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Abstract: In this paper, various exact solutions, including soliton, multisoli-
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1. Introduction

Up to now, there exist many powerful methods to construct exact solutions of
nonlinear partial differential equations (PDEs). For example, inverse scattering
transformation method [1], Darboux transformation method [4], Hirota method
[5], homogeneous balance method [7], hyperbolic function method [2]. By using
these methods, many kinds of exact solutions of some PDEs have been obtained.
However, due to the importance of the exact solutions of PDEs in physics and
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mathematics, it is still a hot-spot to seek new methods for obtaining new exact
solutions.

The main purpose of this paper is to make a further study of the question
how to seek exact solutions of the (3+1)-dimensional Jimbo-Miwa equation.
With the aid of symbolic computation software such as Mathematica or Maple,
we obtain a great deal of new types of exact solutions of (3+1)-dimensional
Jimbo-Miwa equation, including soliton, multisoliton and rational-type solu-
tions, by using the homogenous balance method.

The rest of this paper is organized as follows. Section 2 gives the brief
formulation of the homogenous balance method. In Section 3 we present some
new types of exact solutions of the (3+1)-dimensional Jimbo-Miwa equation by
using the homogenous balance method stated in Section 2. Section 4 concludes
the paper with some comments and discussion.

2. Review on the Research of the Homogeneous Balance Method

Aiming at the characteristic of the PDEs in mathematics and physics, in 1995,
Wang Ming-liang [7] put forward an effective homogeneous balance method to
obtain solitons. The main steps are as follows:

Step 1. For the given nonlinear PDE, without loss generality, assume that
it contains two variables x, t

Au = A(u, ut, ux, uxt, utt, uxx, · · · ) = 0, (1)

Suppose that the solution of equation (1) can be expressed as a function of a
new variable ψ = ψ(x, t)

u(x, t) =

m,n∑

i=0,j=0

aij∂
i
t∂

j
xf(ψ) + b, (2)

wherem and n are nonnegative integers which can be determined by making the
balance between the highest order derivative and the highest nonlinear terms
of (1).

Step 2. Substituting (2) into (1) and setting the coefficient of the highest
order derivative and the highest power equal to zero, we obtain an ODE of
F (ψ), from which we get the function f(ψ), and write it as

f = F (ψ). (3)
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Step 3. Applying (3), we can change the nonlinearities of derivatives of
f obtained in Step 2 into the linearities of derivatives of f . Then setting the
coefficients of all order derivatives of f to zero, leads to an over-determined
system of partial differential equations of ψ

D(ψ) = 0. (4)

Step 4. Wang supposed that equation (4) has the special solution in the
form

ψ = 1 + eαx+βt, (5)

where α, β are the constants to be determined later. Substituting (5) into (4),
we can obtain α and β. Then the solitary wave solutions of (1) can be found,
by substituting (3) and (5) into (2).

A further development made by Fan and Zhang [3] improved considerably
the key steps of the HBM. In their recent paper they made the method much
more lucid and straightforward to apply to a class of nonlinear PDEs and ob-
tained many new types of exact solutions [2]. The motivation of the present
paper is to utilize their ideas [3] to explore some new solutions of (3+1)-
dimensional Jimbo-Miwa equation by using the homogenous balance method.

3. The New Types of Exact Solutions of the (3+1)-Dimensional
Jimbo-Miwa Equation

The (3+1)-dimensional Jimbo-Miwa equation reads

uxxxy + 3uxyux + 3uyuxx + 2uyt − 3uxz = 0. (6)

M. Senthilvelan studied the (3+1)-dimensional Jimbo-Miwa equation by using
the tanh-function method and obtained the travelling wave solutions as follows
[6]:

u = a0 + 2kα tanh[k(αx + βy + γz − λt)], (7)

u = a0 + 2kα coth[k(αx + βy + γz − λt)], (8)

u = a0 − 2kα tanh[k(αx + βy + γz − λt)], (9)

u = a0 − 2kα coth[k(αx + βy + γz − λt)]. (10)

Now let us construct solutions for this equation once more. To begin with, let
us make a transformation of (6)

u = ∂i
x∂

j
y∂

k
zh[ω(x, y, z, t)] + h0, (11)
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where h(ω), h0(x, y, z, t), ω(x, y, z, t), i, j and k are to be determined later.
In order to obtain i, j, k, substituting (11) into (6). We make the leading-

order analysis as follows. For equation (6) the possible highest-power terms are
ωi+3

x ω
j+1
y ωk

z and ω2i+2
x ω

2j+1
y ω2k

z , which are, contributed by uxxxy, 3uxyux and
3uyuxx, respectively. Then the balancing act requires that the two terms have
the same power, i.e.

i+ 3 = 2i+ 2, j + 1 = 2j + 1, k = 2k. (12)

From (12) we get

i = 1, j = 0, k = 0. (13)

Thus (11) becomes

u = h′ωx + h0. (14)

With the aid of symbolic computation software such as Mathematica or
Maple, substituting (14) into (6), and collecting all homogeneous terms in par-
tial derivatives of ω(x, y, z, t), we get

(6h′′h(3) + h(5))ω4
xωy + (4h(4) + 6(h′′)2 + 3h(3)h′)ω3

xωxy

+ (6h(4) + 12(h′′)2 + 3h(3)h′)ω2
xωyωxx + 12h(3)ωxωxxωxy

+ 3h(3)ωyω
2
xx + 6h(3)ω2

xωxxy + 4h(3)ωxωyωxxx

+ 3h′′h′ω2
xωxxy + 3h′′h′ωyω

2
xx + 6h′′h′ωxωxxωxy + 3h(3)h0xωyω

2
x

+ 3h′′h′ωxωyωxxx + 9h′′h′ωxωxxωxy + 3h(3)h0yω
3
x + 2h(3)ωxωyωt

− 3h(3)ωzω
2
x + 8h′′ωxxωxxy + 4h′′ωxyωxxx + 4h′′ωxωxxxy

+ h′′ωyωxxxx + 3h′′h0xyω
2
x + 3(h′)2ωxxωxxy + 6h′′h0xωxωxy

+ 3h′′h0xωyωxx + 3h′′h0xxωxωy + 3(h′)2ωxyωxxx + 9h′′h0xωxωxx

+ 2h′′ωxωyt + 2h′′ωyωxt + 2h′′ωtωxy − 6h′′ωxωxz − 3h′′ωzωxx

+ h′ωxxxxy + 3h′h0xyωxx + 3h′h0xωxxy + 3h′h0xxωxy

+ 3h′h0yωxxx + 2h′ωxyt − 3h′ωxxz + h0xxxy

+ 3h0xyh0x + 3h0xxh0y + 2h0yt − 3h0xz = 0. (15)

To determine the function h(ω), we set the coefficients of the term ωyω
4
x in

equation (15) to zero, and obtain an ODE with respect to h(ω):

6h′′h′′′ + h(5) = 0, (16)
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which has the special solution in the form

h(ω) = 2 ln (ω), (17)

and it implies that
h′h′′ = −h′′′, (h′)2 = −2h′′. (18)

Having seen the expression for h(ω) from (17), we investigate ω(x, y, z, t). Sub-
stituting (17) and (18) into (15), then it is reduced to

(12ωxωxxωxy + 3ωyω
2
xx + 6ω2

xωxxy + 4ωxωyωxxx − 3ω2
xωxxy

− 3ωyω
2
xx − 6ωxωxxωxy + 3h0xωyω

2
x − 3ωxωyωxxx − 9ωxωxxωxy

+ 3h0yω
3
x + 2ωxωyωt − 3ωzω

2
x)h′′′ + (6ωxxωxxy + 4ωxyωxxx

+ 4ωxωxxxy + ωyωxxxx + 3h0xyω
2
x − 6ωxxωxxy + 6h0xωxωxy

+ 3hoxωyωxx + 3h0xxωxωy − 6ωxyωxxx + 9h0yωxωxx

+ 2ωxωyt + 2ωyωxt + 2ωtωxy − 6ωxωxz − 3ωzωxx)h′′

+ (ωxxxxy + 3h0xyωxx + 3h0xωxxy + 3h0xxωxy

+ 3h0yωxxx + 2ωxyt − 3ωxxz)h
′ + h0xxxy

+ 3h0xyh0x + 3h0xxh0y + 2h0yt − 3h0xz = 0. (19)

Setting the coefficients of h′′′,h′′ and h′ to zero, we derive an over-determined
system of partial differential equations w.r.t. ω:

12ωxωxxωxy + 3ωyω
2
xx + 6ω2

xωxxy + 4ωxωyωxxx − 3ω2
xωxxy

−3ωyω
2
xx − 6ωxωxxωxy + 3h0xωyω

2
x − 3ωxωyωxxx

−9ωxωxxωxy + 3h0yω
3
x + 2ωxωyωt − 3ωzω

2
x = 0, (20)

6ωxxωxxy + 4ωxyωxxx + 4ωxωxxxy + ωyωxxxx + 3h0xyω
2
x − 6ωxxωxxy

+6h0xωxωxy + 3hoxωyωxx + 3h0xxωxωy − 6ωxyωxxx + 9h0yωxωxx

+2ωxωyt + 2ωyωxt + 2ωtωxy − 6ωxωxz − 3ωzωxx = 0, (21)

ωxxxxy +3h0xyωxx +3h0xωxxy +3h0xxωxy +3h0yωxxx +2ωxyt−3ωxxz = 0, (22)

h0xxxy + 3h0xyh0x + 3h0xxh0y + 2h0yt − 3h0xz = 0. (23)

Taking h0 =const., from (14) and (17), we can get the Backlund transformation
of (11) in the form

u =
2ωx

ω
+ h0, (24)
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where ω(x, y, z, t) is to be determined in (31), (38), (40), and (42), respectively.
Substituting h0 =const. into (20)–(23), they are reduced to

−3ωxωxxωxy + 3ω2
xωxxy + ωxωyωxxx + 2ωxωyωt − 3ω2

xωz = 0, (25)

6ωxxωxxy + 4ωxxxωxy + 4ωxωxxxy + ωyωxxxx − 6ωxxωxxy

−6ωxyωxxx + 2ωxωyt + 2ωtωxy + 2ωyωxt − 6ωxωxz − 3ωzωxx = 0, (26)

ωxxxxy + 2ωxyt − 3ωxxz = 0. (27)

It is easy to see that the above equations are satisfied, providing

ωz = ωxxxx, (28)

ωt = ωxxx, (29)

ωy = ωxx. (30)

From (28)-(30), we can find four kinds special solutions for equations (25)–(27).
Now let us give them in details.

Case 1.

ω(x, y, z, t) =

N∑

i=0

[aix+ bi + e(kix+k2

i
y+k3

i
t+k4

i
z+ci)], (31)

where ai, bi, ki, ci, i = 0, 1, 2, · · · , N are arbitrary constants and N is a nonneg-
ative integer. It is easy to verify that (31) is a special solution of (25)–(27).

Substituting (31) into (24), we can obtain various exact solutions of equation
(6):

u(x, y, z, t) =
2
∑N

i=0[ai + kie
(kix+k2

i
y+k3

i
t+k4

i
z+ci)]

∑N
i=0[aix+ bi + e(kix+k2

i
y+k3

i
t+k4

i
z+ci)]

+ h0. (32)

If we take ai = 0, i = 0, 1, 2, · · · , N,
∑N

i=0 bi = 1, the multisoliton solutions of
equation (6) can be obtained in the form

u(x, y, z, t) =
2
∑N

i=0[kie
(kix+k2

i
y+k3

i
t+k4

i
z+ci)]

1 +
∑N

i=0 e
(kix+k2

i
y+k3

i
t+k4

i
z+ci)

+ h0. (33)

Case 1 A. N = 0. In this case, we get the kink-soliton solution

u1(x, y, z, t) = k0 tanh[
1

2
(k0x+ k2

0y + k3
0t+ k4

0z + c0)] + k0 + h0. (34)
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Case 1 B. N = 1. In this case, we get the two-soliton solution

u2(x, y, z, t) =
2k0e

(k0x+k2

0
y+k3

0
t+k4

0
z+c0) + 2k1e

(k1x+k2

1
y+k3

1
t+k4

1
z+c1)

1 + e(k0x+k2

0
y+k3

0
t+k4

0
z+c0) + e(k1x+k2

1
y+k3

1
t+k4

1
z+c1)

+ h0. (35)

Case 1 C. N = 2. In this case, we get the three-soliton solution

u3(x, y, z, t) =
2k0e

(k0x+k2

0
y+k3

0
t+k4

0
z+c0) + 2k1e

(k1x+k2

1
y+k3

1
t+k4

1
z+c1)

1 + e(k0x+k2

0
y+k3

0
t+k4

0
z+c0) + e(k1x+k2

1
y+k3

1
t+k4

1
z+c1)

+2k2e
(k2x+k2

2
y+k3

2
t+k4

2
z+c2)

+e(k2x+k2

2
y+k3

2
t+k4

2
z+c2)

+ h0. (36)

Case 1 D. ki = 0, i = 0, 1, 2, · · · , N,
∑N

i=0 a
2
i 6= 0. In this case, we can get

the rational solution from (32)

u4(x, y, z, t) =
2
∑N

i=0 ai∑N
i=0(aix+ bi + 1)

+ h0. (37)

Case 2.

ω(x, y, z, t) =

N∑

i=0

[aix+ bi + sin(kix+ k3
i t+ ci)e

(−k2

i
y+k4

i
z+di)

+ cos(lix+ l3i t+ c′i)e
(−l2

i
y+l4

i
z+d′

i
)]. (38)

From (24), we get the second type of new exact solution

u5(x, y, z, t) =
2
∑N

i=0[ai + ki cos(kix+ k3
i t+ ci)e

(−k2

i
y+k4

i
z+di)]

∑N
i=0[aix+ bi + sin(kix+ k3

i t+ ci)e(−k2

i
y+k4

i
z+di)]

−2
∑N

i=0[li sin(lix+ l3i t+ c′i)e
(−l2

i
y+l4

i
z+d′

i
)]

+
∑N

i=0[cos(lix+ l3i t+ c′i)e
(−l2

i
y+l4

i
z+d′

i
)]

. (39)

Case 3.

ω(x, y, z, t) =
N∑

i=0

[aix+ bi + sinh(kix+ k3
i t+ ci)e

(k2

i
y+k4

i
z+di)

+ cosh(lix+ l3i t+ c′i)e
(l2

i
y+l4

i
z+d′

i
)]. (40)
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From (24), we get the third type of new exact solution

u6(x, y, z, t) =
2
∑N

i=0[ai + kicosh(kix+ k3
i t+ ci)e

(k2

i
y+k4

i
z+di)]

∑N
i=0[aix+ bi + sinh(kix+ k3

i t+ ci)e
(k2

i
y+k4

i
z+di)]

+2
∑N

i=0[lisinh(lix+ l3i t+ c′i)e
(l2

i
y+l4

i
z+d′

i
)]

+
∑N

i=0[cosh(lix+ l3i t+ c′i)e
(l2

i
y+l4

i
z+d′

i
)]
. (41)

Case 4. A direct computation shows that

ω(x, y, z, t) = 4x3 + 24t+ 24xy + ax+ b (42)

satisfies (28)-(30). Hence we get a new kind of rational solution of (6):

u7(x, y, z, t) =
24x2 + 48y + 2a

4x3 + 24t+ 24xy + ax+ b
+ h0, (43)

where a, b are arbitrary constants.

Remark. In the above, we have found some new exact solutions to the
(3+1)-dimensional Jimbo-Miwa equation that are not obtained by the tanh
method [2] and [6]. It is worth mentioning that the rational solution given by
(43) might be reported for the first time in the literature, to our best knowledge.

4. Conclusion and Discussion

In summary, we have obtained many types of new exact solutions for the (3+1)-
dimensional Jimbo-Miwa equation by using the symbolic computation and an
improved homogeneous balance method. These solutions obtained may be of
significance for the explanation of some practical physical problems. It is also
shown that the homogeneous balance method is a powerful technique for inves-
tigating nonlinear wave equations, in particular, for seeking different kinds of
exact solutions for PDEs in mathematics and physics.
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