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*

It is part of the common knowledge that the first digits of many numerical
data sets are not equally distributed. Newcomb [19] and Benford [4] observed
that for any extensive collection of real numbers expressed in decimal form, the
probability that the first digit j equals d is given by P (j = d) = log

(

1 + d−1
)

,
d ∈ {1, ..., 9}.

Mathematical explanations of this law have been proposed by Pinkham [23],
Hill [11]-[15], Allart [1], Janvresse and de la Rue [16]. In recent years an upsurge
of applications of Benford’s law have appeared including work by Becker [2],
Burke and Kincanon [7], Buck et al [6], Ley [18], Nigrini [20], [21], Nigrini and
Mittermaier [22], Vogt [27], Tolle et al [26] and Berger et al [3].
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Benford’s law for integer and other sequences of real numbers has been an-
alyzed extensively by many authors including Brown and Duncan [5], Whitney
[29], Diaconis [9], Cohen and Katz [8], Schatte [24] and Gottwald [10]. It is
well-known that the sequences of integer powers {nc} , n = 1, 2, ..., for any
fixed real number c do not follow Benford’s law (e.g. Diaconis [9]). In the
present note, we derive the exact probability distribution of the first digit of
integer powers up to an arbitrary but fixed number of digits. We obtain its
asymptotic distribution and show that it approaches Benford’s law very closely
for sufficiently high powers.

The following ceiling function will be used throughout. For a real number
x, let ⌈x⌉ denote the least integer greater than or equal to x. Let us consider
the following m-th power counting sequences.

Definition 1. For i ∈ {1, ..., 9} , m ≥ 2, the element numbered n ≥ 1
of the sequence {an(i,m)} denotes the largest integer whose m-th power has
n digits and first digit i, provided it exists. If this integer does not exist,
the symbol denotes either the largest integer preceding the integer whose m-th
power has n digits and smallest first digit greater than i or the largest integer
preceding the smallest integer whose m-th power has n + 1 digits.

Example 1. One has a3(1, 3) = 5 because 53 = 125 < 63 = 216, which
shows that 125 is the largest cube with 3 digits and first digit 1. One has
a3(4, 3) = 7 because the cube 73 = 343 precedes the cube 83 = 512 with 3
digits and smallest first digit greater than 4. One has a2(7, 3) = 4 because
43 = 64 < 53 = 125, which shows that the cube 64 precedes the smallest cube
125 with 3 digits.

Lemma 1. The m-th power counting sequence satisfies the explicit formula

an(i,m) =
⌈

(1 + i)
1

m · 10
n−1

m

⌉

− 1, n ∈ N+. (1)

Proof. From the inequalities an(i,m) < (1 + i)
1

m ·10
n−1

m ≤ an(i,m)+1, one
obtains that an(i,m)m < (1 + i) ·10n−1 ≤ [an(i,m) + 1]m. For i ∈ {1, ..., 8} the
middle term is the smallest number with n digits and first digit 1 + i, and for
i = 9 it is the smallest number with n + 1 digits. The result follows from the
definition of the m-th power counting sequence.

Remark 1. It is clear that the sequences an(9,m) =
⌈

10
n

m

⌉

−1, n ∈ N+,

also describe the largest numbers whose m-th powers have n digits and are
found in Sloane [25] under the sequences A049416 if m = 2 and A061439 if
m = 3.
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The integer sequences {an(i,m)} are useful because they permit to count
the number of m-th powers with at most n digits and first digit i ∈ {1, ..., 9},
a sequence denoted here {bn(i,m)}. These integer sequences are new and not
contained in Sloane [25].

Proposition 1. The number of m-th powers with at most n digits and

first digit i ∈ {1, ..., 9} satisfies the following explicit formulas:

bn(1,m) = 1 +
n
∑

k=2

[ak(1,m) − ak−1(9,m)],

bn(i,m) =
n
∑

k=1

[ak(i,m) − ak(i − 1,m)], i ∈ {2, ..., 9} .
(2)

Proof. This follows immediately from the defining properties of the se-
quences {an(i,m)}.

It is now possible to describe the exact probability distribution of the first
digit of m-th integer powers with at most n digits, denoted and equal to

pn (i,m) =
bn(i,m)

an(9,m)
, i ∈ {1, ..., 9} . (3)

The formula (3) follows from (2) and the fact that

an (9,m) =

9
∑

i=1

bn (i,m) (4)

is the largest number whose m-th power has n digits (see Remark 1 above).
Calculations with m-th power integer sequences {nm} show that the fre-

quency of the first significant digit d ∈ {1, ..., 9} decreases with increasing d,
which suggests a strong relationship with Benford’s law. Recall some relevant
notions. For a sequence S = {an |n ∈ N+ } consider the subsets Sd = {n |n ∈ S
and the first digit of n is d}. Then S is called a Benford sequence provided

lim
N→∞

card (Sd < N)

card (S < N)
= log

(

1 +
1

d

)

, d ∈ {1, ..., 9} . (5)

One knows that S is a Benford sequence if and only if the logarithmic se-
quence {log an} is uniformly distributed mod 1 (e.g. Diaconis [9]). A necessary
and sufficient condition for this is the criterion of Weyl [28]:

lim
N→∞

1

N

N
∑

n=1

e2πih log an = 0 for all h ∈ N+ . (6)
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Moreover, if S is a Benford sequence, then one has necessarily (Fejer’s
Theorem):

lim
n→∞

n · ln

{

an+1

an

}

= ∞. (7)

These results are presented in Kuipers and Niederreiter (1974).

Unfortunately, since lim
n→∞

n · ln {(n + 1)m /nm} = m · ln {(1 + 1/n)n} = m <

∞, the power sequences {nm} are not Benford sequences. However, as m in-
creases, the exact probability distribution of the first significant digit approaches
very closely Benford’s law according to the following precise result.

Theorem 1. The asymptotic distribution of the first digit of m-th power

sequences as the number of digits goes to infinity is given by

lim
n→∞

pn (i,m) = P (i,m) :=
(1 + i)

1

m − i
1

m

10
1

m − 1
,

i ∈ {1, ..., 9} , m ≥ 2. (8)

Proof. As the number n of digits increases one has with great accuracy

bn (i,m) ≈
[

(1 + i)
1

m − i
1

m

]

·
10

n

m − 1

10
1

m − 1
,

i ∈ {1, ..., 9} , an (9,m) ≈ 10
n

m − 1, (9)

which implies immediately (8).

By increasing exponent m, the probability distribution (8) is closely ap-
proximated by Benford’s law and is reached asymptotically because

lim
m→∞

P (i,m) = log

(

1 +
1

i

)

, i ∈ {1, ..., 9} . (10)
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Table 1: Distribution of first digit of integer powers and Benford’s law
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Table 1 illustrates numerically the obtained results. The exact probabil-
ity distribution (3) is calculated for n = 10m, for various exponents m, and
compared with the asymptotic distributions (8) and (10).
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