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Abstract: We consider a second-order differential operator on the space of
continuous periodic functions and we establish some results on the generation
of a strongly continuous semigroup on different assigned domains of particu-
lar interest. We obtain complete characterizations of the generation of a C0-
semigroup in the case of non entrance boundaries.
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1. Introduction

The problem of the generation of a C0-semigroup by a second-order differential
operator on a real interval I has been completely solved in the spaces C(I)
and L1(I) through different papers, substantially based on the pioneer work
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of Feller [7]. As regards to the generation in C(I) the characterization of the
existence of a C0-semigroup when Ventcel boundary conditions are assumed at
the endpoints has been obtained by Clément and Timmermans in [6], while on
the maximal domain it is stated in [8]. In [4] it has been also characterized
the existence of a C0-semigroup in the case of generalized Neumann boundary
conditions.

Similar characterizations for different boundary conditions have been ob-
tained in [2] in the space L1(I).

In spaces of periodic continuous functions we have no complete character-
izations but only some partial results. On the other hand, in different recent
applications the existence of a C0-semigroup in spaces of periodic functions has
played an important role.

We shall present a general approach to the generation problem using the
Feller analysis of second-order parabolic problems (see [7]) and the results that
we obtain are general enough to cover all the cases of non entrance boundaries
in the terminology of Feller.

In the following sections, we study the generation of C0-semigroups in the
space

C2π := {f ∈ C(R) | f is 2π−periodic} .

One of the main question we shall be concerned with is that the relevant
second-order differential operator may be degenerate at the points π + 2kπ,
k ∈ Z.

Since the space C2π can be identified with

{f ∈ C([−π, π]) | f(−π) = f(π)} ,

we can perform the Feller analysis on the interval I =]− π, π[ by imposing the
additional boundary condition f(−π) = f(π); in spite of this, the additional
condition requires a specific suitable treatment in the different contexts which
is not a straightforward consequence of the Feller theory.

This type of approach allows on one hand the differential operator to be
degenerate at the points π + 2kπ, k ∈ Z, and on the other hand to be defined
on a larger space than

C2
2π := {f ∈ C2(R) | f is 2π−periodic} ,

since we have not to require explicitly differentiability properties at the points
π + 2kπ.

To be more precise, we fix some notation. Let α, β ∈ C2π such that α > 0
on ] − π, π[ and consider the differential operator

Au := αu′′ + βu′, u ∈ C2π ∩ C2(R \ {π + 2kπ | k ∈ Z}) . (1.1)
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Observe that in general we have Au ∈ C(R \ {π + 2kπ | k ∈ Z}) and Au is
not defined on the entire real line; however, in the sequel we shall restrict the
domain of A to suitable subspaces, where the condition Au ∈ C(R) is always
satisfied.

Due to the periodicity assumptions, we can restrict our attention to the
interval [−π, π]; this is useful since in this interval we can use the Feller analysis
as a providential tool for our investigation.

We denote by B the differential operator defined as in (1.1) for every u ∈
C([−π, π])∩C2(]−π, π[). This allow us to introduce the Feller classification of
the boundary points −π and π for the operator B.

First, we define the functions

W (x) := exp

(

−

∫ x

0

β(t)

α(t)
dt

)

, x ∈] − π, π[ , (1.2)

and

Q(x) :=
1

α(x)W (x)

∫ x

0
W (s) ds ,

R(x) := W (x)

∫ x

0

1

α(s)W (s)
ds, x ∈] − π, π[ .

The function (1.2) allows us to write the operator B in the ‘self-adjoint form’

Bu = αW

(

u′

W

)′

. (1.3)

Thus, according to [7], the endpoint π is

a regular boundary if Q ∈ L1([0, π[) , R ∈ L1([0, π[) ;
an exit boundary if Q /∈ L1([0, π[) , R ∈ L1([0, π[) ;
an entrance boundary if Q ∈ L1([0, π[) , R /∈ L1([0, π[) ;
a natural boundary if Q /∈ L1([0, π[) , R /∈ L1([0, π[) .

The classification of the endpoint −π is similar by considering the interval
] − π, 0] in place of [0, π[.

Observe that the above classification is related to the operator B; as regards
with the operator A we observe that the above terminology depends on the
behavior of the functions α and β on a left or right neighborhood of the points
π + 2kπ, k ∈ Z. This motivates the following definition.

Definition 1.1. The points π + 2kπ, k ∈ Z, are regular (or exit, or
entrance, or natural) left boundaries (respectively, right boundaries) for the
operator A if the point π (respectively, -π) is a regular (or exit, or entrance, or
natural) boundary for the operator B.
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The Feller classification points out the different behavior of the solutions of
the homogeneous equation

Bu = λu , λ > 0 (1.4)

(that is of Au = λu in ] − π, π[).
For a more detailed exposition we refer to the paper of Feller [7] and Clèment

and Timmermans [6], or also to [5].
We have the existence of two positive independent solutions u1, u2 of (1.4)

such that u1 is increasing and u2 is decreasing and the behavior of u1 and u2

at the point π, can be summarized as follows (see [5], Theorem 4.14, p. 396):

(1) The boundary π is regular if and only if there exist two positive decreasing
solutions v1 and v2 of (1.4) satisfying

lim
x→π

v1(x) = 0, lim
x→π

v′1(x)

W (x)
= −1,

lim
x→π

v2(x) = 1, lim
x→π

v′2(x)

W (x)
= 0.

Every solution of (1.4) is bounded near π.

(2) The boundary π is exit if and only if there exists a positive decreasing
solution v1 of (1.4) satisfying

lim
x→π

v1(x) = 0, lim
x→π

v′1(x)

W (x)
≤ 0,

every solution of (1.4) is bounded at π and every positive decreasing
solution tends to 0 as x → π.

(3) The boundary π is entrance if and only if there exists a positive decreasing
solution v1 of (1.4) satisfying

lim
x→π

v1(x) = 1, lim
x→π

v′1(x)

W (x)
= 0

and every solution of (1.4) independent of v1 is unbounded at π. In
particular, no non-zero solution tends to 0 as x → π.

(4) The boundary π is natural if and only if there exists a positive decreasing
solution v1 of (1.4) satisfying

lim
x→π

v1(x) = 0, lim
x→π

v′1(x)

W (x)
= 0

and every solution of (1.4) independent of v1 is unbounded at π.
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As regards to the inhomogeneous equation

(λ − B)u = f , (1.5)

the solutions u1, u2 of (1.4) allows us to define the Green function G :]−π, π[×]−
π, π[→ R by setting, for every x, s ∈] − π, π[,

G(x, s) =























u1(x) u2(s)

w0 α(s) W (s)
, x ≤ s,

u1(s) u2(x)

w0 α(s) W (s)
, s ≤ x,

(1.6)

where w0 := u′
1(0)u2(0) − u1(0)u

′
2(0). It is well-known that the function

uf (x) :=

∫ π

−π

G(x, s) f(s) ds, x ∈] − π, π[, (1.7)

is in C([−π, π]) for every f ∈ C([−π, π]) and further (see, e.g., [7] or [5], Propo-
sition 4.9, p. 393)

‖uf‖ ≤
‖f‖

λ
(1.8)

(for simplicity, since no confusion will arise, the dependence of uf on λ has been
omitted).

The general solution of (1.5) is given by

u = uf + c1u1 + c2u2, c1, c2 ∈ R . (1.9)

We observe that also in the periodic case we can have all possible combi-
nations of boundaries (see the final examples for some possible combinations
of boundaries). However, under some additional assumptions, which are quite
natural in the periodic case, the endpoints ±π are of the same type.

Proposition 1.2. Under the above assumption, if

lim
x→π−

α(x)

α(−x)
= 1 , lim

x→π−

β(x)

β(−x)
= 1 , (1.10)

then the points π + 2kπ, k ∈ Z, are of the same type on the left and on the
right side for the operator A (see Definition 1.1).

Proof. As a consequence of (1.10), the limits of β/α at π− and −π+ are
equivalent and consequently the functions W , Q and R have the same behavior
at π and −π.
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As a consequence of the above result, if the functions α and β are symmetric,
then the boundaries π + 2kπ, k ∈ Z, are of the same type on the left and on
the right side for the operator A.

In this case, which is of particular interest in the periodic case, we shall
give a complete answer to the problem of the generation of a C0-semigroup on
every domain under consideration.

After these preliminaries, we can study in detail the generation of C0-
semigroups in the space C2π.

2. Generation on the Maximal Domain

First we consider the case of the maximal domain

D2π,M(A) := {u ∈ C2π ∩ C2(R \ {π + 2kπ | k ∈ Z}) | Au ∈ C2π} .

In this case we have no boundary conditions at the points π + 2kπ, k ∈ Z.
We shall study the generation of a C0-semigroup on D2π,M(A) using the classical
Lumer-Phillips Theorem.

We begin with the following lemma. It will be useful to consider also the
operator B on the maximal domain in C([−π, π]), which is defined as

DM(B) := {u ∈ C([−π, π]) ∩ C2(] − π, π[) | Bu ∈ C([−π, π])} .

It is well-known that (B,DM(B)) is densely defined and closed and further
(see [8] or, e.g., [5], Theorem 4.15, p. 397) it generates a C0-semigroup on the
space C([−π, π]) if and only if the both endpoints are of entrance or natural
type; in this case the semigroup is always positive and contractive.

It will be useful to observe that the dissipativity of the operator λ − B
for λ > 0 is a consequence of (1.8), since in the case of entrance or natural
boundaries the unique solution in DM(B) of λu − Bu = f is given by uf for
every f ∈ C([−π, π]) and λ > 0.

Moreover, we shall need also to make some comparison with the Ventcel
domain

DV(B) := {u ∈ DM(B) | Bu(−π) = Bu(π) = 0} .

It is well-known that (B,DV(B)) is again densely defined and closed. Further,
it is also always dissipative and for every u ∈ DV(B) and λ > 0 we have

inf(λu − Bu) ≤ inf λu , supλu ≤ sup(λu − Bu) .
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Finally, (B,DV(B)) generates a C0-semigroup on the space C([−π, π]) if and
only if both the endpoint are not of entrance type (see [6] or, e.g., [5], Theorem
4.18, p. 398). Even in this case the semigroup is always positive and contractive.

Now, we study the analogous properties for the operator
(A,D2π,M(A)). Obviously we have u[−π,π] ∈ DM(B) for every u ∈ D2π,M(A).

Lemma 2.1. The operator (A,D2π,M(A)) is densely defined and closed.

Proof. (A,D2π,M(A)) is densely defined, since continuous functions, which
are constant on a neighborhood of π + 2kπ, k ∈ Z, are obviously in D2π,M(A)
and are dense in C2π.

Now, let (un)n≥1 be a sequence in D2π,M(A) such that

lim
n→+∞

un = u , lim
n→+∞

Au = v .

Since (B,DM(B)) is closed and every un is 2π-periodic, we have u ∈
D2π,M(A) and obviously Au = v. Moreover, every Aun is in C2π and con-
sequently v ∈ C2π, too. Hence, (A,D2π,M(A)) is closed.

As we have recalled, the operator (B,DM(B)) generates a C0-semigroup if
and only if both the endpoints π and −π are of entrance or natural type. In
the case of the operator (A,D2π,M(A)), we have a quite different result.

Theorem 2.2. Assume that the points π + 2kπ, k ∈ Z, are neither left
nor right entrance boundaries for A.

Then, the operator (A,D2π,M(A)) generates a C0-semigroup on C2π if and
only if the points π + 2kπ, k ∈ Z, are natural boundaries at least on one side.
In this case, the semigroup is always of positive contractions.

Proof. We shall use the Lumer-Phillips Theorem to prove the existence of
the semigroup in the case, where one of the endpoints is a natural boundary.

Therefore, we study the dissipativity property of the operator λ−A (λ > 0)
and the solvability of the equation λu − Au = f with f ∈ C2π.

First, assume that the points π + 2kπ, k ∈ Z, are left natural boundaries
for the operator A, that is π is a natural boundary for the operator B.

If −π is natural for B, then the equation λu − Bu = f admits a unique
solution in C([−π, π]) given by uf (see (1.7)). Moreover Buf ∈ C([−π, π])
satisfies Buf(−π) = Buf (π) = 0. Then, uf can be extended to a solution
u ∈ C2π of λu−Au = f and we obviously have Au ∈ C2π. Moreover, from (1.8)
we have also the dissipativity of the operator λ −A and hence the existence of
a C0-semigroup of positive contractions generated by (A,D2π,M(A)).

If −π is exit or regular for B, every solution u ∈ C([−π, π]) of λu−Bu = f
in C([−π, π]) satisfies Bu(π) = 0. In order to have the possibility of extending
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Bu to a function in C2π, we have to impose the condition Bu(−π) = 0, that is a
Ventcel boundary condition at the endpoint −π. Since in this case (B,DV(B))
generates a C0-semigroup on C([−π, π]), we have a unique solution of λu−Bu =
f in C([−π, π]) such that Bu(−π) = Bu(π) = 0. Then, also in this case we can
extend this solution to a solution in C2π of λu − Au = f with Au ∈ C2π. The
dissipativity of the operator B on DV(B) also gives the same property of the
operator A on D2π,M(A).

At this point, we consider the case, where both the endpoints ±π are of
regular or exit type for B.

We have ∞2 solutions in C([−π, π]) of the equation λu − Bu = f given
by u = uf + c1v1 + c2v2, where v1, v2 ∈ C([−π, π]) are an increasing and
respectively decreasing positive solution of Bu = λu satisfying limx→−π v1 = 0
and limx→π v2(x) = 0. Since we are interested to solutions, which can be
extended to periodic functions, we have to impose u(−π) = u(π). Since v1(π) >
0 and v2(−π) > 0, we find infinite solutions of the equation λu−Bu = f which
can be extended to periodic solutions of λu − Au = f . Thus, in this case the
operator λ−A is not injective and therefore A cannot generate a C0-semigroup
on C2π.

If the points π + 2kπ, k ∈ Z, are entrance boundaries on one side, we have
not a complete result, but we can state the following properties.

Proposition 2.3. Assume that the points π + 2kπ, k ∈ Z, are entrance
boundaries on one side and natural boundaries on the other side. Then, the
operator (A,D2π,M(A)) cannot generate a C0-semigroup on C2π.

Proof. Taking into account Definition 1.1, assume for example that π is a
natural boundary and −π an entrance boundary for B. From the properties of
the solutions of the homogeneous equation (see the preceding section), we can
find an increasing solution v1 of λu = Bu in ]−π, π[ such that limx→−π v1(x) =
1. Now, consider a function v ∈ C([−π, π]) ∩ C(] − π, π[), which coincides
with v1 on a neighborhood of −π and vanishes on a neighborhood of π. Set
g := λv − Bv; since in this case the operator B generates a C0-semigroup on
the maximal domain, the function v is the unique solution in C([−π, π]) of the
equation λu − Bu = g. Moreover, we have g(−π) = g(π) = 0 and therefore
g can be extended to a function h ∈ C2π; on the other hand v(−π) = 1 and
v(π) = 0 and hence v cannot be extended to any solution of λu − Au = h in
C2π (observe that we also have Bv(−π) = λv1(−π) = λ and Bv(π) = 0; hence
we cannot extend Bv to a function in C2π). We conclude that in this case the
operator λ − A is not surjective and hence A cannot generate a C0-semigroup
on C2π.
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Proposition 2.4. If the points π + 2kπ, k ∈ Z, are both left and right
entrance boundaries for A, then the operator (A,D2π,M(A)) cannot generate a
C0-semigroup on C2π.

Proof. We shall prove that for λ > 0 the operator λ − A is not invertible.

Since both endpoints are of entrance type for B, the operator
(B,DM(B)) generates a C0-semigroup on C([−π, π]) (see [T]) and therefore
λ − B is invertible from DM(B) to C([−π, π]). Let f ∈ C2π and consider the
equation λu − Bu = f in ] − π, π[.

Since the solutions of the homogeneous equation λu = Bu are unbounded,
the unique solution in C([−π, π]) is uf (see (1.7)) and hence uf = R(λ,B)f . In
order to extend uf to a solution of λu − Au = f we should have

uf (−π) = uf (π) . (2.1)

Since ±π are entrance boundary for B, we have u1(−π) > 0 and u2(π) > 0 and
therefore we can assume u1(−π) = u2(π) in (1.6). It follows that the equality
(2.1) is satisfied if and only if, for every f ∈ C2π, we have (see (1.6))

∫ π

−π

u2(s)

w0 α(s)W (s)
f(s) ds =

∫ π

−π

u1(s)

w0 α(s)W (s)
f(s) ds . (2.2)

Now, let x0 such that u1(x0) = u2(x0) and fix x1 ∈] − π, x0[. In the interval
] − π, x1], we have u2 ≥ u1 + c with c := u2(x1) − u1(x1) > 0. Now, let ε > 0
such that −π + ε < x1 − ε and put

d :=

∫ x1−ε

−π+ε

1

w0 α(s)W (s)
ds > 0 .

Consider a positive function f ∈ C2π such that f ≥ 1/ε on [−π + ε, x1 − ε]
and f = 0 on [x1, π]; in particular, it must be f(−π) = f(π) = 0. Then, the
difference between the two integrals in (2.2) satisfies

∫ π

−π

u2(s) − u1(s)

w0 α(s)W (s)
f(s) ds =

∫ x1

−π

u2(s) − u1(s)

w0 α(s)W (s)
f(s) ds

≥

∫ x1−ε

−π+ε

u2(s) − u1(s)

w0 α(s)W (s)
f(s) ds

≥
c

ε

∫ x1−ε

−π+ε

1

w0 α(s)W (s)
ds

=
cd

ε
> 0
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and hence the equality uf (−π) = uf (π) does not hold. Therefore no solution
of λu − Bu = f in C([−π, π]) can be extended to a solution of λu − Au = f
in C2π. We conclude that λ − A is not surjective and therefore (A,D2π,M(A))
cannot generate a C0-semigroup on C2π.

Thus, we are not able to give a complete answer to the generation problem
only in the case where the points π + 2kπ, k ∈ Z, are entrance boundaries on
one side and regular or exit boundaries on the other side. Nevertheless, we have
the following remark.

Remark 2.5. Assume that the points π + 2kπ, k ∈ Z, are left entrance
boundaries and right regular or exit boundaries for A.

First we show that for every λ > 0 the operator λ − A is invertible.
Indeed, let λ > 0; from the properties of the solutions of the homogeneous

equation (1.4) recalled in Section 1, there exist an unbounded increasing positive
solution v1,λ and a bounded decreasing positive solution v2,λ of (1.4) such that

v1,λ(−π) = 0 , lim
x→π

v1,λ(x) = +∞ ,

v2,λ(−π) = 1 , v2,λ(π) := ℓλ > 0

(we have emphasized the dependence of the solutions of (1.4) on λ since this will
be useful in the subsequent discussion; further, it is not restrictive to assume
v2,λ(−π) = 1 multiplying v2,λ(−π) = 1 by a scalar factor if necessary).

We define the Green function G as in (1.6) with v1,λ and v2,λ in place of
u1 and u2. It follows that for every f ∈ C2π all solutions in C([−π, π]) of the
inhomogeneous equation (1.5) are given by (see (1.7))

u = uf + c2 v2,λ . (2.3)

In order to extend u to a solution of λv − Av = f in C2π, we have to impose
u(−π) = u(π) and we find the unique solution

R(λ,B)f = uf −
uf (π) − uf (−π)

v2,λ(π) − v2,λ(−π)
v2,λ = uf +

uf (π) − uf (−π)

1 − ℓλ

v2,λ .

Extending u to a function in C2π we obtain a unique solution of λv − Av = f .
This proves that λ − A is invertible.

Further, we are also able to give a different explicit expression of the resol-
vent operator (restricted to the interval ]−π, π[). Indeed, we already know that
the operator B generates a C0-semigroup of positive contractions if we impose
a Ventcel boundary condition at the endpoint −π, that is on the domain

{u ∈ DM(B) | Bu(−π) = 0} .
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To avoid confusion, we denote by DV,M(B0) the above domain and by B0 the
operator B on DV,M(B0).

In this case the resolvent operator can be obtained by imposing the condi-
tion B0u(−π) = 0 to the general solution (2.3) and we find

R(λ,B0)f = uf +
f(−π) − λuf (−π)

λ
v2,λ .

Hence, we deduce that

R(λ,B)f = R(λ,B0)f +

(

uf (π) − uf (−π)

1 − ℓλ

−
f(−π) − λuf (−π)

λ

)

v2,λ

= R(λ,B0)f +

(

uf (π) − ℓλuf (−π)

1 − ℓλ

−
f(−π)

λ

)

v2,λ .

Finally, in the case where −π is a regular boundary, observe that integrating
equation (1.3), we have that the function v2,λ satisfies the relation

v2,λ(x) =

v2,λ(π) + λ

∫ π

x

v2,λ

αW
(t)

∫ t

x

W (s) ds dt

v2,λ(π) + λ

∫ π

−π

v2,λ

αW
(t)

∫ t

−π

W (s) ds dt

.

Therefore, evaluating v2,λ at −π we find

ℓλ =
ℓλ

ℓλ + λ

∫ π

−π

v2,λ

αW
(t)

∫ t

−π

W (s) ds dt

and hence

λℓλ

ℓλ + λ

∫ π

−π

1

αW
(t)

∫ t

−π

W (s) ds dt

≤ λℓλ ≤

∫ π

−π

1

αW
(t)

∫ t

−π

W (s) ds dt .

From the first inequality, it follows that

ℓλ + λ

∫ π

−π

1

αW
(t)

∫ t

−π

W (s) ds dt ≥ 1

and therefore

ℓλ ≥ 1 − λ

∫ π

−π

1

αW
(t)

∫ t

−π

W (s) ds dt ;
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hence, since ℓλ is obviously less or equal than 1, we can conclude that

lim
λ→0+

ℓλ = 1 .

From the second inequality, since the last term is bounded by 1, it follows
in particular that

lim
λ→+∞

ℓλ = 0 .

3. Ventcel Boundary Conditions

In this section, we consider a Ventcel boundary condition at every point π+2kπ,
k ∈ Z and we define the corresponding domain of the operator A

D2π,V(A) := {u ∈ D2π,M(A) | Au(π + 2kπ) = 0 for every k ∈ Z} .

Due to the continuity and periodicity of Au for every u ∈ D2π,M(A), the
Ventcel condition at every point π + 2kπ, k ∈ Z, is equivalent to a Ventcel
condition at just one of the preceding points. For this reason, we deduce that
it is not meaningful to impose different conditions at different points if one of
them is of Ventcel type.

Also in this case, we are interested to characterize the operator (A,D2π,V(A))
as the generator of a C0-semigroup on C2π.

We begin with some preliminary properties.

Lemma 3.1. The operator (A,D2π,V(A)) is densely defined and closed.
Moreover, for every u ∈ D2π,V(A), we have

inf(λu − Au) ≤ λ inf u , λ supu ≤ sup(λu − Au) . (3.1)

Hence, (A,D2π,V(A)) is dissipative and further (λ−A)u ≥ 0 implies u ≥ 0.

Proof. The proof that (A,D2π,V(A)) is densely defined and closed is straight-
forward and therefore we omit it.

Now, let u ∈ D2π,V(A) and λ > 0. If the maximum (respectively, the
minimum) of u is attained at a point x1 6= π + 2kπ for every k ∈ Z, we have
Au(x1) ≤ 0 (respectively, Au(x1) ≥ 0) and hence (3.1) holds. If the supremum
or infimum is attained at a point x1 = π + 2kπ for some k ∈ Z we have the
validity of (3.1) since u ∈ D2π,V(A) and therefore Au vanishes at x1.

From the property (3.1), it follows the dissipativity of (A,D2π,V(A)) and
also the last part of the proof.
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By the preceding lemma, the operator (A,D2π,V(A)) generates a strongly
continuous C0-semigroup (of positive contractions) on C2π if and only if the
operator λ−A is invertible, that is if and only if λ−A is surjective for any (or
for a fixed) λ > 0.

Theorem 3.2. The operator (A,D2π,V(A)) generates a C0-semigroup on
C2π if and only if the points π + 2kπ, k ∈ Z, are neither left nor right entrance
boundaries for the operator A. The semigroup, when it exists, is always of
positive contractions.

Proof. First, on account of Definition 1.1, assume that both the endpoints
±π are not of entrance type for B. Let λ > 0, f ∈ C2π and consider the
equation λu−Au = f . Since the operator (B,DV(B)) generates a C0-semigroup
on C([−π, π]) (see [6]), there exists v ∈ DV(B) which solves the preceding
equation on the interval ]−π, π[. From the Ventcel conditions at ±π we deduce
Bv(−π) = Bv(π) = 0 and consequently, form the equation λv − Bv = f , we
have also v(−π) = v(π). It follows that v can be extended to a function u ∈ C2π

and further Au ∈ C2π extends Bv. Thus, u ∈ D2π,V(A) and λu − Au = f .
This shows the generation of the semigroup if both −π, π are not of entrance

type for B.
Conversely, we assume that Id − A is surjective and show that π is not

an entrance boundary for B. From the properties of the solutions of the ho-
mogeneous equation recalled in Section 1, it suffices to show that there exists
a non-zero solution v of u − Au = 0 which vanishes at π (for the point −π
the proof is similar). Take f ≥ 0, f 6≡ 0, vanishing in [x1, π[ and such that
f(−π) = 0 and let u ∈ D2π,V(A) be the solution of u − Au = f . By Lemma
3.1, we have u ≥ 0 and further u is a solution of u − Bu = 0 in (x1, π).

Now, we show that u 6≡ 0 in (x1, π). In fact, we prove that if J = {x ∈
] − π, π[ | u(x) = 0} 6= ∅, then u ≡ 0; it will follow that u never vanishes in
] − π, π[. Assume that u(x2) = 0 and observe that u′(x2) = 0 since u does not
change sign. From the equation we have Bu ≤ u, that is

( u′

W

)′

≤
u

αW

and therefore, for every x ∈ (x2, π),

u′(x) ≤ W (x)

∫ x

x2

u(s)

α(s)W (s)
ds .

Now, choose δ < 1 such that W (x)

∫ x

x2

1

α(s)W (s)
ds < 1 for x ∈ (x2, x2 + δ)

and take M = sup{u(x) | x ∈ (x2, x2 + δ)}. Then u′(x) ≤ M and hence
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u(x) ≤ Mδ for every x ∈ (x2, x2 + δ); thus, M ≤ Mδ implies M = 0. A similar
argument shows that u vanishes in a left neighborhood of x2; therefore J is
open, and since it is trivially closed, J =]−π, π[. At this point, we have shown
that u 6≡ 0 in (x1, π); we conclude the proof taking the continuation v of u to
]− π, π[ and we obtain a solution of Bu = u which vanishes at π, which cannot
happen if π is an entrance boundary for B.

Thus, in the case of Ventcel boundary conditions, we have that the genera-
tion property of the operator (B,DV(B)) on the space C([−π, π]) is equivalent
to that of the operator (A,D2π,V(A)) on the space C2π.

4. Generalized Neumann Boundary Conditions

Finally, we consider a generalized Neumann condition considered in [4] and we
study the operator A on the following domain

D2π,N(A) =
{

u ∈ D2π,M(A) | lim
x→π+2kπ

u′(x)

W (x)
= 0 for every k ∈ Z

}

.

The above boundary conditions reduce to the homogeneous Neumann condi-
tions if inf α > 0.

In our investigation the properties of the solutions of the homogeneous
equation (1.4) recalled in Section 1 will play an important role; further, we
shall need the following additional properties stated in [4, Lemma 2.1].

Lemma 4.1. Let π be an exit boundary for B and u1, u2 be positive
solutions of (1.4) with u1 increasing and u2 decreasing. Then

lim
x→π

u′
1(x)

W (x)
= +∞, lim

x→π

u2(x)u′
1(x)

W (x)
= 0.

There is no non-zero solution u of (1.4) satisfying lim
x→π

u′(x)

W (x)
= 0.

As in the preceding section, we begin to show that the operator (A,D2π,N(A))
is always dissipative. The proof follows the same lines of [4, Lemma 3.1].

Lemma 4.2. The operator (A,D2π,N(A)) is densely defined and dissipa-
tive. Moreover we have for every u ∈ D2π,N(A) and λ > 0:

inf(λu − Au) ≤ λ inf u , λ supu ≤ sup(λu − Au) .
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Proof. The operator (A,D2π,N(A)) is densely defined since the set of all
continuous periodic functions u ∈ D2π,M(A) which are constant on neighbor-
hoods of the points π + 2kπ, k ∈ Z is contained in D2π,N(A) and is dense in
C2π.

Now, let λ > 0, u ∈ D2π,N(A) and assume that supu = u(x0). If x0 6=
π + 2kπ for every k ∈ Z, then Au(x0) ≤ 0 and supλu = λu(x0) ≤ (λu(x0) −
Au(x0)) ≤ sup(λu − Au). If x0 = π + 2kπ for some k ∈ Z, we show that
Au(x0) ≤ 0 and we can conclude as before. Indeed, if Au(x0) > 0, we can find
b < x0 and ℓ > 0 such that Au(x) ≥ ℓ in [b, x0[. Let b < x < y < x0; then

u′(y)

W (y)
−

u′(x)

W (x)
≥

∫ y

x

ℓ

α(s)W (s)
ds;

letting y → x0 we obtain

−
u′(x)

W (x)
≥

∫ r2

x

ℓ

α(s)W (s)
ds > 0 ,

whence u′(x) < 0 in [b, r2[, which is absurd.

Replacing u with −u we obtain inf λu ≥ inf(λu−Au) and the dissipativity
follows.

From the preceding lemma, it also follows that the semigroup generated by
(A,D2π,N(A)) is always of positive contractions whenever it exists.

At this point, we can state a necessary condition for the generation of a
C0-semigroup.

Proposition 4.3. Assume that (A,D2π,N(A)) generates a C0-semigroup
on C2π. Then the points π+2kπ, k ∈ Z, are neither left nor right exit boundaries
for A.

Proof. The arguments used in the proof are analogous to those of the last
part of the proof of Theorem 3.2.

We suppose that λ−A is surjective and show that π is not an exit boundary
(the proof is similar for the point −π. To this aim, by Lemma 4.1, it is sufficient
to show that there exists a non-zero solution v of λu−Bu = 0 such that v′/W
vanishes at π. Take f ≥ 0, f 6≡ 0, vanishing in [x1, r2[ and such that f(−π) = 0.
Let u ∈ D2π,N(A) be the solution of λu − Au = f ; then u ≥ 0 by Lemma 4.2
and u is a solution of λu − Bu = 0 in ]x1, π[. If we show that u 6≡ 0 in ]x1, π[,
we can take as v the continuation of u to ]− π, π[ and we are done. In fact, we
prove that if J = {x ∈] − π, π[ | u(x) = 0} 6= ∅, then u ≡ 0; it will follow that
u never vanishes in ] − π, π[. Assume that u(x2) = 0 and note that u′(x2) = 0,
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since u does not change sign; from the equation we have Bu ≤ λu, that is

( u′

W

)′

≤
λu

αW
,

and hence, for every x ∈]x2, π[,

u′(x) ≤ λW (x)

∫ x

x2

u(s)

α(s)W (s)
ds.

Choose δ < 1 such that λW (x)

∫ x

x2

1

α(s)W (s)
ds < 1 for x ∈]x2, x2 + δ[ and

let M = sup{u(x) | x ∈]x2, x2 + δ[}. Then u′(x) ≤ M , hence u(x) ≤ Mδ for
x ∈]x2, x2 + δ[ and M ≤ Mδ implies M = 0. A similar argument shows that
u vanishes in a left neighborhood of x2; therefore J is open, and since it is
obviously closed, J =] − π, π[.

From the preceding proposition, we can restrict our attention to non exit
boundaries.

In this case we can fix two positive monotone solutions u1, u2 of (1.4) such
that

lim
x→−π

u′
1(x)

W (x)
= lim

x→π

u′
2(x)

W (x)
= 0

(the existence of these solutions is proved in [7], see also [5, Theorem 4.13]) and
consider the Green function defined as in (1.6) with these two functions.

Lemma 4.4. If the points π + 2kπ, k ∈ Z ±π are neither exit nor en-
trance boundaries at every side for A, then the closure (A,D) of the operator
(A,D2π,N(A)) generates a C0-semigroup of positive contractions.

Proof. By Lemma 4.2 and the Lumer-Phillips Theorem, it suffices to show
that λ−A has dense range. Suppose first that f ∈ C2π vanishes on a neighbor-
hood of the points π+2kπ, k ∈ Z. We already know from the proof of Theorem
2.2 that there exists a solution u ∈ D2π,M(A) of the equation λu−Au = f . This
solution solves Bu = λu on a left neighborhood of π and a right neighborhood
of −π and therefore it must coincide with a multiple of u2 and respectively u1

on these neighborhoods. Hence u satisfies the generalized Neumann boundary
condition at ±π and consequently at every point π + 2kπ, k ∈ Z.

Since the solution of λu−Au = 1 is u = 1/λ, we deduce that the generalized
Neumann boundary condition is satisfied at every point π+2kπ if f is constant
on a neighborhood of the points π + 2kπ. Hence the range of λ − A contains
these functions and is dense in C([−π, π]).
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The generation problem is now reduced (in the case of non exit nor entrance
boundaries) to characterize when (A,D2π,N(A)) is closed. To this end, we shall
use the results obtained in [4] together with the following characterization.

Proposition 4.5. The operator (A,D2π,N(A)) is closed in C2π if and only
if the operator (B,DN(B)) is closed in C([−π, π]).

Proof. First, assume that (A,D2π,N(A)) is closed. We can reason on a neigh-
borhood of the point π since in −π the proof is analogous (the localization near
the endpoints of the closedness property for the operator (B,DN(B)) follows
the same arguments of [3, Proposition 2.4] and has been explicitly observed
in [4, Remark following Proposition 2.2]). So, consider a sequence (un)n≥1 in
DN(B) such that un → u and Bun → v in C([−π, π]). Since we are interested to
a neighborhood of π, it is not a restriction to suppose that un(−π) = un(π) and
Bun(−π) = Bu(π) and therefore we can extend un, u and v to functions un, u
and respectively v in C2π. Since (A,D2π,N(A)) is closed, we have u ∈ D2π,N(A)
and Au = v. Hence, it follows u ∈ DN(B) and Bu = v.

Conversely, assume that (B,DN(B)) is closed and let (un)n≥1 be a sequence
in D2π,N(A) such that un → u and Aun → v in C2π. Denote by un, u and v the
restrictions of un, u and respectively v to C([−π, π]). It follows that un → u
and Bun → v. Since (B,DN(B)) is closed, we have u ∈ DN(B) and Bu = v.
Hence, u ∈ D2π,N(A) and Au = v and this completes the proof.

At this point, we can use the results established in in [4, Lemma 2.3 and
Lemma 2.4 and Theorem 0.2] applied to the operator (B,DN(B)) and we obtain
the following generation theorem. We put, for simplicity,

I1 :=] − π, 0[ , I2 :=]0, π[ .

Theorem 4.6. Assume that the points π + 2kπ, k ∈ Z are neither left
nor right entrance boundaries. The operator (A,D2π,N(A)) generates a C0-
semigroup of positive contractions if and only if for every j = 1, 2 one of the
following conditions is satisfied:

(i) (αW )−1 ∈ L1(Ij);

(ii) (αW )−1 /∈ L1(Ij), W /∈ L1(Ij) and

sup
x∈Ij

∣

∣

∣

∣

∣

∫ σ(x)

x

ds

α(s)W (s)

∣

∣

∣

∣

∣

< +∞,

where, for every x ∈ Ij , σ(x) ∈ Ij is defined by

∣

∣

∣

∫ σ(x)

x

W (s)ds
∣

∣

∣
= 1.
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Notice that condition (ii) above is meaningful only for natural boundaries.
Thus, (A,D2π,N(A)) generates a C0-semigroup on C2π in the case where the

endpoints are natural boundaries satisfying (i) or (ii) or regular boundaries. We
have not the existence of a C0-semigroup in C2π if the points π + 2kπ, k ∈ Z

are exit boundaries on one side and natural boundaries not satisfying (i) and
(ii) on the other side.

From [4, Proposition 2.2] and Proposition 4.5, we can describe the closure
of the operator (A,D2π,N(A)) in the case of exit boundaries. Indeed from
Lemma 4.4, the closure of (A,D2π,N(A)) generates a C0-semigroup, but the
Neumann boundary conditions are not preserved. If, for simplicity, we assume
that π + 2kπ, k ∈ Z, are both left and right exit boundaries for A, we have the
following result.

Proposition 4.7. Suppose that the points π + 2kπ, k ∈ Z, are both
left and right exit boundaries for A. Then (A,D2π,N(A)) is not closed and its
closure is (A,D2π,V(A)) and generates a C0-semigroup on C2π.

Finally, in the case of entrance boundaries, we have the following partial
result.

Proposition 4.8. If the points π + 2kπ, k ∈ Z, are entrance bound-
aries on one side and natural or entrance boundaries on the other side, then
(A,D2π,N(A)) cannot generate a C0-semigroup on C2π.

Proof. From the proof of Proposition 2.3 and Proposition 2.4, we deduce
that the operator λ − A is not surjective on D2π,M(A) and therefore it cannot
be surjective on D2π,N(A) ⊂ D2π,M(A).

Examples 4.9. 1. If the function α ∈ C2π is strictly positive (or strictly
negative), then the points π + 2kπ, k ∈ Z, are both regular left boundaries
and regular right boundaries for the operator A. Hence, from Theorem 2.2
the operator (A,D2π,M(A)) does not generate a C0-semigroup on C2π, while
from Theorems 3.2 and 4.6 the operators (A,D2π,V(A)) and (A,D2π,N(A)) both
generate a C0-semigroup of positive contractions on C2π.

2. Assume β = 1 and that there exist positive constants a, b ∈ R such that
the function α ∈ C2π satisfies α(x) := (x + π)a on an interval ] − π, x1[ and
α(x) := (π − x)b on an interval ]x2, π[ with −π < x1 < x2 < π.

Then, a straightforward calculation shows that the points π + 2kπ, k ∈ Z,
are regular right boundaries for the operator A if 0 ≤ a < 1 and entrance right
boundaries if a ≥ 1; analogously, the points π + 2kπ, k ∈ Z, are regular left
boundaries if 0 ≤ b < 1 and entrance left boundaries if b ≥ 1. Hence, we have
to distinguish the following three cases:
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i) regular boundaries on both sides if 0 ≤ a < 1 and 0 ≤ b < 1;

ii) regular boundary on one side and entrance boundary on the other side if
0 ≤ a < 1 and b ≥ 1 or if a ≥ 1 and 0 ≤ b < 1;

iii) entrance boundaries on both sides if a ≥ 1 and b ≥ 1.

According to Theorem 2.2 and Proposition 2.4, in this case the operator
(A,D2π,M(A)) does not generate a C0-semigroup on C2π in the cases i) and iii)
while we are able to decide the existence of the semigroup in the case ii).

Moreover, from Theorem 3.2, the operator (A,D2π,V(A)) generates a C0-
semigroup (of positive contraction) on C2π in the case i) while there is no
generation in the other cases.

Finally, Theorem 4.6 ensures that the operator (A,D2π,N(A)) generates a
C0-semigroup (of positive contractions) on C2π in the case i) and does not
generate a C0-semigroup in C2π in the case iii). We are able to decide the
existence of the semigroup in the case ii).

3. Take α(x) := | cos(x/2)|a and β(x) := | cos x|b for every x ∈ R, where a
and b are positive constants. As in the preceding example, we obtain that the
points π + 2kπ, k ∈ Z, are regular boundaries on both sides for the operator A
if 0 ≤ a < 1 and entrance boundaries on both sides if a ≥ 1.

Hence, from Theorem 2.2 and Proposition 2.4, the operator
(A,D2π,M(A)) never generates a C0-semigroup on C2π. Further, from Theorem
3.2 and Theorem 4.6, the operators (A,D2π,V(A))
and (A,D2π,N(A)) generate a C0-semigroup (of positive contraction) on C2π

if 0 ≤ a < 1, while there is no generation if a ≥ 1.
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