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1. Introduction

We are concerned with a bilevel programming problem corresponding to a two-
player game, where a leader (a central system) plays against a follower (subsys-
tem). The aim of the two players is to minimize their objective functions. For
an announced strategy x by the leader, the follower reacts by playing optimally,
and the leader takes into account the extremal-value function of the follower by
including it in his objective function. That is the leader evaluates the lower-
level’s performance through the extremal-value function of the follower. More
precisely, let

F : R
n × R → R, G = (G1, ..., Gp) : R

n → R
p,

be respectively the objective and the constraint functions of the leader, and

f : R
n × R

m → R, g = (g1, ..., gq) : R
n × R

m → R
q,

be respectively the objective and the constraint functions of the follower, with
F , G, f and g being convex. The leader’s problem (called the upper-level
problem) is formulated as in [16, 18]:

(S) min
x∈R

n

G(x)≤0

F (x, v(x)),

where v(x) is the optimal-value of the follower’s problem (called the lower-level
problem)

P (x) min
y∈R

m

g(x,y)≤0

f(x, y).

The problem (S) is termed a bilevel (two-level) nonlinear program with extremal-
value function, which is a specialized form of Stackelberg problems. A large class
of optimization problems can be formulated as (S). For example, the two-level
design problem and the general resource allocation problem for a decentralized
system. For more details and concrete applications, which have the form of (S)
we refer to [16]. As is well known, the marginal function v is convex since f and
g are convex (see for example [18]). So, if moreover the convex function F (x, .)
is nondecreasing for any x ∈ R

n, then the problem (S) is convex. However,
(S) includes the marginal function v in its formulation, and hence it requires
a nondifferentiable optimization techniques to be solved. For such a problem,
Tanino and Ogawa ([18]) have proposed an algorithm based on the subgradient
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formula for the upper level objective function. In [9] and [15], the authors have
considered a bilevel optimization problem (S̃), in which the objective and the
constraint functions depend on the extremal-value function v. In [9], Ishizuka
was interested in finding optimality conditions for quasi-differentiable programs,
and in particular, under suitable assumptions, he derived an optimality condi-
tion for (S̃). In [15], Shimizu and Ishizuka have derived optimality conditions
for (S̃) based on the directional derivatives of the marginal function v, and have
proposed a computational method (bundle method).

In this paper, under suitable assumptions, we use some results given in [8]
for reverse convex programs to derive a sufficient optimality condition, which is
different than those given in [9, 15, 16, 18]. A resolution of a min-max problem
with unseparate constraints will be needed to verify this optimality condition.
For papers dealing with max-min solutions in the unseparate constraints case,
we refer for example to [10, 11, 13, 14].

Note that the case, where the lower-level consists of N optimization sub-
problems (N followers) can be treated similarly. The paper is organized as
follows.

In Section 2, we first introduce a reverse convex program (Ŝ). Assuming
that F (x, .) is a nonincreasig function, we show that (S) and (Ŝ) are equivalent.
Then, we recall some definitions and results from [8] about stability of optimiza-
tion problems and a duality between two optimization problems, which will be
used in the sequel. Under suitable assumptions, in Sections 3, we first apply
some stability results from [8] to (Ŝ). Then, we derive the sufficient optimality
condition for (S) via (Ŝ).

2. Preliminaries

Set

G =
{

x ∈ R
n/G(x) ≤ 0

}

, and Y (x) =
{

y ∈ R
m/ g(x, y) ≤ 0

}

.

Throughout the paper, the functions F , G, f and g are convex and the following
convention for inequalities will be used. For x = (x1, ..., xn), y = (y1, ..., yn) ∈
R

n,

x ≥ y ⇐⇒ xi ≥ yi and x > y ⇐⇒ xi > yi, i = 1, ..., n.

First, let us recall the following result.

Proposition 2.1. The marginal function v is convex on R
n.

Proof. It follows from the convexity of f and g (see for example [18]).
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Now, consider the reverse convex program

(Ŝ) min
(x,t)∈R

n×R

G(x)≤0
v(x)−t≥0

F (x, t),

which includes the extremal-value function v in the constraints.

Remark 2.1. Note that the reverse convex constraint v(x) − t ≥ 0,
undermines the convexity of the feasible set. However, under appropriate as-
sumptions, in [20], Tuy reduced the reverse convex programs to the convex
maximization problems. For more details about reverse convex programs see
for example [8, 20, 21].

Let us make the following assumptions:

(2.1) F (x, .) is a nonincreasing function on R, for any x ∈ R
n,

(2.2) There exists a compact set Z of R
m, such that Y (x) ⊂ Z, for any

x ∈ G,

(2.3) The Slater condition: for any x ∈ G, there exists y ∈ R
m, such that

g(x, y) < 0.

The equivalence between the problems (S) and (Ŝ) is stated below.

Proposition 2.2. Let assumption (2.1) be satisfied. Then, the following
assertions hold.

i) if (x̂, t̂) is a solution of (Ŝ), then x̂ is a solution of (S),

ii) if x̂ is a solution of (S), then (x̂, v(x̂)) is a solution of (Ŝ).

Proof. i) Suppose that (x̂, t̂) is a solution of (Ŝ).

Feasibility of x̂. Follows from the feasibility of (x̂, t̂) to (Ŝ).

Optimality of x̂. Let x ∈ R
n such that G(x) ≤ 0. Then, (x, v(x)) is a

feasible point of (Ŝ) and hence F (x̂, t̂) ≤ F (x, v(x)). On the other hand, we
have F (x̂, v(x̂)) ≤ F (x̂, t̂) ≤ F (x, v(x)), that is x̂ solves (S).

ii) Suppose that x̂ is a solution of (S).

Feasibility of (x̂, v(x̂)). Follows easily from the feasibility of x̂ to (S).

Optimality of (x̂, v(x̂)). Let (x, t) be a feasible point of (Ŝ). Then, G(x) ≤
0 and v(x) ≥ t. Since x̂ is a solution of (S), it follows that F (x̂, v(x̂)) ≤
F (x, v(x)) ≤ F (x, t). Hence (x̂, v(x̂)) is a solution of (Ŝ).
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Set

Yj =
{

(x, y) ∈ R
n × R

m/ gj(x, y) ≤ 0
}

, Y = ∩q
j=1Yj ,

and let δYj
denote the indicator function of the set Yj, i.e.,

δYj
(x, y) =

{

0 if gj(x, y) ≤ 0,

+∞ otherwise.

The following lemma is concerning the subdifferential of the marginal func-
tion v, which will be often used in the sequel.

Lemma 2.1. Let x ∈ G. Suppose that assumptions (2.2) and (2.3) are
satisfied. Then, there exists y verifying g(x, y) ≤ 0, and v(x) = f(x, y), such
that

∂v(x) ⊂ ∂xf(x, y) +

q
∑

j=1

⋃

λj≥0
λj∂xgj(x, y),

where ∂v(x) and ∂xf(x, y) are respectively the subdifferentials of v and f(., y)
at x.

Proof. We have (see for example [2])

u∗ ∈ ∂v(x) ⇐⇒ (u∗, 0) ∈ ∂(f +

q
∑

j=1

δYj
)(x, y), (1)

where y satisfies g(x, y) ≤ 0, and v(x) = f(x, y). By the continuity of finite
convex functions on R

n, and the Slater condition (2.3), we have

q
⋃

j=1

intYj 6= ∅,

where intYj is the interior of the set Yj . Since domf = R
n×R

m, and dom δYj
=

Yj, it follows from Theorem 23.8 in [16],

∂(f +

q
∑

j=1

δYj
)(x, y) = ∂f(x, y) +

q
∑

j=1

∂δYj
(x, y)

= ∂f(x, y) +

q
∑

j=1

NYj
(x, y),
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where NYj
(x, y) is the normal cone to Yj at (x, y). By Corollary 23.7.1 in [16],

we have

NYj
(x, y) =

{

⋃

λj≥0λj∂gj(x, y) if gj(x, y) = 0,

{0} if gj(x, y) < 0.

Hence

∂f(x, y) +
∑q

j=1 NYj
(x, y) ⊂ ∂f(x, y) +

∑q
j=1

⋃

λj≥0λj∂gj(x, y)

⊂ ∂xf(x, y) × ∂yf(x, y) +
∑q

j=1

⋃

λj≥0λj

[

∂xgj(x, y) × ∂ygj(x, y)
]

.

By (1), we deduce that

∂v(x) ⊂ ∂xf(x, y) +

q
∑

j=1

⋃

λj≥0
λj∂xgj(x, y).

Remark 2.2. Lemma 2.1 can be generalized to x ∈ X, where X is an
arbitrary subset of R

n, with assumptions (2.2) and (2.3) respectively replaced
by:

(2.2)∗ There exists a compact set Z of R
m, such that Y (x) ⊂ Z, for any

x ∈ X,
(2.3)∗ The Slater condition: for any x ∈ X, there exists y ∈ R

m, such that
g(x, y) < 0.

Before going further, let us recall the following definitions and results from
[8] about stability of optimization problems and a duality between two opti-
mization problems. Let f̂ , ĝ : R

n → R, α, β ∈ R, and D̂ is a nonempty subset
of R

n. Consider the following problems, which are in duality in the following
sense

(Pβ) min
x∈D̂

ĝ(x)≥β

f̂(x), (Qα) max
x∈D̂

f̂(x)≤α

ĝ(x).

Let inf Pβ and supQα denote the optimal-values of (Pβ) and (Qα) respectively.

Definition 2.1. The problem (Pβ) is stable if limβ′→β+ inf Pβ′ = inf Pβ .
The problem (Qα) is stable if limα′→α− supQα′ = supQα.

Definition 2.2. A feasible point x of (Pβ) is said to be regular for (Pβ),

if there exists a sequence (xk) converging to x such that xk ∈ D̂, and ĝ(xk) > β
for large k. Similarly, a feasible point x of (Qα), is said to be regular for (Qα) if
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there exists a sequence (xk) converging to x such that xk ∈ D̂, and f̂(xk) < α
for large k.

Proposition 2.3. If f̂ is upper semicontinuous and if there exists at least
one solution of (Pβ) that is regular for (Pβ), then (Pβ) is stable. Similarly, if ĝ
is lower semicontinuous and if there exists at least one solution of (Qα) that is
regular for (Qα), then (Qα) is stable.

Proposition 2.4. i) Assume that (Qα) is stable. Then, α ≤ inf Pβ implies
β ≥ supQα.

ii) Assume that (Pβ) is stable. Then, β ≥ supQα implies α ≤ inf Pβ .

3. Main Results

In this section, by applying some results given in [8] to (Ŝ), we derive a sufficient
optimality condition for (S) via (Ŝ).

3.1. Assumptions and Preliminaries

Let G
′

i(x; d) denotes the directional derivative of Gi at x in the direction d ∈ R
n,

and let I(x) denotes the index set of active constraints Gi at x, i = 1, ..., p, i.e.,
I(x) =

{

i ∈ {1, ..., p}/Gi(x) = 0
}

. For k ∈ {1, ..., p}, set Ik =
{

1, ..., k
}

,

Dk =
⋃

i∈Ik

{

x ∈ G/Gi(x) = 0
}

, Gk = G \ Dk,

fmax = sup
(x,y)∈R

n×R
m

G(x)≤0
g(x,y)≤0

f(x, y), and fmin = inf
(x,y)∈R

n×R
m

G(x)≤0
g(x,y)≤0

f(x, y).

We make the following assumptions:

(3.1) The set G is bounded.

(3.2) There exist l ∈ Ip, fl ≥ fmax, t(l) ≤ fmin, and x(l) ∈ G, such that:

1) F (x(l), t(l)) < inf (x,t)∈Dl×R

t≤fl

F (x, t), and for any (x, y) ∈ Gl × R
m, such

that g(x, y) ≤ 0, we have:

2) 0 6∈
⋃

i∈I(x) ∂Gi(x).

3)











∂xf(x, y) ⊂
⋂

i∈I(x)

{

d ∈ R
n/G

′

i(x; d) < 0
}

,

⋃

j=1,...,q ∂xgj(x, y) ⊂
⋂

i∈I(x)

{

d ∈ R
n/G

′

i(x; d) ≤ 0
}

.
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(3.3) There exist l ∈ Ip, fl ≥ fmax, t(l) ≤ fmin, and x(l) ∈ G, such that:

1) F (x(l), t(l)) < inf (x,t)∈Dl×R

t≤fl

F (x, t).

For any (x, y) ∈ Gl×R
m, such that g(x, y) ≤ 0, and any (u, vj) ∈ ∂xf(x, y)×

∂xgj(x, y), j = 1, ..., q, we have:

2) 0 6∈
⋃

i∈I(x) ∂Gi(x),

3) 〈wi, u〉 ≥ 0, 〈wi, vj〉 ≥ 0, for any descent direction wi of Gi at x, i ∈ I(x),
where 〈., .〉 denotes the inner product of two vectors.

(3.4) There exist l ∈ Ip, fl ≥ fmax, t(l) ≤ fmin, and x(l) ∈ G, such that:

1) F (x(l), t(l)) < inf (x,t)∈Dl×R

t≤fl

F (x, t),

and for any (x, y) ∈ Gl × R
m, such that g(x, y) ≤ 0, we have:

2) The functions f and g are differentiable at (x, y), and for any i ∈ I(x),
the function Gi is differentiable at x, and satisfies:

i) 〈∇Gi(x),∇xf(x, y)〉 < 0, 〈∇Gi(x),∇xgj(x, y)〉 ≤ 0, ∀j, where ∇ stands
for the gradient.

ii) 0 6∈ {∇Gi(x), i ∈ I(x)}.

Let us recall the following definition.

Definition 3.1. Let A be a nonempty convex cone of R
n. The polar of A

denoted by A◦ is defined by

A◦ =
{

x∗ ∈ R
n/∀x ∈ A, 〈x∗, x〉 ≤ 0

}

.

Remark 3.1. 1) From the definition of Gl, we have
⋃

x∈Gl
I(x) ⊂ {l +

1, ..., p}.

2) Assumption (3.2) ((3.3) or (3.4)) implies that (x(l), t(l)) is a feasible
point of (Ŝ), and

F (x(l), t(l)) < inf
(x,t)∈Dl×R

v(x)≥t

F (x, t).

Furthermore, if (x̂, t̂) solves (Ŝ), then (x̂, t̂) 6∈
{

(x, t) ∈ Dl × R/ t ≤ fl

}

, and
hence (x̂, t̂) 6∈

{

(x, t) ∈ Dl × R/ t ≤ v(x)
}

.

3) The set
{

d ∈ R
n/G

′

i(x; d) < 0
}

of descent directions of active con-
straints Gi at x is nonempty for any i ∈ I(x), if and only if the condition 2) of
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assumption (3.2) is satisfied. On the other hand, we have

{

d ∈ R
n/G

′

i(x; d) ≤ 0
}

=
{

d ∈ R
n/ 〈x∗, d〉 ≤ 0,∀x∗ ∈ ∂Gi(x)

}

=
{

d ∈ R
n/ 〈λx∗, d〉 ≤ 0,∀λ ≥ 0,∀x∗ ∈ ∂Gi(x)

}

= [R+∂Gi(x)]◦.

Then, condition 2) of assumption (3.2) implies

{

d ∈ R
n/G

′

i(x; d) < 0
}

= int[R+∂Gi(x)]◦.

3.2. Stability and Sufficient Optimality Conditions

Let us first give the following proposition that establishes the existence of so-
lutions to (Ŝ).

Proposition 3.1. Let assumptions (2.1) and (3.1) hold. Then, the problem
(Ŝ) has at least one solution.

Proof. Since the function F (., v(.)) is continuous on the compact set G, it
follows that (S) has at least one solution x. Hence (x, v(x)) is a solution of
(Ŝ).

Remark 3.2. Suppose that assumption (3.2) and assumptions of Proposi-
tion 3.1 are satisfied.

1) From Proposition 3.1, it follows that inf Ŝ is a finite real number and is
attained. Then, using assumption (2.1), we get

min
(x,t)∈R

n×R

G(x)≤0
v(x)≥t

F (x, t) = min
x∈R

n

G(x)≤0

F (x, v(x)).

2) Let M and M̂ denote the sets of solutions to (S) and (Ŝ) respectively.
We have, M ⊂ Gl, and if (x̂, t̂) ∈ M̂, then x̂ ∈ Gl.

Remark 3.3. Suppose that assumptions of Proposition 3.1 and one of the
assumptions (3.2) to (3.4) are satisfied. Let (x̄, t̄) be an arbitrary solution of
(Ŝ). Then, x̄ ∈ Gl and v(x̄) ≥ t̄. If I(x̄) = ∅, then (x̄, t̄) is regular for (Ŝ).
Indeed, let xk = x̄, tk = t̄ − 1/k, k ∈ N

∗. Then (xk, tk) → (x̄, t̄), as k → +∞,

v(xk) > tk, and G(xk) < 0, for any k ∈ N
∗.

That is (x̄, t̄) is regular.
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In the following Propositions 3.2 to Proposition 3.4, in order to show that
the problem (Ŝ) is stable, we shall first show that any solution (x̄, t̄) of (Ŝ) is
regular. Then, according to Remark 3.3, without loss of generality, we shall
assume that I(x̄) 6= ∅.

Proposition 3.2. Let assumptions (2.1)-(2.3), (3.1) and (3.2) hold. Then,
the problem (Ŝ) is stable.

Proof. As mentioned above, let us first prove that the solution (x̄, t̄) is
regular for (Ŝ), assuming that I(x̄) 6= ∅. Let x∗ ∈ ∂v(x̄). From Lemma 2.1,
there exist (u∗, v∗j ) ∈ ∂xf(x̄, y) × ∂xgj(x̄, y), and λj ≥ 0, j = 1, ..., q, such that

x∗ = u∗ +

q
∑

j=1

λjv
∗
j ,

where y ∈ R
m satisfies g(x̄, y) ≤ 0, and v(x̄) = f(x̄, y). Let i ∈ I(x̄). We have

domGi = R
n, hence the directional derivative G′

i(x̄;x∗) exists and verifies

G′
i(x̄;x∗) ≤ G′

i(x̄;u∗) +

q
∑

j=1

λjG
′
i(x̄; v∗j ) < 0, (2)

where the last strict inequality follows from assumption (3.2) (since x̄ ∈ Gl).
Then, from (2) we deduce that x∗ is a descent direction of Gi at x̄, and hence
x∗ 6= 0. Let xk = x̄ + αkx

∗, tk = t̄, for all k ∈ N, with αk ց 0+. Then,
(xk, tk) → (x̄, t̄), as k → +∞. It follows that

Gi(x̄ + αkx
∗) − Gi(x̄) < 0, for large k.

That is
Gi(xk) < Gi(x̄) = 0, for large k.

On the other hand, for i 6∈ I(x̄), it is easy to see that Gi(xk) < 0, for large
k. Since x∗ ∈ ∂v(x̄), then

v(xk) ≥ v(x̄) + αk‖x
∗‖2 > tk, for all k,

where ‖.‖ denotes the Euclidean norm in R
n. Hence (x̄, t̄) is regular and the

result follows from Proposition 2.3.

Remark 3.4. Let x ∈ Gl. Suppose that assumptions of Lemma 2.1 and
assumption (3.2) are satisfied. Then, from the proof of Proposition 3.2, we have

∂v(x) ⊂
⋂

i∈I(x)

{

d ∈ R
n/G

′

i(x; d) < 0
}

,
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that is, any subgradient x∗ of v at x is a descent direction of any active constraint
Gi at x.

Let us consider the following example where the assumptions of Proposition
3.2 are satisfied.

Example 3.1. Let:

Z = [0, 10], F (x, t) = e10(x1+x2)−t, G = (G1, G2, G3, G4),

G1(x) = x1 + x2 − 3, G2(x) = |x1 + x2 − 1| − 2(x1 + x2) − 9/10,

G3(x) = −x1, G4(x) = −x2,

f(x, y) = ‖xT ‖ + 3(x1 + x2) + y, g = (g1, g2, g3),

g1(x, y) = ‖xT ‖ + 2(x1 + x2) − y, g2(x, y) = y − 10, g3(x, y) = −y,

where x = (x1, x2) ∈ R
2, y, t ∈ R, and e is the exponential function. Hence

assumptions (2.1)-(2.3), (3.1) are satisfied. Let us verify assumption (3.2).
Let D1 =

{

x ∈ G/G1(x) = 0
}

, and G1 = G \ D1. We have

fmin = inf
(x,y)∈R

2×R

G(x)≤0
g(x,y)≤0

f(x, y) ≥ 0, and fmax = max
(x,y)∈R

2×R

G(x)≤0
g(x,y)≤0

f(x, y) = 22.

Let f1 = 22, t(1) = 0 ≤ fmin, and x(1) = (1/2, 0). Then,

F (x(1), t(1)) = e5 < inf
(x,t)∈D1×R

t≤22

{e10(x1+x2)−t} = e8.

Let (x, y) ∈ G1 × R, such that g(x, y) ≤ 0. We have I(x) ⊂ {2, 3, 4}, and

∂G2(x)

=











[−1, 1](1, 1)T − {(2, 2)T } = {−α(1, 1)T , 1 ≤ α ≤ 3} if x1 + x2 = 1,

{(−3,−3)T } if x1 + x2 < 1,

{(−1,−1)T } if x1 + x2 > 1.

According to Remark 3.1, we have
{

d ∈ R
2/G

′

2(x; d) < 0
}

= R
∗
+ × R

∗
+,

and
{

d ∈ R
2/G

′

2(x; d) ≤ 0
}

= R
2
+.

On the other hand, we have ∇G3(x) = (−1, 0)T , and∇G4(x) = (0,−1)T .

∂xf(x, y) =







B(0, 1) + {(3, 3)T } if x = 0 ,
{ xT

‖xT ‖
+ (3, 3)T

}

if x 6= 0,
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∂xg1(x, y) =







B(0, 1) + {(2, 2)T } if x = 0 ,
{ xT

‖xT ‖
+ (2, 2)T

}

if x 6= 0,

∇xg2(x, y) = ∇xg3(x, y) = (0, 0)T ,

where B(0, 1) denotes the Euclidean unit ball of R
2. Then,

∂xf(x, y) ⊂
{

d ∈ R
2/G

′

2(x; d) < 0
}

,

∂xg1(x, y) ∪ {∇xg2(x, y),∇xg3(x, y)} ⊂
{

d ∈ R
2/G

′

2(x; d) ≤ 0
}

,

〈∇Gi(x), u∗〉 < 0, and 〈∇Gi(x), v∗j 〉 ≤ 0,

for any (u∗, v∗j ) ∈ ∂xf(x, y) × ∂xgj(x, y), i = 3, 4, and j = 1, 2, 3. Furthermore,
0 6∈ ∂G2(x)∪ {∇G3(x),∇G4(x)}. Then, 0 6∈ ∪i∈I(x)∂Gi(x). Hence, assumption
(3.2) is satisfied.

Proposition 3.3. Proposition 3.2 holds with the qualification condition
(3.3) replacing the qualification condition (3.2).

Proof. The proof is essentially identical to the proof of Proposition 3.2.
We only give some arguments concerning the modifications. Let i ∈ I(x̄),
x∗ ∈ ∂v(x̄), and w∗ be a descent direction of Gi at x̄. Define xk = x̄ + αkw

∗,
αk ց 0+, and tk = t̄ − 1/k, for all k ≥ 1. Then, (xk, tk) → (x̄, t̄), as k → +∞.
From Lemma 2.1, there exist u∗ ∈ ∂xf(x̄, y), v∗j ∈ ∂xgj(x̄, y), and λj ≥ 0, such
that

x∗ = u∗ +

q
∑

j=1

λjv
∗
j ,

where y satisfies g(x̄, y) ≤ 0, and f(x̄, y) = v(x̄). Since x∗ ∈ ∂v(x̄), it follows
that

v(xk) ≥ v(x̄) + αk〈x
∗, w∗〉 = v(x̄) + αk〈u

∗, w∗〉 + αk

q
∑

j=1

λj〈vj , w
∗〉.

Then, by assumption (3.3), we have v(xk) ≥ v(x̄) > tk, for large k. On the
other hand, from the definition of w∗, it follows that Gi(xk) < Gi(x̄) = 0, for
large k. The end of the proof is identical to the end of the proof of Proposition
3.2.

Propositon 3.4. Proposition 3.2 above holds with the qualification condi-
tion (3.4) replacing the qualification condition (3.2).
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Proof. Let x∗ ∈ ∂v(x̄). Then, from Theorem 2.1 in [22], we have

∂v(x̄) =
{

∇xf(x̄, y) +

q
∑

j=1

λj∇xgj(x̄, y)/∇yf(x̄, y)

+

q
∑

j=1

λj∇ygj(x̄, y) = 0, λj ≥ 0, and λj = 0, if gj(x̄, y) < 0
}

,

where y satisfies g(x̄, y) ≤ 0, and v(x̄) = f(x̄, y). Hence, there exists λj ≥ 0,
j = 1, ..., q, with λj = 0, if gj(x̄, y) < 0, such that

x∗ = ∇xf(x̄, y) +

q
∑

j=1

λj∇xgj(x̄, y).

Let i ∈ I(x̄). Assumption (3.4) implies that

〈∇Gi(x̄), x∗〉 < 0. (3)

Then, x∗ is a descent direction of Gi at x̄, and hence x∗ 6= 0. Let (xk, tk) →
(x̄, t̄), as k → +∞, be the sequence defined in Proposition 3.2, xk = x̄ + αkx

∗,
αk ց 0+, that satisfies v(xk) > tk, for large k. Since the function Gi is
differentiable at x̄, it follows that

Gi(xk) = Gi(x̄) + αk〈∇Gi(x̄), x∗〉 + αk‖x
∗‖β(x̄, αkx∗), (4)

where β(x̄, αkx
∗) → 0, as k → +∞. Then, using (3) and (4), we get

Gi(xk) < Gi(x̄) = 0, for large k.

On the other hand, for i 6∈ I(x̄), we have Gi(xk) < 0, for large k. Hence,
(x̄, t̄) is regular and the result is deduced from Proposition 2.3.

The following example satisfies the assumptions of Proposition 3.4 .

Example 3.2.

Let Z = [0, 4], F (x, t) = e3(x1+x2)−t, G = (G1, G2, G3, G4),

G1(x) = x1 + x2 − 3, G2(x) = x1 − 2x2 − 2, G3(x) = −x1, G4(x) = −x2,

f(x, y) = x1 + x2 + y, g = (g1, g2, g3)

g1(x, y) = x1 + x2 − y, g2(x, y) = y − 4, g3(x, y) = −y,
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where x = (x1, x2) ∈ R
2, y, t ∈ R. We easily verify that assumptions (2.1)-(2.3)

and (3.1) are satisfied. Let us verify assumption (3.4).

Let D1 =
{

x ∈ G/G1(x) = 0
}

and G1 = G \ D1. We have

fmin = inf
(x,y)∈R

2×R

G(x)≤0
g(x,y)≤0

f(x, y) = 0, and fmax = max
(x,y)∈R

2×R

G(x)≤0
g(x,y)≤0

f(x, y) = 7.

Let f1 = 7, t(1) = 0 ≤ fmin, and x(1) = (0, 0). Then,

F (x(1), t(1)) = 1 < inf
(x,t)∈D1×R

t≤7

{e3(x1+x2)−t} = e2

Let (x, y) ∈ G1 × R, such that g(x, y) ≤ 0. We have I(x) ⊂ {2, 3, 4}, and

∇G2(x) = (1,−2)T , ∇G3(x) = (−1, 0)T , ∇G4(x) = (0,−1)T ,

∇xf(x, y) = ∇g1(x, y) = (1, 1)T , ∇xg2(x, y) = ∇xg3(x, y) = (0, 0)T .

Then,

〈∇Gi(x),∇xf(x, y)〉 < 0, 〈∇Gi(x),∇xgj(x, y)〉 ≤ 0,

∀i ∈ {2, 3, 4}, ∀j ∈ {1, 2, 3},

and 0 6∈ {∇Gi(x), i ∈ I(x)}. Hence, assumption (3.4) is satisfied.

We are ready now to derive the following sufficient optimality condition for
the original bilevel programming problem (S) by using the equivalence between
(S) and (Ŝ).

Theorem 3.1. Let the assumptions of one of Propositions 3.2-3.4 hold,
and let (x̂, t̂) be a feasible point of (Ŝ). If (x̂, t̂) satisfies the condition

(OC) max
(x,t)∈R

n×R

G(x)≤0

F (x,t)≤F (x̂,t̂)

min
y∈R

m

g(x,y)≤0

[f(x, y) − t] = 0,

then, x̂ is a solution of (S).

Proof. Let (P0) and (Qα), α = F (x̂, t̂), denote respectively the problem (Ŝ)
and the problem

max
(x,t)∈R

n×R

G(x)≤0

F (x,t)≤F (x̂,t̂)

[v(x) − t],
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which can be rewritten as

max
(x,t)∈R

n×R

G(x)≤0

F (x,t)≤F (x̂,t̂)

min
y∈R

m

g(x,y)≤0

[f(x, y) − t].

Since (Ŝ) is stable, it follows by ii) of Proposition 2.4 that α = F (x̂, t̂) ≤ inf Ŝ.
Hence (x̂, t̂) is a solution of (Ŝ). Then, Proposition 2.2 implies that x̂ is a
solution of (S).

Conclusion

To test if a feasible point x̂ of (S) is optimal, by using Theorem 3.1, we have
first to solve the max-min problem (QF (x̂,t̂)) corresponding to the condition

(OC) where t̂ ≤ v(x̂). Then, if the (QF (x̂,t̂)) value is zero, x̂ solves (S). For
papers dealing with min-max solutions in the unseparate constraints case, the
reader is refered for example to [10, 11, 13, 14, 16].
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