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Abstract: Mathematical modelling of many physical processes leads to nu-
merical research of nonlinear boundary value problems for ordinary differential
equations. A very important aspect of it is to investigate the dependence of
solutions on the model’s parameters. To this end we consider the parameter
continuation method based on the multiple shooting method in combination
with a parameterization of the boundary value problem. Owing to the parame-
terization, the solution of the problem may be found in dependence on a chosen
parameter of the model, including cases when there is branching of solutions of
turning type.
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1. The Concept of Well Conditionality for Nonlinear Boundary

Value Problems

Consider a nonlinear boundary value problem for a system of N ordinary dif-
ferential equations with a scalar argument x in the form:
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dy

dx
= f(x, y), x ∈ [a, b],

g(y(a), y(b)) = 0,
(1)

where y, f and g are vectors with components yi, fi and gi, i = 1, 2, . . . , N ,
respectively. The vector functions f(x, y) and g(y(a), y(b)) are assumed suffi-
ciently smooth with respect to all of their arguments, therefore the boundary
value problem (1) has a solution y = y(x) differentiable both with respect to x
and with respect to all parameters that enter into the definition of the vector
functions f(x, y) and g(y(a), y(b)).

We say that the nonlinear boundary value problem (1) is well-posed (well-
conditioned), if the linear boundary value problem:

du

dx
= A(x)u+ F (x), x ∈ [a, b],

Su(a) + Tu(b) = ϕ
(2)

corresponding to (1) is well-posed. Here A, S and T are the Jacobi matrices:

A(x) = fy(x, y(x)), S = gα(y(a), y(b)), T = gβ(y(a), y(b)), (3)

y(x) is the solution of the boundary value problem (1), F (x) and ϕ are arbitrary,
F (x) ∈ C[a, b], α = y(a), β = y(b).

It is known [1] that the well-conditionality of the boundary value problem
(2) is equivalent to the boundedness of the norms of the matrix Green functions
G(x, t) and G0(x) satisfying the conditions:

1. dG
dx

= A(x)G, x 6= t,

2. G(t+ 0, t) −G(t− 0, t) = I,

3. SG(a, t) + TG(b, t) = 0,

for the matrix Green function G(x, t), and

1. dG0
dx

= A(x)G0,

2. SG0(a) + TG0(b) = I,

for the matrix Green function G0(x); here I is the identity matrix. The condi-
tions uniquely define G(x, t) and G0(x) if

det

[

SY (a) + TY (b)

]

6= 0,
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where Y (x) is the fundamental matrix of the homogeneous system with matrix
A(x).

A corollary of the bounds on the norms of the Green matrix functions is
a norm estimate for the solution u = u(x) of the boundary value problem (2),
which follows from its integral representation

u(x) =

b
∫

a

G(x, t)F (t) dt +G0(x)ϕ.

If K is the constant in the norm estimate for the matrix Green functions
whose value describes the well-posedness of our boundary value problem, that
is,

‖G(x, t)‖ ≤ K, ‖G0(x)‖ ≤ K,

then the norm of the solution of the boundary value problem can be estimated:

max
x

‖u(x)‖ ≤ K ·

(

‖ϕ‖ + (b− a)max
t

‖F (t)‖

)

. (4)

On the other hand, an estimate of the form (4) may be used as another definition
of the well-posedness of the boundary value problem [2].

It is important to stress that if condition (4) is satisfied, then not only (2)
is well-posed, but also the perturbed boundary value problem [1]

dũ

dx
= Ã(x)ũ+ F̃ (x), x ∈ [a, b],

S̃ũ(a) + T̃ ũ(b) = ϕ̃,

(5)

is well-posed if the matrices Ã(x), S̃ and T̃ are close to A(x), S and T respec-
tively, i.e., if their perturbation norms are sufficiently small. Furthermore, if
the perturbation norms of the right hand sides F (x) and ϕ are small, then the
boundary value problem (5) has a solution which is close to a solution of (2).
Namely, if the conditions:

max
x

∥

∥

∥

∥

Ã(x) −A(x)

∥

∥

∥

∥

≤ ε, max
x

∥

∥

∥

∥

F̃ (x) − F (x)

∥

∥

∥

∥

≤ ε,

∥

∥

∥

∥

S̃ − S

∥

∥

∥

∥

≤
ε

2
,

∥

∥

∥

∥

T̃ − T

∥

∥

∥

∥

≤
ε

2
,

∥

∥

∥

∥

ϕ̃− ϕ

∥

∥

∥

∥

≤ ε,

where

ε <
1

(1 + b− a)K
,
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are satisfied, then the estimates:

max
x

‖ũ(x)‖ ≤ U =
K

1 − εK(1 + b− a)

(

‖ϕ̃‖ + (b− a)max
t

‖F̃ (t)‖

)

,

max
x

‖ũ(x) − u(x)‖ ≤ ε(1 + b− a)K(1 + U)

hold. Henceforth, using sufficiently small perturbation norms of the matrices
A(x), S and T , we assume that the norms of the matrix Green functions of the
boundary value problems (2) and (5) are bounded by the same constant K.

The meaning of the definition of the well-posedness of the nonlinear bound-
ary value problem (1) introduced above becomes clear in the proof of the New-
ton method (quasilinearization method), which gives an iterative way of solv-
ing the boundary value problem (1), [9]. If the initial approximation y[0](x)
is sufficiently close to y(x), then at every iteration the vector function y[k](x),
k = 1, 2, . . ., approximating y(x) is determined as the solution of a linear bound-
ary value problem with matrices differing very little from A(x), S and T . There-
fore we may think about the well-conditionality of the linear boundary value
problems at the iterations of the Newton method, and consequently, about the
well-conditionality of the nonlinear boundary value problem to the solution of
which the iterations converge. Let us consider this in more detail.

Denote by Ω a neighbourhood of the solution y = y(x) of the boundary
value problem (1) such that the boundary value problem (5) with matrices:

Ã(x) = fy(x, ỹ(x)), S̃ = gα(ỹ(a), ỹ(b)), T̃ = gβ(ỹ(a), ỹ(b)),

is well-posed if ỹ(x) is an arbitrary continuously differentiable vector function
in Ω. Assume that y[0](x) ∈ Ω. Then according to the Newton method, we con-
struct an infinite sequence of vector functions y[k](x), k = 1, 2, . . ., determined
from the linear boundary value problems:

dy[k+1]

dx
= A[k](x)y[k+1] + F [k](x), x ∈ [a, b],

S[k]y[k+1](a) + T [k]y[k+1](b) = ϕ[k], k = 0, 1, 2, . . . .

(6)

Here we use the following notation:

A[k](x) = fy(x, y
[k](x)), F [k](x) = f(x, y[k](x)) −A[k](x)y[k](x),

S[k] = gα(y[k](a), y[k](b)), T [k] = gβ(y[k](a), y[k](b)),

ϕ[k] = S[k]y[k](a) + T [k]y[k](b) − g(y[k](a), y[k](b)).
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By virtue of our choice of y[0](x), the boundary value problem (6) is well-
posed at k = 0, and its solution in terms of the matrix Green functions G[0](x, t)

and G
[0]
0 (x) have the form:

y[1](x) =

b
∫

a

G[0](x, t)F [0](t) dt +G
[0]
0 (x)ϕ[0].

Then as in the boundary value problem (2),

∥

∥

∥

∥

G[0](x, t)

∥

∥

∥

∥

≤ K,

∥

∥

∥

∥

G
[0]
0 (x)

∥

∥

∥

∥

≤ K.

Similar assertions hold for all other terms of the infinite sequence y[k](x) if they
belong to the region Ω.

Let us show that if y[n](x) ∈ Ω, then y[n+1](x) ∈ Ω too. Indeed, let y[n+1](x)
be the solution of the boundary value problem (6) at k = n, and let y(x)
be the solution of the boundary value problem (1). Consider the difference
w(x) = y(x)− y[n+1](x). It is easy to see that we may assume that w(x) is the
solution of the boundary value problem:

dw

dx
= A[n](x)w + F̃ (x), x ∈ [a, b],

S[n]w(a) + T [n]w(b) = ϕ̃,

(7)

where

F̃ (x) = A[n](x)

(

y[n](x) − y(x)

)

+ f

(

x, y(x)

)

− f

(

x, y[n](x)

)

,

ϕ̃ = S[n]

(

y[n](a) − y(a)

)

+ T [n]

(

y[n](b) − y(b)

)

+g

(

y[n](a), y[n](b)

)

− g

(

y(a), y(b)

)

.

Denoting by G[n](x, t) and G
[n]
0 (x) the matrix Green functions of the boundary

value problem (7), we represent its solution in the form:

w(x) =

b
∫

a

G[n](x, t)F̃ (t) dt +G
[n]
0 (x)ϕ̃.



468 S.I. Fadeev, V.V. Kogai

By assumption y[n](x) ∈ Ω, therefore

∥

∥

∥

∥

G[n](x, t)

∥

∥

∥

∥

≤ K,

∥

∥

∥

∥

G
[n]
0 (x)

∥

∥

∥

∥

≤ K.

Thus the estimate

max
x

‖w(x)‖ ≤ K ·

(

‖ϕ̃‖ + (b− a)max
t

‖F̃ (t)‖

)

holds. Then we use inequalities fulfilled by twice continuously differentiable
vector functions, including the vector functions f(x, y) and g(y(a), y(b)). In
this case, there exist constants M and L such that

max
x

‖F̃ (x)‖

= max
x

∥

∥

∥

∥

∥

f(x, y(x)) − f(x, y[n](x)) − fy(x, y
[n](x))(y(x) − y[n](x))

∥

∥

∥

∥

∥

≤M max
t

‖y(t) − y[n](t)‖2,

‖ϕ̃‖ =

∥

∥

∥

∥

∥

g

(

y(a), y(b)

)

− g

(

y[n](a), y[n](b)

)

−gα

(

y[n](a), y[n](b)

)(

y(a) − y[n](a)

)

−gβ

(

y[n](a), y[n](b)

)

·

(

y(b) − y[n](b)

)

∥

∥

∥

∥

∥

≤ Lmax
t

∥

∥

∥

∥

y(t) − y[n](t)

∥

∥

∥

∥

2

.

This results to:

max
x

‖w(x)‖ ≤ K · (L+ (b− a)M)max
t

‖y(t) − y[n](t)‖2.

Thus if

K · (L+ (b− a)M)max
t

‖y(t) − y[n](t)‖ < 1,

then

max
x

‖y(x) − y[n+1](x)‖ ≤ max
t

‖y(t) − y[n](t)‖,

i.e., y[n+1](x) ∈ Ω.
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If the vector function y[0](x) is so close to the solution of the boundary value
problem (1) that

K · (L+ (b− a)M) · max
t

‖y(t) − y[0](t)‖ < 1, (8)

then the following inequalities hold:

max
x

‖y(x) − y[1](x)‖ ≤ K(L+ (b− a)M)max
t

‖y(t) − y[0](t)‖2

≤ max
t

‖y(t) − y[0](t)‖,

max
x

‖y(x) − y[2](x))‖ ≤ K · (L+ (b− a)M)max
t

‖y(t) − y[1](t)‖2

≤ K · (L+ (b− a)M)max
t

‖y(t) − y[0](t)‖2 ≤ max
t

‖y(t) − y[0](t)‖,

and so on. Thus all the terms of the infinite sequence of vector functions y[k](x),
k = 0, 1, 2, . . ., belong to the neighbourhood Ω. In other words, the boundary
value problems (6) determining y[k](x), k = 1, 2, . . ., are well-posed by virtue of
our choice of the initial approximation y[0](x) sufficiently close to the solution of
the boundary value problem (1). It is known that in this case y[k](x) converge
uniformly to the solution of the boundary value problem (1):

lim
k→∞

y[k](x) = y(x).

The matrices A[k](x), S[k] and T [k] converge to A(x), S and T respectively, i.e.,
they converge to the matrices: fy(x, y(x)), gα(y(a), y(b)) and gβ(y(a), y(b)), and

lim
k→∞

G[k](x, t) = G(x, t), lim
k→∞

G
[k]
0 (x) = G0(x).

It follows that the solution of the boundary value problem (1) may be written
in the form

y(x) =

b
∫

a

G(x, t)F (t) dt +G0(x)ϕ,

where
F (x) = lim

k→∞
F [k](x) = f(x, y(x)) −A(x)y(x),

ϕ = lim
k→∞

ϕ[k] = Sy(a) + Ty(b) − g(y(a), y(b)),

Therefore, it is natural to call the nonlinear boundary value problem (1) well-
posed if the linear boundary value problem (2) is well-posed.
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2. The Parameterized Boundary Value Problem

Suppose thatQ is a parameter of our mathematical model, and we need to study
how the solution of the boundary value problem (1) depends on Q. Accordingly,
we rewrite (1) in the form:

dy

dx
= f(x, y,Q), x ∈ [a, b],

g(y(a), y(b), Q) = 0, Q ∈ [Q0, Q̄].
(9)

Let us assume that the boundary value problems (1) and (9) coincide at Q = Q0;
thus, the boundary value problem (9) with solution y(x,Q) is well-posed at
Q = Q0. This allows us to determine the derivative of the solution with respect
to the parameter Q, i.e., we obtain a vector function v(x) = yQ(x,Q0) which is
the solution of the well-posed linear boundary value problem:

dv

dx
= A(x)v +R(x), x ∈ [a, b],

Sv(a) + Tv(b) = ψ,
(10)

where

A(x) = fy

(

x, y(x,Q0), Q0

)

, R(x) = fQ

(

x, y(x,Q0), Q0

)

,

S = gα

(

y(a,Q0), y(b,Q0), Q0

)

, T = gβ

(

y(a,Q0), y(b,Q0), Q0

)

,

ψ = −gQ

(

y(a,Q0), y(b,Q0), Q0

)

.

Indeed, because A(x), S and T are the matrices of the boundary value problem
(2), the boundary value problem (10) is well-posed, and consequently, so is
(9). Also we may assert that the boundary value problems (9) and (10) are
well-posed at all values of Q in a neighbourhood of Q0.

Recall that the solution of the boundary value problem (10) has an integral
representation:

v(x) =

b
∫

a

G(x, t)R(t) dt +G0(x)ψ. (11)

The matrix Green functions G(x, t) and G0(x) satisfy the conditions:

‖G(x, t)‖ ≤ K, ‖G0(x)‖ ≤ K.
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Simultaneously with (9), consider the so-called parameterized boundary
value problem with a parameter µ, which is defined as follows [5]:

dy

dx
= f(x, y,Q), x ∈ [a, b],

dQ

dx
= 0,

g(y(a), y(b), Q) = 0,
yk(xc, Q) = µ, xc ∈ [a, b], µ ∈ [µ0, µ̄].

(12)

Here, unlike for the boundary value problem (9), we seek to determine the vector
function y(x, µ) with a known value of the k-th component at x = xc; therefore,
in this case the parameter Q should also be determined, i.e., Q = Q(µ).

Note that the solution y(x,Q0) of the boundary value problem (9) atQ = Q0

is the solution of the boundary value problem (12) at µ = µ0 = yk(xc, Q0).
Let us show that with a proper choice of the component index k and xc, the
boundary value problem (12) is possibly more well-posed than (9). In this case,
we should find the vector function y(x,Q0) as the vector function y(x, µ0) from
the boundary value problem (12), rather than from (9). We keep solving (12)
with the same choice of the component index in some neighbourhood of µ0.

To this end, consider the linear boundary value problem for the derivatives
yµ(x, µ0) and Qµ(µ0) of the solution of the boundary value problem (12) with
respect to the parameter µ at µ = µ0. Using the notation

z(x) = yµ(x, µ0), θ = Qµ(µ0),

we may write the boundary value problem in the form:

dz

dx
= A(x)z +R(x)θ, x ∈ [a, b],

dθ

dx
= 0,

Sz(a) + Tz(b) = ψθ, zk(xc) = 1, xc ∈ [a, b],

(13)

where A(x), S and T are the same matrices, R(x) and ψ are the same vectors as
in the boundary value problem (10). Comparing the boundary value problems
(10) and (13), we note that among the components vj(x), j = 1, 2, . . . , N , of
the vector function v(x) there are such that

vk(xc) =
dyk

dQ
(xc, Q0) = µQ(Q0) =

1

θ
6= 0.
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It is easy to convince ourselves that in this case the solution of the boundary
value problem (13) is the vector function

z(x) = θ · v(x) =
v(x)

vk(xc)
,

or, taking into account the expression for v(x) from (11),

z(x) =

b
∫

a

G(x, t)

vk(xc)
R(t) dt +

G0(x)

vk(xc)
ψ.

This implies the estimate

max
x

‖z(x)‖ ≤ K ′ ·

(

‖ψ‖ + (b− a)max
t

‖R(t)‖

)

, (14)

where K ′ = K/|vk(xc)|. Then K ′ < K if |vk(xc)| > 1. According to the
definition of well-conditionality in the form of the estimate (4), it is natural to
assume that the smaller is the constant K in that estimate, the more well-posed
is the boundary value problem. In this sense, the boundary value problem (12)
is more well-posed than the boundary value problem (9) if |vk(xc)| > 1.

Let y(x,Q0) be the solution of the boundary value problem (9) with com-
ponents yj(x,Q0), j = 1, 2, . . . , N , at Q = Q0, and let v(x) = yQ(x,Q0) be the
solution of the boundary value problem (10) for the derivatives of y(x,Q) with
respect to the parameter Q with components vj(x), j = 1, 2, . . . , N at Q = Q0.
Let us determine vk(xc) by the conditions

|vk(xc)| = max
j,x

|vj(x)|.

If |vk(xc)| > 1, then according to (14), the parameterized boundary value prob-
lem (12) with the parameter µ from a neighbourhood of µ0 = yk(xc, Q0) is more
well-posed than the boundary value problem (9), and vice versa, if |vk(xc)| < 1,
then the boundary value problem (9) with the parameter Q from a neighbour-
hood of Q0 is more well-posed than the parameterized boundary value problem
(12).

Note that by definition, the linear boundary value problem (13) for the
derivatives of the solution with respect to the parameter µ is well-posed if the
parameterized boundary value problem (12) is well-posed.

Parameterization is useful for solving many problems related to the numeri-
cal research of nonlinear boundary value problems. Let us mention one of them
[5].
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Figure 1:

Suppose that the nonlinear boundary value problem (9) has branching of
solutions at Q = Q0, i.e., Q0 is an eigenvalue of the linear boundary value
problem (10), thus

det

[

SY (a) + TY (b)

]

= 0.

In the case of branching of solutions of turning type, the parameterized
boundary value problem (11) with a properly chosen parameter µ allows us to
determine numerically the dependence of the solution on µ in a neighbourhood
of the branch point. The graphs of the dependence of Q on µ in a neighbourho-
od of Q0 that may be obtained from solutions of the parameterized boundary
value problem are represented in Figure 1. We will give a description of a
regular use of parameterization in connection with the parameter continuation
method.

3. The Multiple Shooting Method

A well-known method for solving the boundary value problem (1) numerically
is the shooting method [16, 15, 10]. Consider the initial value problem for the
system (1):

dy

dx
= f(x, y), x ∈ [a, b],

y

x = a

= p.
(15)

Its solution is denoted by y(x, p). Here p is a vector of initial values whose
components should be found so that the boundary conditions (1) are satisfied,
i.e.,

Φ(p) ≡ g(p, y(b, p)) = 0. (16)
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Obviously, in this case the vector function y(x, p) gives the solution of the
boundary value problem (1), which we assume to exist. Thus the problem is
reduced to solving the system of the nonlinear equations (16) with respect to
the components of the vector p. Here the shooting correction is performed by
the Newton method [16, 15, 10].

Let p0 be the initial approximation of the solution in the Newton method
for the system (16). Then for the correction ∆p0 refining p0 we have a system
of linear algebraic equations with matrix Φp(p

0):

Φp(p
0)∆p0 = −Φ(p0),

where
Φp(p

0) = gα(p0, y(b, p0)) + gβ(p0, y(b, p0))yp(b, p
0).

We then replace the initial approximation with the vector p1 = p0 + ∆p0, find
the correction ∆p1 to it from the system of linear algebraic equations

Φp(p
1)∆p1 = −Φ(p1),

and repeat the process. The correction ∆pk to the approximation pk is deter-
mined from the system of linear algebraic equations

Φp(p
k)∆pk = −Φ(pk), k = 1, 2, . . . ,

where
Φp(p

k) = gα(pk, y(b, pk)) + gβ(pk, y(b, pk))yp(b, p
k), (17)

therefore pk+1 = pk + ∆pk. We then assume that the solutions of the initial
value problems

dy

dx
= f(x, y), x ∈ [a, b],

y

x = a

= pk, k = 0, 1, 2, . . . ,
(18)

are defined on [a, b], and furthermore, that the initial approximation p0 is suf-
ficiently close to the solution of the system (16).

From (17) it follows that in order to perform iterations by the Newton
method, we have to define the matrix of derivatives of the vector function
y(x, pk) with respect to the components of the vector of initial values at x = b.
Therefore, the initial value problem (18) is solved simultaneously with variation
equations that determine the matrix function V (x) = yp(x, p

k):

dV

dx
= fy(x, y(x, p

k))V, x ∈ [a, b],

V

x = a

= I.
(19)
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Note that the initial value problems (18) may be very ‘stiff’ although the
boundary value problem (1) we are considering is well-posed. Applying the
shooting method in this case is troublesome; we have here a problem analogous
to the ‘flattening’ of the basis solutions of the homogeneous system of the
equations (19), [1].

The multiple shooting method [15, 10] plays for the nonlinear boundary
value problem (1) the same role as the Godunov orthogonal sweep method [13]
does for a linear boundary value problem of type (2), allowing us to find the
solution provided that the boundary value problem is well-posed. Divide the
interval [a, b] into m parts:

a = x1 < x2 < . . . < xm < xm+1 = b,

and on each subinterval [xi, xi+1] consider the initial value problem

dy

dx
= f(x, y), x ∈ [xi, xi+1],

y

x = xi

= p[i], i = 1, 2, . . . ,m,
(20)

where p[i] is a vector of initial values. Construct simultaneously the solution
V (x, p[i]) is constructed of the initial value problem for the matrix equation

dV

dx
= fy(x, y(x, p

[i]))V, x ∈ [xi, xi+1],

V

x = xi

= I, (21)

where y(x, p[i]) is the solution of the initial value problem (20). Obviously,
the vector functions y(x, p[i]), i = 1, 2, . . . ,m, together give the solution of the
boundary value problem (1) if the conditions expressing the continuity of the
solution at the mesh points of the interval [a, b] and the boundary conditions

Φ[1] = g(p[1], p[m+1]) = 0,

Φ[2] = y(x2, p
[1]) − p[2] = 0,

. . .

Φ[m+1] = y(xm+1, p
[m]) − p[m+1] = 0

(22)

are satisfied. There results a system of nonlinear equations for the components
of the vectors p[1], p[2], . . . , p[m+1]. Denote by p and Φ the vectors composed
of the vectors p[1], p[2], . . . , p[m+1] and Φ[1], Φ[2], . . . ,Φ[m+1] respectively; this
allows us to represent the system (22) in a vector form analogous to (16):

Φ(p) = 0. (23)
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So unlike in the shooting method, in the multiple shooting method we find
the components of the m + 1 parts of the composed vector p (whence the
method’s name comes). Shooting is realized through the Newton method for
the system (23) exactly as for the system (16). The Jacobi matrix used at the
iterations is determined by the solutions of the initial value problem (21) and
has the form

Φp(p) =





















gα(p[1], p[m+1]) gβ(p[1], p[m+1])

V (x2, p
[1]) −I

V (x3, p
[2]) −I

. . .
. . .

. . . −I

V (xm+1, p
[m]) −I





















. (24)

After the components of the vector p have been found, we may recover the
solution of the problem (1) on the whole interval [a, b] from the solutions of the
initial value problems (20).

Note that the ‘acceptable stiffness’ of the initial value problem (20) is at-
tained through a choice of the length of the integration interval [xi, xi+1], and
thus of the number of the mesh points on the interval [a, b]. Usually we impose
the condition

D · (xi+1 − xi) ≈ 1, max
x∈[xi,xi+1]

∥

∥

∥

∥

fy(x, p
[i])

∥

∥

∥

∥

≤ D. (25)

Furthermore, every time the homogeneous system (21) is to be integrated, we
take the identity matrix (i.e., an orthogonal matrix) as the matrix of the initial
values; because of our choice of the length of the interval [xi, xi+1], this prevents
the excessive flattening of basis solutions. In particular, when the multiple
shooting method is used for solving a linear boundary value problem of type
(2), we have in fact a variant of the Godunov orthogonal sweep method.

Let the boundary value problem (1) represent the boundary value problem
(9) at Q = Q0. The vector p determined by the system (23), i.e., the vector of
mesh values of the solution of the boundary value problem (1), is the solution
of the system

Φ(p,Q) = 0 (26)

at Q = Q0. Let us apply the multiple shooting method to the linear boundary
value problem (10) on [a, b] for the derivative of the solution of the boundary
value problem (9) with respect to the parameter Q at Q = Q0. To determine
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the mesh values of the derivatives pQ, we obtain a system of linear algebraic
equations with matrix Φp(p,Q), which coincides with the matrix (24) at Q =
Q0:

Φp(p,Q)pQ = −ΦQ. (27)

Indeed, denote by v(x, p[i]) the solution of the initial value problem

dv

dx
= A(x)v +R(x), x ∈ [xi, xi+1],

v

x = xi

= q[i], i = 1, 2, . . . ,m,
(28)

Here
A(x) = fy(x, y(x, p

[i]), Q0), R(x) = fQ(x, y(x, p[i]), Q0),

q[i] is the vector of initial values to be found from (31), and y(x, p[i]) is the
solution of the initial value problem (20). Note that v(x, p[i]) may be written
in the form

v(x, p[i]) = V (x, p[i])q[i] + v0(x, p[i]), (29)

where the matrix function V (x, p[i]) is determined from the conditions (21) and
v0(x, p[i]) is the solution of the initial value problem

dv0

dx
= A(x)v0 +R(x), x ∈ [xi, xi+1],

v0

x = xi

= 0.
(30)

The tuple of vector functions v(x, p[i]), i = 1, 2, . . . ,m, represents the solution
of the boundary value problem (10) under the following conditions, analogous
to (22):

Sq[1] + Tq[m+1] − ψ = 0,

v(x2, p
[1]) − q[2] = 0,

. . .

v(xm+1, p
[m]) − q[m+1] = 0,

or, using (29),

Sq[1] + Tq[m+1] = ψ,

V (x2, p
[1])q[1] − q[2] = −v0(x2, p

[1]),
. . . . . . . . . . . . . . .

V (xm+1, p
[m])q[m] − q[m+1] = −v0(xm+1, p

[m]),

(31)
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where

S = gα(p[1], p[m+1], Q0), T = gβ(p[1], p[m+1], Q0),

ψ = −gQ(p[1], p[m+1], Q0).

Hence if the tuple p[1], . . . , p[m+1] is the solution of the system (22), then
q[1], . . . , q[m+1], satisfying the conditions (31), give the mesh values of the solu-
tion of the boundary value problem (10). Denoting by pQ the vector composed
of the vectors q[1], q[2], . . . , q[m+1], and by ΦQ the vector composed of the vectors

−ψ, v0(x2, p
[1]), . . . , v0(xm+1, p

[m]),

we obtain a vector representation of the conditions (31) in the form of a system
of linear algebraic equations (27).

4. Applying the Multiple Shooting Method to a Parameterized

Boundary Value Problem

We shall verify that the multiple shooting method for a parameterized boundary
value problem is realized in practice just as in the case of the boundary value
problem (9). Again the problem reduces to a system of nonlinear equations
defined by the solutions of a series of initial value problems for the mesh values
of the solution of the parameterized boundary value problem (12). In what
follows, we assume that xc = xj in the boundary condition related to the
introduction of the parameter µ, i.e.,

yk(xj , Q) = µ,

where xj is a mesh point of the interval [a, b]. In order to find our system of
nonlinear equations, consider the series of initial value problems

dy

dx
= f(x, y,Q), x ∈ [xi, xi+1],

y

x = xi

= p[i], i = 1, 2, . . . ,m.
(32)

Denote the solution of (32) by a vector function y(x,Q, p[i]), where p[i] is the
vector of initial values. As for the system (22), we require that the tuple
of vector functions y(x,Q, p[i]) is the solution of the parameterized boundary
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value problem with the continuity condition at the mesh points of the interval
[a, b], and the boundary conditions

Φ[1] = g(p[1], p[m+1], Q) = 0,

Φ[2] = y(x2, Q, p
[1]) − p[2] = 0,

. . . . . . . . . . . . . . .

Φ[m+1] = y(xm+1, Q, p
[m]) − p[m+1] = 0,

Φ[m+2] = p
[j]
k − µ = 0.

(33)

The system of nonlinear equations thus obtained determines the components of
the vectors p[1], p[2], . . . , p[m+1] and the parameter Q in accordance with the pa-
rameter µ. Denote by p̃ the vector composed of the vectors p[1], p[2], . . . , p[m+1]

and the parameter Q, and by Φ̃ the vector composed of the vectors Φ[1], Φ[2], . . .,
Φ[m+1], Φ[m+2]. Then a vector representation of the system (33) takes the form

Φ̃(p̃, µ) = 0. (34)

Let us find an expression for the Jacobi matrix Φ̃p̃ necessary for the deter-
mination of the components of the vector p̃ by the Newton method, as well as
for the vector of derivatives p̃µ. To this end we apply the multiple shooting
method to the linear boundary value problem (13), considering the series of
initial value problems

dz

dx
= A(x)z +R(x)θ, x ∈ [xi, xi+1],

z

x = xi

= q[i], i = 1, 2, . . . ,m.
(35)

Here

A(x) = fy(x, y(x,Q, p
[i]), Q), R(x) = fQ(x, y(x,Q, p[i]), Q),

q[i] is a vector of initial values, y(x,Q, p[i]) is the solution of the initial value
problem (32). Denote the solution of the initial value problem (35) by z(x,Q, p[i]).
If the vector p̃ with components p[1], p[2], . . . , p[m+1], Q is the solution of the sys-
tem (34), then the conditions

Sq[1] + Tq[m+1] − ψθ = 0,

z(x2, Q, p
[1]) − q[2] = 0,

. . . . . . . . . . . . . . .

z(xm+1, Q, p
[m]) − q[m+1] = 0,

q
[j]
k − 1 = 0,

(36)
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determine the vectors q[1], q[2], . . . , q[m+1] and θ — the components of the vector
p̃µ for which the functions z(x,Q, p[i]), i = 1, 2, . . . ,m, and θ represent the
solution of the boundary value problem (13). Here

S = gα(p[1], p[m+1], Q), T = gβ(p[1], p[m+1], Q),

ψ = −gQ(p[1], p[m+1], Q).

Now we use the fact that the solution of the boundary value problem (35) may
be written in the form

z(x,Q, p[i]) = V (x,Q, p[i])q[i] + z0(x,Q, p[i]), (37)

where the matrix function V (x,Q, p[i]) is the solution of the initial value problem
(21) with matrix A(x), and z0(x,Q, p[i]) is the solution of the boundary value
problem for the non-homogeneous system of equations with the same matrix
A(x) and zero initial values:

dz0

dx
= A(x)z0 +R(x)θ, x ∈ [xi, xi+1],

z0

x = xi

= 0.

The vector function v0(x,Q, p[i]) is the solution of the initial value problem
(30), thus we obtain

z0(x,Q, p[i]) = θv0(x,Q, p[i]). (38)

Using expressions (37) and (38), we reduce the system of linear algebraic equa-
tions (36) to the form

Sq[1] + Tq[m+1] − ψθ = 0,

V (x2, Q, p
[1])q[1] − q[2] + θv0(x2, Q, p

[1]) = 0,
. . . . . . . . . . . . . . .

V (xm+1, Q, p
[m])q[m] − q[m+1] + θv0(xm+1, Q, p

[m]) = 0,

q
[j]
k − 1 = 0,

or, using our notation for composed vectors,

Φ̃p̃(p̃, µ)p̃µ = ℓ, (39)

where ℓ is the vector of right hand sides of the system of linear algebraic equa-
tions all of whose components are equal to zero except the last one which is



USING PARAMETER CONTINUATION BASED ON... 481

equal to one. If we remember the expressions for the matrix Φp and the vec-
tor ΦQ, then we can write the Jacobi matrix Φ̃p̃ of the system of nonlinear
equations (34) in the form

Φ̃p̃(p̃, µ) =

[

Φp ΦQ

0 . . . 1 . . . 0 0

]

.

Here

Φp =




















S T

V (x2, Q, p
[1]) −I

V (x3, Q, p
[2]) −I

. . .
. . .
. . . −I

V (xm+1, Q, p
[m]) −I





















,

and ΦQ is the column vector with components

−ψ, v0(x2, Q, p
[1]), v0(x3, Q, p

[2]), . . . , v0(xm+1, Q, p
[m]).

The only non-zero element in the last row of the matrix Φ̃p̃ is in its (k+(j−1)N)-
th column (recall that j is the index of the mesh point, and k is the index of
the chosen component of the vector p[j]).

The arguments we have presented allow us to formulate a uniform rule for
solving numerically both the boundary value problem (9) and the boundary
value problem (12) by the multiple shooting method. The rule reduces to
defining nonlinear equations (26) or (34) respectively. Henceforth, we assume
that µ is one of the components of the composed vector p̃, i.e., µ is either one
of the components of the composed vector p or µ is the parameter Q. Consider
a vector of unknowns X whose components are the components of the vector p̃
except µ. In accordance with these definitions of µ andX, the multiple shooting
method results in a system of nonlinear equations

Φ(X,µ) = 0, (40)

which coincides with the system (26) if µ = Q, or with the system (34), where

p
[j]
k is omitted if µ = p

[j]
k . Solving concurrently the series of initial value prob-

lems (20), (21) and (30) by the Newton method, we determine the vector Φ
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and the matrix [Φp ΦQ] and thus the Jacobi matrix ΦX . Then ΦX coincides
with Φp if µ = Q, i.e., in the matrix [Φp ΦQ] the last column is deleted, or
with the matrix [Φp ΦQ], where the (k + (j − 1)N)-th column corresponding

to the component p
[j]
k of the vector p̃ is deleted if µ = p

[j]
k . With the iterations

complete, the vector of derivatives Xµ is determined from the solution of the
linear system of algebraic equations

ΦX(X(µ), µ)Xµ = −Φµ(X(µ), µ), (41)

where Φµ is the deleted column of the matrix [ΦX ΦQ]. Thus we find the
derivatives pµ and Qµ.

5. Parameterization and Parameter Continuation

Suppose that at Q = Q0 we know both the solution of the boundary value
problem (9) and its derivative with respect to the parameter Q. Then for
Q1 belonging to a sufficiently small neighbourhood of Q0 we may choose an
appropriate initial approximation y0(x,Q1) of the solution of the boundary
value problem (9) at Q = Q1, for example, in the form

y0(x,Q1) = y(x,Q0) + ∆Q · yQ(x,Q0), (42)

where ∆Q = Q1 − Q0 is the step of the parameter Q. Usually the size of the
neighbourhood is not a priori known, thus while the solution y(x,Q1) is being
determined, the parameter step may be improved. In particular, with the
number of iterations in the Newton method restricted, if the required accuracy
of approximations is not attained, the step is halved. This is one of the variants
of step adaptation. Having obtained the solution y(x,Q1) and its derivative
yQ(x,Q1), we choose the initial approximation y0(x,Q2), where Q2 belongs to
a sufficiently small neighbourhood of Q1, and so on.

This method for solving numerically a boundary value problem depending
on a parameter is known as the parameter continuation method or the homotopy
method [6]. The parameter continuation for the parameterized boundary value
problem (12) is realized in the same way, where vector functions y(x, µ) and
yµ(x, µ) are used to form the initial approximation.

The capabilities of the parameter continuation method grow substantially
if on each continuation step, after the solution and its derivatives with respect
to the parameter have been obtained, we choose again a value of the parameter
for continuing the solution one more step. We call the rule for making this
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choice, which we describe below, ‘parameterization’. Further, in accordance
with the results of parameterization, we choose an initial approximation either
for the boundary value problem (9) or for the parameterized boundary value
problem (12) using the derivatives of the solution with respect to the chosen
parameter. Parameterization allows us to organize a regular computational
process of finding the dependence of the solution of the boundary value problem
(9) on the parameter Q. This includes the case when turning type branching of
the solution occurs at some values of the parameter Q. We call the parameter
value chosen for continuing the solution to the next step ‘the current parameter’.
The current parameter may be either the parameter µ of the parameterized
boundary value problem, or the parameter Q. Below we denote the current
parameter by µ, which should not cause any confusion.

Assume that on the interval of Q considered, the boundary value problem
(9) with the solution y(x,Q) may have singular points of turning type only.
Denote by SQ the graph of the vector function y(x,Q) at an arbitrary value of
Q in the (N + 1)-dimensional Euclidean space (x, y). Varying the parameter Q
continuously, we obtain in the space (x, y) a smooth surface ΣQ swept by the
space curves SQ. As we have shown, the multiple shooting method reduces the
problem of constructing the surface ΣQ numerically to the system of nonlinear
equations (26) for the mesh values of the vector function y(x,Q), i.e., for the
components of the composed vector p(Q). Because ΣQ is smooth, the system
(26) defines a smooth space curve ΓQ which is the graph of p(Q) in the (M +
1)-dimensional Euclidean space (p,Q), where M = N(m + 1). Then at the
branch points of the solution of the boundary value problem (9) of turning
type, the branching of solutions has the same type as for the system (26).
Thus in a neighbourhood of a branch point, several solutions of the system (26)
correspond to the same value of the parameter Q.

Because ΓQ is smooth, the rank of the (M × (M + 1))-dimensional matrix
[Φp ΦQ] is equal, by the Implicit Function Theorem, to M in a neighbourhood
of ΓQ. In other words, taking into account the definitions of the vector X and
the parameter µ of the system (40), for any point of ΓQ there is a component
µ of the vector p̃ equal to µ0, and such that in a neighbourhood of µ0

detΦX(X(µ), µ) 6= 0,

i.e., in the neighbourhood of µ0 the system (40) has the solution X(µ) with its
derivative Xµ(µ).

Many different variants of continuation for a system of nonlinear equations
of type (26) exist that determine a smooth space curve and deal with the pos-
sibility of branching of solutions of turning type appearing [6]. In this case,
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we suggest a variant of continuation concordant with the definition of a pa-
rameterized boundary value problem and using parameterization on each step
for choosing the current parameter [7]. Note that the parameterized bound-
ary value problem corresponds to the system of nonlinear equations (40) if the
parameter µ does not coincide with Q.

Now we proceed to describe our parameterization procedure.
Suppose that at µ = µ0 the solution X(µ0) of the system (40) is known, as

well as the vector of derivatives Xµ(µ0). Denote by µ̃0 the current parameter
chosen among the components of the vector X(µ0) and µ0, i.e., among the
components of the vector p̃. Denote the vector X corresponding to µ̃0 by X̃.
Thus the solution of the system (40) at µ = µ0 and the solution of the system

Φ(X̃, µ̃) = 0, detΦX̃ 6= 0, (43)

at µ̃ = µ̃0 represent the same vector p̃, whose components are the components

p
[j]
k of the vectors p[j] k = 1, 2, . . . , N , j = 1, 2, . . . ,m + 1, and Q. As above,

we use q
[j]
k and Qµ to denote the components of the vector of derivatives p̃µ, in

accordance with the notation for the components of the vector p̃. Obviously,

the vector of derivatives p̃µ̃ with components q̃
[j]
k and Qµ̃ is proportional to p̃µ:

p̃µ̃ = p̃µ ·

(

dµ̃

dµ

)−1

,
dµ̃

dµ
6= 0. (44)

In the parameterization procedure, a choice of the current parameter µ̃0

is realized as follows. By definition, the determination of the components of
the vector of derivatives Xµ(µ0) means that the components of the vector p̃µ

become known. Put among them
∣

∣

∣
q
[j∗]
k∗

∣

∣

∣
= max

k,j

∣

∣

∣
q
[j]
k

∣

∣

∣
.

Three cases are possible here:

a) If
∣

∣

∣
q
[j∗]
k∗

∣

∣

∣
> 1 and

∣

∣

∣
q
[j∗]
k∗

∣

∣

∣
> |Qµ|, then the component p

[j∗]
k∗

of the vector p̃

is chosen as the current parameter µ̃.

b) If |Qµ| > 1 and |Qµ| >
∣

∣

∣
q
[j∗]
k∗

∣

∣

∣
, then µ̃ = Q.

c) If
∣

∣

∣
q
[j∗]
k∗

∣

∣

∣
≤ 1 and |Qµ| ≤ 1, then µ̃ = µ, i.e., the current parameter µ, at

which the solution of the system (40) is determined, remains the same.
Note that with this rule for choosing the current parameter, the inequality

∣

∣

∣
det Φ̃X̃

∣

∣

∣
≥ |det ΦX | > 0
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is satisfied [7]. Thus the solution of the system (40) at µ = µ0 may indeed be
considered as the solution of the system (43) at µ̃ = µ̃0.

The scheme we suggest for the parameter continuation of the solution of
the system (26) by the current parameter, and thus also for the parameter
continuation of the solution of the boundary value problem (9), has the following
form. Suppose that at Q = Q0 a solution of the boundary value problem (9) is
known together with its derivative with respect to the parameter Q. It means
that at µ = µ0 = Q0 the solution X(µ0) of the system of nonlinear equations
(40) and the vector of derivatives Xµ(µ0) are known. Using parameterization,
we determine the current parameter µ̃, the vector X̃(µ̃0), and the vector of
derivatives X̃µ̃(µ̃0) through the normalization (44). After that, according to
the parameter continuation, an initial approximation X̃0 to the solution of the
system (43) at µ̃ = µ̃1 is given in a form analogous to (42):

X̃0 = X̃(µ̃0) + ∆µ · X̃µ̃(µ̃0),

where ∆µ = µ̃1− µ̃0. Having obtained the solution X̃(µ̃1) of the system (43) at
µ̃ = µ̃1 and the vector of derivatives X̃µ̃(µ̃1) by the Newton method, we choose
a new current parameter, and so on. Recall that the solution of the boundary
value problem (9) can be recovered at all values of x ∈ [a, b], together with
its derivative with respect to the parameter Q, from the initial value problems
(20), (21) and (30).

6. Applying the Parameter Continuation to Numerical Research of

Periodic Solutions of Autonomous Systems

The parameter continuation method may be used for numerical research of
periodic solutions of autonomous systems. Consider the problem of studying
nonlinear oscillations described by an autonomous system of ordinary differen-
tial equations:

dy

dt
= f(y,Q). (45)

A periodic solution of the autonomous system (45), if it exists, satisfies the
following condition:

y(t+ T ) = y(t),

where period T should be determined.

By adding boundary conditions to the system (45), the problem of find-
ing periodic solutions of the autonomous system (45) may be reduced to the
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‘standard’ statement of a nonlinear boundary value problem. The solution of
the system (45) must be T -periodic by definition, thus it suffices to consider a
boundary value problem on the interval [0, T ]. The boundary conditions consist
of the periodic conditions

y(0) = y(T ), (46)

and a transversality condition (phase condition), because the period is un-
known.

The transversality condition may have various formulations; a choice of one,
in general, depends on the particular system (45). Let us consider some formu-
lations. In [3, 4] the following transversality conditions have been considered.
Suppose that a sequence of solutions (45) corresponding to various values of
the parameter Q of an autonomous system is known:

{yi(t), Qi}, i = 1, 2, . . . , k − 1.

Then for the determination of the next solution

{yk(t), Qk} = {y(t), Q},

the transversality condition is:

[

y(0) − yk−1
]∗

(yk−1(0))′ = 0

(this means that the derivative (yk−1(0))′ and the vector
[

y(0) − yk−1
]∗

are
orthogonal). It implies another transversality condition:

T
∫

0

y∗(t)(yk−1(t))′dt = 0.

We note here two other forms of transversality conditions that may be
useful. Evidently, if y(t) is a periodic solution of the autonomous system (45),
the derivative y′(t) is the periodic function too. Hence for each component of
the vector function y(t) there exists a point c ∈ [0, T ] such that

y′k(c) = fk(y(c), Q) = 0, 1 ≤ k ≤ N.

We may assume that c = 0, that is, the condition

fk(y(0), Q) = 0 (47)
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may be considered a transversality condition, because the system (45) is au-
tonomous.

Finally, consider a transversality condition which is not related to the choice
of a component index. Multiply the equation (45) by y(t)

(

y,
dy

dt

)

= (y, f(y,Q)).

This leads to the equality

1

2

d

dt

∥

∥

∥

∥

∥

y(t)

∥

∥

∥

∥

∥

2

=

N
∑

i=1

yi(t) · fi(y(t), Q).

If y(t) is a periodic solution of the autonomous system (45), then ‖y(t)‖2 is
a periodic function too, thus, as in the previous case, a point c such that
d
dt
‖y(t)‖2 = 0 exists and the equation

N
∑

i=1

yi(0) · fi(y(0), Q) = 0

may be used as a transversality condition.

In order to reduce the problem to a standard form, make the substitu-
tion t = Tx, so that the solution y(x) has period one. For example, add the
transversality condition (47) to periodicity conditions (46). In this case we
obtain a standard boundary value problem:

dy

dx
= Tf(y,Q),

dT

dx
= 0,

y(0) = y(1),

fk(y(0), Q) = 0, 1 ≤ k ≤ N.

(48)

If a periodic solution is found at Q = Q0, it may be used as the initial
solution of the boundary value problem (48) for the parameter continuation. For
example, a stable periodic solution may be obtained by numerically integrating
the system (45), [7].
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7. Examples

Consider a nonlinear boundary value problem modelling stationary conditions
of a catalytic reactor with a boiling layer [5].

dy1

dx
= y2,

dy2

dx
= s0[(s1 + s2)y1 − s2y3 −Qϕ(y1)y4],

dy3

dx
= s2(y1 − y3),

dy4

dx
= −s3ϕ(y1)y4,







































0 ≤ x ≤ 1, Q ≥ 0, (49)

y2(0) = y3(0) = 0, y4(0) = 1, y2(1) = 0.

Here the functions y1(x), y3(x) and y4(x) describe, respectively, the dimension-
less distributions of the temperatures of catalyzer and gas, and of concentration:

ϕ(y1) =

[

s5 + exp

(

−
y1 + s4

1 + s6(y1 + s4)

)]−1

.

The parameters of the problem are s1 = 8, s2 = s3 = 5, s4 = −4, s5 = 0, 5,
s6 = 0, 05, s0 > 0. This problem is characterized by the non-uniqueness of
solutions. It is easy to verify that

Q = s3
s1σ + y3(1)

1 − y4(1)
, σ =

1
∫

0

y1(x) dx

follow from the boundary value problem (49). To visualize the non-uniqueness,
we choose the graph of the dependence of Q on σ defined in the parameter
continuation. In Figure 2 the graphs of the function Q(σ) are represented for
some values of s0. Here the number of solutions of the boundary value problem
(49) is equal to the number of intersections of the graph with the line Q=const.
Note that for sufficiently large values of Q, only one solution exists.

For our second example, consider the following system — the Lorenz model
[14]:

dx

dt
= −σx+ σy,

dy

dt
= −xz +Qx− y,

dz

dt
= xy − bz,

(50)
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where σ, Q and b are parameters.
Changing the variable t = Ts in the system (50), we obtain a nonlinear

boundary value problem in the form:
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dx

ds
= T · (−σx+ σy), s ∈ [0, 1],

dy

ds
= T · (−xz +Qx− y),

dz

ds
= T · (xy − bz),

dT

ds
= 0,

x(0) = x(1), y(0) = y(1), z(0) = z(1),

−x(0)z(0) +Qx(0) − y(0) = 0.

More than twenty branches of periodic solutions of the Lorenz model exist at
σ = 16, b = 4 [8]. Some of them, obtained by the parameter continuation
method, are shown in Figure 3.

8. Conclusion

Existing software packages that implement the parameter continuation method
for nonlinear boundary value problems use various collocation methods, per-
mitting one to formulate the problem approximately in the form of a system of
nonlinear equations. Then in the continuation method, the possible appearance
of branch points of turning type is dealt with.

In this paper we propose a method that has the same capabilities, but the
system of nonlinear equations defined on the solutions of a series of initial value
problems is the result of an exact transformation of the nonlinear boundary
value problem. The correctness and efficiency of the proposed method is based
on:

1. a regular parameterization of the problem during parameter continuation,
with a specified rule for choosing the current parameter;

2. an application of the orthogonal differential sweep method at the itera-
tions of the Newton method in the multiple shooting method for forming
a linear system of algebraic equations;

3. taking advantage of the structure of the matrix while solving the linear
algebraic system;
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4. step adaptation depending on the current parameter and mesh adaptation
along the x-variable during parameter continuation.

This method may also be used for numerical research of periodic solutions
of autonomous systems.
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Figure 2: Graphs of the function Q(σ): a) s0 = 1, b) s0 = 5, c) s0 = 20
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Figure 3: Dependence of the amplitude Az of z(t) on the parameter Q.


