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Abstract: In this paper, we first suggest some rules which are considered when
we give a similarity measure for measuring the degree of similarity between
elements and between fuzzy rough sets. Basing on the background of fuzzy
information handling, we defined the similarity measures between elements and
between fuzzy rough sets, and discussed their involved properties. Finally,
a possible application of the similarity measure is mentioned. The proposed
measures can provide a useful way to measure the similarity between fuzzy
rough sets.
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1. Introduction

The concept of fuzzy set was introduced by Zadeh in his classical paper [8] in
1965, and later Pawlak gave the notation of rough set [7] in 1982. Although
the fuzzy sets and the rough sets are method to handle vague and inexact
information, but their starts and emphases are different. The fuzzy sets em-
phasize on the morbid definition of the boundary of sets, in which the relations
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of “belong to” and “not belong to” between elements and sets in the classical
set theory are characterized by the membership degree; while rough sets use
the approximation given the equivalent relation of the classical sets to research
the indistinguishableness of elements. These theories, which present different
points of view, may be combined. Combining the fuzzy sets with the rough sets,
Nanda and Majumdar proposed the concepts of fuzzy rough sets [5] in 1992.
Subsequently, Coker pointed outfuzzy rough sets are the intuitionstic L-fuzzy
sets practically [2].

Since the theory of fuzzy set was proposed in 1965, the similarity measure
has become an important tool [4], [6], [9] to decide similarity between two
groups or between two elements. In recent years, many measures of similarity
between fuzzy sets have been proposed [1], [3]. In the paper, we study the
similarity measures between the fuzzy rough sets basing on the background
of vague information handling. First, we propose some rules which should be
observed, after that define a similarity measure for measuring the degree of
similarity between elements and between fuzzy rough sets and discuss their
properties. The proposed measures can provide an useful way for measuring
the similarity between fuzzy rough sets. These results can get application in
pattern recognition and scientific decision, etc.

2. Fuzzy Rough Sets

Definition 2.1. (see [7]) Let U be a non-empty universe of discourse,
R is an equivalent relation on U , which is called an indistinguishable rela-
tion, [X]R (briefly written [X]) is a R-equivalent class. W = (U,R) are
called an approximation space. ∀X ⊆ U , suppose XL = {x ∈ U |[x] ⊆ X},
XU = {x ∈ U |[x] ∩ X 6= ∅}, set pairs (XL,XU ) are called rough sets, written
as X = (XL,XU ); XL and XU are the lower approximation and the upper
approximation of X on W respectively.

Definition 2.2. (see [5]) Let S be the set of whole rough set, X =
(XL,XU ) ∈ S. Then the fuzzy rough set A = (AL, AU ) in X can be described
by a pair mapping µAL

, µAU

µAL
: AL → [0, 1], µAU

: AU ,→ [0, 1]

also µAL
(x) ≤ µAU

(x),∀x ∈ AU . And then, a fuzzy rough set A in X could be
denoted by

A = {〈x, µAL
(x), µAU

(x)〉|∀x ∈ AU}.〈µAL
(x), µAU

(x)〉 ,
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and is called the value of fuzzy rough of x in X, still written as x.

Suppose A is a fuzzy rough set in X, when X is a finite set, A can be
written as: A =

∑n
i=1

〈x, µAL
(xi), µAU

(xi)〉/xi, xi ∈ AU .

When X is continuous, A can be written as:

A =

∫

X

〈µAL
(x), µAU

(x)〉/x, x ∈ AU .

The whole fuzzy rough set in X is noted by FS(X).

Let A = (AL, AU ) be a fuzzy rough set in X, Ac = (Ac
L, Ac

U ) is called
the complementary set of A = (AL, AU ), where µAc

L
(x) = 1 − µAL

(x),∀x ∈
AL;µAc

U
(x) = 1 − µAU

(x),∀x ∈ AU .

The operation of fuzzy rough sets may be seen in [5].

3. The Measures of Similarity Between

the Fuzzy Rough Values

First, we consider the measures of similarity between the fuzzy rough values.

Let x = 〈µAL
(x), µAU

(x)〉, y = 〈µAL
(y), µAU

(y)〉 and z = 〈µAL
(z), µAU

(z)〉
be the fuzzy rough values in the fuzzy rough set A. We may define the order
relation of the fuzzy rough values:

x ≤ y ⇔ (µAL
(x) ≤ µAL

(y)) ∧ (µAU
(x) ≤ µAU

(y)) . (1)

Basing on the background of fuzzy information handling, we suggest that
the definition of similarity measures between fuzzy rough values should satisfy
the following rules:

Rule 1. (monotony) If x ≤ y ≤ z,then

M(x, z) ≤ min{M(x, y),M(y, z)}. (2)

Rule 2. (symmetry) M(x, y) = M(y, x).

Rule 3. M(x, y) = 0 if and only if (x = 〈0, 0〉) ∧ (y = 〈1, 1〉); or (x =
〈1, 1〉) ∧ (y = 〈0, 0〉);

M(x, y) = 1 if and only if (µAL
(x) = µAL

(y)) ∧ (µAU
(x) = µAU

(y)).

Rule 4. M(x, y) = M(x′, y′).

Rule 5. ∀x ∈ X, if M(x, y) = M(x, z), then M(y, z) = 1.
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Definition 3.1. Let A be a fuzzy rough set in X, x = 〈µAL
(x), µAU

(x)〉,
y = 〈µAL

(y), µAU
(y)〉 the fuzzy rough values in A. The degree of similarity

between the fuzzy rough values x and y can be evaluated by the function M :

M(x, y) = 1 −
1

2
(|µAL

(x) − µAL
(y)| + |µAU

(x) − µAU
(y)|) . (3)

We will prove this similarity degree satisfying the Rules 1-5 as
above.

Proposition 3.1. Let A be a fuzzy rough set in X, x = 〈µAL
(x), µAU

(x)〉,
y = 〈µAL

(y), µAU
(y)〉, z = 〈µAL

(z), µAU
(z)〉 and M as above. If x ≤ y ≤ z,

then M(x, y) ≤ min{M(x, y),M(y, z)}.

Proof. We could obtain form |µAL
(x)−µAL

(z)| ≥ max{|µAL
(x)−µAL

(y), µAL
(z)−

µAL
(y)|} and |µAU

(x)−µAU
(z)| ≥ max{|µAU

(x)−µAU
(y)|, |µAU

(z)−µAU
(y)|}.

Proposition 3.2. Let A be a fuzzy rough set in X, x = 〈µAL
(x), µAU

(x)〉, y =
〈µAL

(y), µAU
(y)〉, and M as above, then:

(1) M(x, y) = 0 if and only if (x = 〈0, 0〉)∧(y = 〈1, 1〉); or (x = 〈1, 1〉)∧(y =
〈0, 0〉);

(2) M(x, y) = 1 if and only if (µAL
(x) = µAL

(y)) ∧ (µAU
(x) = µAU

(y)).

Proof. M(x, y) = 0 ⇔ |µAL
(x) − µAL

(y)| + |µAU
(x) − µAU

(y)| = 2

⇔ |µAL
(x) − µAL

(y)| = |µAU
(x) − µAU

(y)| = 1 .

Since 0 ≤ µAL
(x), µAL

(y) ≤ 1, 0 ≤ µAU
(x), µAU

(y) ≤ 1, and µAL
(x) ≤ µAU

(x),
therefore:

(µAL
(x) = 1) ∧ (µAL

(y) = 0) or (µAL
(x) = 0) ∧ (µAL

(y) = 1);

Thus (x = 〈1, 1〉) ∧ (y = 〈0, 0〉) or (x = 〈0, 0〉) ∧ (y = 〈1, 1〉).

M(x, y) = 1 ⇔ |µAL
(x) − µAL

(y)| + |µAU
(x) − µAU

(y)| = 0

⇔ (µAL
(x) = µAL

(y)) ∧ (µAU
(x) = µAU

(y)). �

Proposition 3.3. Let A be a fuzzy rough set in X, and M as above, then

(1) M(x, y) = M(y, x). (2) M(x, y) = M(x′, y′).

Proposition 3.4. Let A be a fuzzy rough set in X, and M as above. If
∀x ∈ AU ,M(x, y) = M(x, z), then M(y, z) = 1.
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Proof. If ∀x ∈ AU ,M(x, y) = M(x, z), then ∀x ∈ AU .

|µAL
(x) − µAL

(y)| + |µAU
(x) − µAU

(y)|

= |µAL
(x) − µAL

(z)| + |µAU
(x) − µAU

(z)|.

Suppose x ∈ AU , x satisfies µAL
(x) = µAU

(x) = 0, thus µAL
(y) + µAU

(y) =
µAL

(z) + µAU
(z).

Again suppose x ∈ AU and satisfies µAL
(x) = 0, µAU

(x) = 1, then

µAL
(y) + 1 − µAU

(y) = µAL
(z) + 1 − µAU

(z);

hence, µAL
(y) = µAL

(z), µAU
(y) = µAU

(z), so M(y, z) = 1.

4. The Measures of Similarity between

the Fuzzy Rough Sets

Definition 4.1. Let A,B be two fuzzy rough sets in X = {x1, x2, . . ., xn},
if RSA(x) = 〈µAL

(x), µAU
(x)〉, RSB(x) = 〈µAL

(x), µAU
(x)〉 are the fuzzy rough

values of x in A and B respectively, then the similarity degree of between the
fuzzy rough sets A and B can be evaluated by the following:

T (A,B) =
1

n

n
∑

i=1

M(RAA(xi), RSB(xi))

=
1

n

n
∑

i=1

[1 −
|µAL

(xi) − µBL
(xi)|

2
−

|µAU
(xi) − µBU

(xi)|

2
], (4)

It is obvious that T (A,B) ∈ [0, 1]. The larger the value of T (A,B), the
more the similarity between the fuzzy rough set A and B.

Proposition 4.1. T (A,B) = T (B,A).

Proposition 4.2. (1) T (A,B) = 0 ⇔ (A =
∑n

i=1
[0, 0]/xi) ∧ (B =

∑n
i=1

[1, 1]/xi) or (A =
∑n

i=1
[1, 1]/xi) ∧ (B =

∑n
i=1

[0, 0]/xi).
(2) T (A,B) = 1 ⇔ (µAL

(xi) = µBL
(xi)) ∧ (µAU

(xi) = µBU
(xi)),

∀xi ∈ X.

We may define the order relation between the fuzzy rough sets:

A ⊆ B ⇔ µAL
(x) ≤ µBL

(x) and µAU
(x) ≤ µBU

(x),∀x ∈ X. (5)

Proposition 4.3.

A ⊆ B ⊆ C ⇒ T (A,C) ≤ min{T (A,B), T (B,C)} .



456 Z. Chengyi, D. Pingan, F. Haiyan

5. The Weighting Measures of Similarity between

the Fuzzy Rough Sets

Let A,B be two fuzzy rough sets in X = {x1, x2, · · · xn}, where A =
∑n

i=1
〈µAL

(xi), µAU
(xi)〉/x

∑n
i=1

〈µBL
(xi), µBU

(xi)〉/xi, xi ∈ X.
Assume that the weight of the element xi is wi, where wi ∈ [0, 1] and

1 ≤ i ≤ n, then the degree of similarity between the fuzzy rough sets A and B
can be evaluated by the weighting function W ,

W (A,B) =

n
∑

i=1

wiM(RSA(xi), RSB(xi))/

n
∑

i=1

wi

=
n

∑

i=1

wi[1 −
|µAL

(xi) − µBL
(xi)|

2
−

|µAU
(xi) − µBU

(xi)|

2
]/

n
∑

i=1

wi, (6)

where W (A,B) ∈ [0, 1]. The larger the value of W (A,B), the more the simi-
larity between the fuzzy rough sets A and B.

6. Applications

The measures of similarity between the fuzzy rough sets can be used to measure
the importance of a feature in a given classification task. Here we illustrate this
problem in the context of colorectal cancer diagnosis. In this example, we
study the association between the key prognostic factors and the outcomes of
the patients who are undergoing the follow-up program of the colorectal cancer.

The colorectal cancer occurs frequently in the developed countries. The
colorectal cancer forms initially in the mucosa lining of bowel. In most cases,
the first step in the formation of a colorectal cancer is the appearance of
polyps. When the abnormal cells within the polyps begin to spread and invade
through normal tissue, polyps become cancer growths. If no proper treatment
is adopted, then the cancer can spread beyond the skin and the underlying
tissues of the bowel wall, and eventually the cancer may spread to the distant
sites like liver. To express the condition of the patient, the following for pos-
sible outcomes are used: well, recurrence, metastasis and both (i.e., recurrence
and metastasis simultaneously). The main treatment for the colorectal cancer
is the surgical removal of the tumor, while the survival of a patient with the
colorectal cancer is dependent on four fundamental factors: (a) the biology of
that individual’s malignancy, (b) the immune response to the tumor, (c) the
time in the cancer patient’s life history when the diagnosis is made, and (d) the



ON MEASURES OF SIMILARITY BETWEEN... 457

adequacy of the treatment. About 50% patients eventually die from the local
recurrence and /or distant metastasis within 5 years after the curative resec-
tion. Therefore, it is important to detect or predict the recurrent or metastasis
tumor in the follow-up so that the appropriate therapy is prescribed to increase
the chance of survival.

The following 16 attributes are considered: liver metastasis, peritoneal
metastasis, CT scan for liver, regional lymph node, apical node status, apical
node number, adjacent structure invasion, venous invasion, perineaural inva-
sion, differentiation, ascites, carcinoembryonic antigen, surgeon rank, site of
trmor, perioperative blood transfusion, and fix to adjacent structure. The pa-
tient, who is in the follow-up program, may fall into any of the following states:
metastasis, recurrence, bad and well. If the state of a particular patient can
be correctly decided, then the state information can be utilized to choose an
appropriate treatment. A physician can subjectively judge the belongingness
of each patient in the output classes.

Let A be an attribute set of a health person, wi ∈ [1, 16] is the weight of
the attribute, B is an attribute set of a patient with colorectal cancer, if



























W (A,B) < φ1, B is well ,

φ1 ≤ W (A,B) < φ2, B is recurrence ,

φ2 ≤ W (A,B) < φ3, B is metastasis ,

W (A,B) ≥ φ3, B is bad ,

where φ1, φ2, φ3 are the threshold values.

Using the above technique, we have attempted to quantify the importance
of the prognostic factors.

7. Conclusions

The fuzzy rough sets is a new theory representing inexact knowledge. we pro-
pose some rules which should be observed, and defining a similarity measure for
measuring the degree of similarity between elements and between fuzzy rough
sets. Finally, a possible application of the similarity measure is mentioned.
Because of the proposed similarity measures have some good properties, it can
provide a useful way for measuring the similarity between fuzzy rough sets.
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