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Abstract: Let V be a locally convex complex topological vector space and
F an ′P(V )-sheaf on P(V ). Here we discuss the notion of minimal finite free

resolution of F . Assume V := CN and let X ⊂ P(V ) be a closed finitely
determined analytic subset of P(V ). Here we prove that the ideal sheaf of X

has a minimal free resolution.
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1. Minimal Free Resolutions

In this paper all topological vector spaces will be implicitely assumed to be
Hausdorff complex topological vector spaces. Let V be a locally convex topo-
logical vector space and P(V ) the projective space of all one-dimensional linear
subspaces of V . The complex manifold P(V ) is equipped with holomorphic line
bundles OP(V )(t), t ∈ Z, such that H0(P(V ),OP(V )(t)) = 0 if t < 0, while if
t ≥ 0 H0(P(V ),OP(V )(t)) is the vector space of all continuous homogeneous
polynomials on V with degree t.
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Definition 1. Let V be a locally convex topological vector space and
F an OP(V )-sheaf on P(V ). We will say that F is globally finitely presented
if there are integers r > 0, s > 0, ai, 1 ≤ i ≤ s, bj , 1 ≤ j ≤ s, and a
morphism φ : ⊕r

i=1OP(V )(ai) → ⊕s
j=1OP(V )(bj) of OP(V )-sheaves such that

F ∼= Coker(φ). The sheaf F is said to have a finite free resolution if there are
integers k > 0, ri > 0, 1 ≤ x ≤ k, ai,j, 1 ≤ i ≤ k, 1 ≤ j ≤ ri, and morphisms
of sheaves φi : ⊕ri

j=1OP(V )(ai,j) → ⊕
ri+1

j=1OP(V )(ai+1,j), 1 ≤ i ≤ k − 1, such
that φ1 is injective and F ∼= Coker(φk). Such a finite free resolution is said
to be minimal if for every integer i such that 1 ≤ i ≤ k − 1 and all pairs u,
v with 1 ≤ u ≤ ri, 1 ≤ v ≤ ri+1 with ai,u = ai+1,v (if any) the component
(φi)u,v : OP(V )(ai,u) → OP(V )(ai+1,v) of φi is zero.

Remark 1. Since cohomology commutes with finite direct sums, the
morphism φ in Definition 2 is given by an r × s matrix whose entry of type
(i, j) is given by a continuous homogeneous polynomial of degree bj −ai. Hence
if, as in the last part of Definition 2, bj = ai, then this entry is just given by a
conplex number. Hence it is easy to check that if F has a finite free resolution,
then it has a minimal free resolution.

Obviously, if F has a finite free resolution, then it is globally finitely pre-
sented. If V is finite-dimensional an OP(V )-sheaf is globally finitely presented
if and only if it is coherent. If V is finite-dimensional every coherent OP(V )-
sheaf admits a finite free resolution (by GAGA theorem of Serre and Hilbert
Syzygies Theorem for coherent algebraic sheaves on Pn). For the elementary
properties of minimal free resolutions in the finite-dimensional setting, see e.g.
the introduction of [3].

Definition 2. Let V be topological vector space, X a closed analytic
subset of P(V ) which is the zero-locus of finitely many continuous homogeneous
polynomials and f1, . . . , fs continuous homogeneous polynomials on V . We will
say that f1, . . . , fs generate the homogeneous ideal of X if fi|X ≡ 0 gor all i

and for every continuous homogeneous polynomial q on V such that q|X ≡ 0
there are continuous homogeneous polynomials qi, 1 ≤≤ s, such that q =
q1f1 + · · · + qsfs.

If f1, . . . , fs generates the homogeneous ideal of X, then X = {f1 = · · · =
fs}, but the converse is not true.

Proposition 1. Let V be a quasi-complete locally convex topological

vector space and X ⊂ P(V ) a closed finitely determined analytic subset of

P(V ). Then there are finitely many continuous homogeneous polynomials fi,

1 ≤ i ≤ s, such that X = {f1 = · · · = fs = 0} and f1, . . . , fs generates the
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homogeneous ideal of X.

Proof. If V is a Banach space, then X is the zero locus of finitely many con-
tinuos homogeneous polynomials, say X = {h1, . . . , hk} ([5], Theorem III.2.3.1).
Now we will explain why this is true in the general case. The main ingredient
of the proof given in [5] is an extension theorem for branched coverings ([5],
III.2.1, or just [5], Proposition III.2.3). All the tools for the extension of [5],
III.2.1, to the locally convex case are developed in [4], Chapter IV and Chapter
V (see in particular [4], Definition 4.7 and Definition 4.8, and Theorem 4.10;
the use of the Grassmannians in the Banach setting made in [5] quoting [2] may
be done by hands since we need to consider only finite-dimensional and closed
finite-codimensional subspaces of V ). Let C(X) ⊆ V be the cone associated to
X and J the ideal of the local ring OV,0 formed by the germs of the holomor-
phic functions vanishing on C(X). Since C(X) = {h1 = · · · = hk}, J is the
radical of the ideal (h1, . . . , hk)OV,0 (Hilbert Nullstellensatz [4], Theorem 5.14).
Since OV,0 is ∞-Noetherian in the sense of [4] and (h1, . . . , hk)OV,0 is finitely
generated, J is finitely generated. Since C(X) is a cone, it is easy to check that
J has a finite set of generators formed by homogeneous holomorphic functions
near 0 ∈ V , i.e. by continuous homogeneous polynomials f1, . . . , fs on V . Take
a continuous homogeneous polynomial q such that q|X ≡ 0. Hence the germ
at 0 of q lies in J . Hence there are gi ∈ OV,0 such that q = g1f1 + · · · + gsfs

near 0. If deg(q) < deg(fi), set qi = 0. If deg(q) ≥ deg(fi) call qi the degree
deg(q)−deg(fi) part of the Taylor expansion of gi at 0. It is easy to check that
q = q1f1 + · · · + qsfs.

Theorem 1. Set V := CN and let X ⊂ P(V ) be a closed finitely deter-

mined analytic subset of P(V ). Let IX ⊆ OP(V ) the ideal sheaf of X. Then

IX admits a finite minimal free resolution.

Proof. Let zi, i ≥ 1, be the coordinates of V . Let f1, . . . , fs be generators
of the homogeneous ideal of X (Proposition 1). Every continuous homogeneous
polynomial on V depends only from finitely many variables (see e.g. [1], p. 21,
for the much stronger result that this is true even for germs of holomorphic
functions). Hence there is an integer n > 0 such that each fi does not depend
from zj if j > n. Hence f1, . . . , fs are defined on Cn and defines a homogeneous
ideal, call it In, of Pn−1. Call An the minimal free resolution of In. For all
integers x ≥ n, we obtain in the same way a homogeneous ideal Ix in Px−1 and
its minimal free resolution Ax. The minimal free resolutions Ax and An have
the same invariants, k, ri and ai,j and we may even take the matrices of the
maps φi, 1 ≤ i ≤ k−1, are given by the same homogeneous polinomials, because
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f1, . . . , f − s do not depend from zn+1, . . . zx. Hence An defines a minimal free
resolution of IX on P(V ). The existence of a minimal free resolution follows
from Remark 1.
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plexe, Erg. der Math., Volume 53, Springer-Verlag, Berlin-Heidelberg-New
York (1970).


