspaces are Lagrangian for ω is fulfilled. Then

LΓω = Γ(aij) dq
i ∧ dqj + aij(

1

2

∂f i

∂qs
dqs

+ θi) ∧ dqj + aijdq
i ∧ (

1

2

∂f j

∂qs
dqs + θj)

+Γ(gij) dq
i ∧ θj + gij(

1

2

∂f i

∂qs
dqs + θi) ∧ θj + gij dq

i ∧ (−
1

2
Aj

s dq
s +

1

2

∂f j

∂qs
θs)

= (Γ(aij) + ais
∂f s

∂qj
−

1

2
gisA

s
j) dq

i ∧ dqj

+(2aij + Γ(gij) +
1

2
gis
∂f s

∂qj
+

1

2
gsj

∂f s

∂qi
) dqi ∧ θj + gijθ

i ∧ θj. (17)

Here, Ai
j is given by

Ai
j = Γ(

∂f i

∂uj
) − 2

∂f i

∂qj
−

1

2

∂f i

∂uk

∂fk

∂uj
.

Equating to zero the coefficients of linearly independent terms to obtain the
conditions imposed by setting LΓω equal to zero, one has to have

gij = gji.
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Therefore, it follows from (17) that

aij = 0, Γ(gij) +
1

2
gik

∂fk

∂qj
+

1

2
gkj

∂fk

∂qi
= 0.

These are, respectively, the skew symmetric and symmetric parts of the coeffi-
cient of dqi ∧ θj. Finally, there is the term

−
1

2
gikA

k
j dq

i ∧ dqj = 0.

This implies that gikA
k
j = gjkA

k
i . Therefore,

ω = gij dq
i ∧ θj.

This means that ω is of maximal rank if and only if det(gij) 6= 0.

Proposition 3. Let α ∈ Ω1(R×M) be given. Then, there exists a vector
field Y on R×M such that

iY dϕ = α, (18)

if and only if iXα = 0, where X is the self-adjoint vector field corresponding to
dϕ.

Proof. Suppose that α = iY dϕ, then iX iY dϕ = −iY iX dϕ = 0 by (14).
Consider the map Z → iZ dϕ. This is a linear map whose kernel is a one-
dimensional subspace of the set of vector fields on R×M consisting of multiples
of a characteristic. If α lies in this image space, then there is some Y such
that iY dϕ = α. The image space of these vector fields is then contained
in the subspace of the image consisting of those one forms which are linear
combinations of dqi− q̇i dt and dq̇i−Λi dt, which is just the subspace of those α
such that iXα = 0. Since both spaces are 2n-dimensional, they must coincide.

It follows immediately from this using (14) and (18), that the following
holds.

Corollary. Whenever Y is a solution of (18), the Lie bracket of X and Y
belongs to the set of characteristics of dϕ,

[Y,X] = gX,

for some function g ∈ C∞(R×M).

Proof. Using the homotopy identity, LX = iXd+ d iX ,

i[Y,X] dϕ = iY LX dϕ− LXiY dϕ = iY (iXd+ diX) dϕ − (iXd+ diX)iY dϕ = 0.

This will be applied to the case with symmetries in the next section.



144 P. Bracken

4. Symmetries and Canonical Transformations

One says that a vector field Y is a symmetry of a certain tensor field if that
tensor field is invariant under the flow of Y . Thus, in this sense, Y is a symmetry
of another vector field X if and only if

LYX = [Y,X] = 0, (19)

where LY represents the Lie derivative [8], [10]. Thus Y is a symmetry of, for
example, the 2-form dϕ if and only if

LY dϕ = 0. (20)

On the other hand, for differential equations, what one is really interested in
is that the flow of Y maps integral curves of Γ into integral curves. For this
to hold, the system need not be strictly invariant since one can change the
parametrization along integral curves. This is reflected in the requirement that
the Lie derivative satisfy

LY Γ = [Y,Γ] = hΓ. (21)

A vector field satisfying (21) will be called a dynamical symmetry of Γ. A
special class of dynamical symmetries for Lagrangian systems is provided by
the symmetries of the derivative of the Cartan form dθ.

Proposition 4. A dθ-symmetry is a dynamical symmetry of the La-
grangian vector field Γ.

Proof. Since i[X,Y ]β = iXLY β − LY iXβ, then applying this to dθ with X
replaced by Γ, we obtain

i[Γ,Y ] dθ = iΓLY dθ − LY iΓ dθ = 0,

since LY dθ = 0 and iΓ dθ = 0.
Since the set of characteristic vector fields of dθ is one-dimensional, it follows

that [Γ, Y ] must be proportional to Γ. Let Y be a vector field that satisfies (21)
and is given by

Y = τ(t, q, q̇)
∂

∂t
+ ξi(t, q, q̇)

∂

∂qi
+ ηi(t, q, q̇)

∂

∂q̇i
. (22)

Given this and (10), a long calculation shows that their Lie bracket is given as
follows [9],

[Y,Γ] = (ηi − Γ(ξi))
∂

∂qi
+ (Y (Λi) − Γ(ηi))

∂

∂q̇i
− Γ(τ)

∂

∂t
.
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In order for Y to be a dynamical symmetry, this has to be proportional to Γ,
and so matching coefficients, one has

Y (Λi) − Γ(ηi) = −ΛiΓ(τ), ηi − Γ(ξi) = −q̇iΓ(τ).

By identifying this with hΓ, one obtains h explicitly,

h = −Γ(τ). (23)

The way in which the concept of symmetry enters a certain theory often
depends on the specific nature of the systems to which it is applied, as well
as the type of framework in which the analysis is done, which could be either
analytical or geometrical. In the case of a self-adjoint system, it seems natural
to introduce the idea of symmetry in terms of the contact form dϕ, which
completely determines the structure of the corresponding vector field.

Definition 2. A mapping F ∈ Diff(R × N) is called a symmetry of the
contact form dϕ iff

F∗ dϕ = dϕ. (24)

A mapping F is called a canonical symmetry iff F is a symmetry of dϕ and
moreover satisfies F∗ dt = dt.

A mapping F ∈ Diff(R×M) is called a symmetry of a vector field Y iff

F∗Y = Y. (25)

To put this in other words, a symmetry of a vector field transforms the set of
integral curves of that vector field onto itself, without altering the parametriza-
tion of these curves. Consider now a symmetry F of dϕ. If F acts on (14), one
obtains using (24)

iF∗X dϕ = 0.

Thus, F∗X belongs to C(dϕ), and since this is one-dimensional and contains X,
there must exist a function h ∈ C∞(R×N) such that

F∗X = hX. (26)

Therefore, a symmetry of dϕ will in general not be a symmetry of the self-
adjoint vector field X. By (26), it follows that F permutes integral curves of X
among themselves, but allows for a change of parametrization along the curves.

Finally, an extension of the classical notion of the canonical transformation
into this type of formalism will be introduced. It should be recalled that,
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roughly speaking, a transformation is canonical if every Hamiltonian system is
transformed into a Hamiltonian system.

It is useful to state formally a fact which has been used repeatedly here.
Each p-form β on R ×M with 1 ≤ p ≤ 2n + 1 admits a splitting into a form
β(1) and a form β(2) such that

β = β(1) + β(2) ∧ dt, (27)

with β(2) ∈ Ωp−1(R ×M) and i∂/∂tβ
(1) = 0. This means that β(1) contains no

terms in dt.
One can then introduce the equivalence class [β] of p-forms β defined as

follows,
[β] = {γ ∈ Ωp(R ×M)|β ∧ dt = γ ∧ dt} . (28)

Now the exterior derivative can be extended to (28) by putting

d[β] = {dβ′|β′ ∈ [β]}.

Here, ϕ will represent a one form on R×M such that dϕ is a contact form
which determines a self-adjoint vector field according to the given definition.
Of course, on account of the decomposition (27), ϕ can be written in the form

ϕ = ϕ(1) +H dt,

for some H ∈ C∞(R×M). Thus, ϕ(1) can be thought of as the analogue of the
canonical one form pi dq

i which occurs in the phase space description of Hamil-
tonian systems. If canonical transformations are to preserve the structure of
self-adjoint vector fields, some condition must be imposed on the transformation
of time.

Definition 3. A map F ∈ Diff(R×M) is called a canonical transforma-
tion with respect to the equivalence class [β] iff

F∗dt = dt, F∗ d[β] = d[β].

From this, it follows that F is canonical with respect to [β] iff F∗ dt = dt and

F∗ dϕ = d(ϕ− σ dt), (29)

for some function σ ∈ C∞(R×M).

Proposition 5. A canonical transformation F is a symmetry of dϕ if and
only if it is a symmetry of the corresponding self-adjoint vector field.
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Proof. Let F be a symmetry of dϕ. If F acts on the first self-adjoint
property in (14), we obtain iF∗X dϕ = 0, hence there must exist a function
f ∈ C∞(R ×M) such that F∗X = fX,

f =< fX, dt >=< F∗X, dt >=< X,F∗dt >=< X, dt >

and when F is canonical, implies f = 1. Hence, F is a symmetry of X.
Conversely, if F∗X = X, it follows that

0 = iX dϕ = iF∗X dϕ = iXF∗ dϕ.

Since F is a canonical transformation, using (29) we have that F∗ dϕ = dϕ −
dσ ∧ dt, for some function σ. Since iX dt = 1, we have

0 = iX(dϕ − dσ ∧ dt) = −iX(dσ ∧ dt) = −(iXdσ) dt + dσ.

Solving this relation, we have dσ = (iX dσ) dt, it then follows that dσ ∧ dt = 0,
thus F∗dϕ = dϕ is a symmetry of the contact form dϕ.
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tions Géometriques du Calcul Infinitésimal, Paris (1899).

[3] G. Morandi, C. Ferrario, G. Vecchio, G. Marmo and C. Rubans, The in-
verse problem in the calculus of variations and the geometry of the tangent
bundle, Phys. Rep., C, 188 (1990), 147-284.

[4] I. Anderson and G. Thompson, The Inverse Problem of the Calculus of

Variations for Ordinary Differential Equations, Memoirs of the American
Mathematical Society, 473, 98 (1992).

[5] M. Crampin, G. E. Prince and G. Thompson, A geometrical version of the
Helmholtz conditions in time-dependent Lagrangian dynamics, J. Phys. A:

Math. Gen., 17 (1984), 1437-1447.

[6] M. Crampin, On the differential geometry of the Euler-Lagrange equations,
and the inverse problem of Lagrangian dynamics, J. Phys. A: Math. Gen.,
14 (1981), 2567-2575.



148 P. Bracken

[7] W. Sarlet and F. Cantrijn, Generalizations of Noether’s theorem in classical
mechanics, Siam Review, 23 (1981), 467-494.

[8] G. Marmo, E. J. Saletan, A. Simoni and B. Vitale, Dynamical Systems,
John-Wiley and Sons (1985).

[9] P. Bracken, Determination of Lagrangians from equations of motion and
commutator brackets, Acta Appl. Mathematicae, 57 (1999), 83-103.

[10] P. Bracken, A differential geometric approach to the Helmholtz equations
and an application to a space with a nontrivial Riemannian metric, Acta
Appl. Mathematicae, 69, No. 2 (2001), 129-139.

[11] Y. Matsushima, Differentiable Manifolds, Marcel Dekker, New York
(1972).


