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Abstract: In this paper we introduce a new modeling paradigm for develop-
ing decision process representation called decision process Petri net (DPPN).
It extends the place-transitions Petri net (PN) theoretic approach including
the Markov decision processes. PNs are used for process representation taking
advantage of the formal semantic and the graphical display. We optimized the
utility function used for trajectory planning in the DPPN by a Lyapunov-like
function, obtaining as result new characterizations for final decision points (op-
timum point). Illustrative examples where Lyapunov-like function properties
are shown to hold are given.
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1. Introduction

A decision process consists on a series of strategies which guide the selection
of actions that lead a decision maker to a final decision state. For an initial
state there could be a number of possible final decisions states that may be
reached. In real decision processes the strategies often require probabilistic
choices. Taking into account different possible courses of action it is important
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that the overall utility will take into consideration each strategy. This means
that the utility measure will be used to determine the (rational) optimum strat-
egy preference for some given situations.

In the last years, Petri nets and its relationship with decision process tech-
niques have received much attention from researchers in the performance and
reliability arena. Petri nets models with Markovian state spaces were con-
structed in [3], [4], [9] and [10]. This allows the use of Markovian techniques
to analyze the state space of the Petri nets. However, these approaches present
some limitations with respect to its ability for characterizing the stability prop-
erties related with the Petri net and the Markovian decision process.

This paper introduces a modeling paradigm for developing decision pro-
cess representation called decision process Petri net (DPPN). It extends the
place-transitions Petri net theoretic approach including the Markov decision
processes, using a utility function as a tool for trajectory planning. On the one
hand, place-transitions Petri nets are used for process representation, taking
advantage of the well-know properties of this approach namely, formal seman-
tic and graphical display, giving a specific and unambiguous description of the
behavior of the process. On the other hand, Markov decision processes have
become a standard model for decision theoretic planning problems, having as
key drawbacks the exponential nature of the dynamic policy construction al-
gorithms. Although, both perspectives are integrated in a DPPN they work in
different execution levels. That is, the operation of the place-transitions Petri
net is not modified and the utility function is used exclusively for establishing
a trajectory tracking in the place-transitions Petri net.

We define the utility function as a Lyapunov-like function. The core idea of
our approach uses a utility function that is non-negative and converges to the
equilibrium point. For instance, in the arm race the level of defense of a na-
tion is non-negative. In economics models there are variables that corresponds
with, for example, goods quantities that remains non-negative. In a followers
population model each variable remains non-negative and corresponds to the
population in a followers type.

By an appropriate selection of appropriate Lyapunov-like functions under a
certain desired criteria it is possible to optimize the utility. For optimizing the
utility we understand that is the maximum or the minimum utility (depending
on the concave or the convex shape of the application space definition). The
core idea of our approach uses a non-negative utility function that converges
in decreasing form to a (set of) final decisions states. It is important to point
out that the value of the utility function associated with the DPPN implicitly
determines a set of policies, not just a single policy, incase of having several
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decisions states that could be reached. We call optimum point to the best choice
selected from a number of possible final decisions states that may be reached
(to select the optimum point the decision process chooses the strategy that
optimizes the utility).

The paper is structured in the following manner. The next section presents
the necessary mathematical background and terminology needed to understand
the rest of the paper. Section 3 discusses the main results of this paper, provid-
ing a definition of the DPPN and giving a detailed analysis of the equilibrium,
stability and optimum point conditions. For illustration purposes we show how
the standard notions of stability in DPPN theory are applied to a practical
example. Finally, some concluding remarks and future work are provided in
Section 4.

2. Preliminaries (see [8])

In this section, we present some well-established definitions and properties
which will be used later.

2.1. Petri Nets

Petri nets are a tool for the study of systems. Petri net theory allows a system to
be modeled by a Petri net, a mathematical representation of the system. Anal-
ysis of the Petri net then, can hopefully, reveal important information about
the structure and dynamic behavior of the modeled system. This information
can then be used to evaluate the modeled system and suggest improvements or
changes.

A Petri net is a 5-tuple, PN = {P,Q,F,W,M0}, where: P = {p1,
p2, ..., pm} is a finite set of places, Q = {q1, q2, ..., qn} is a finite set of tran-
sitions, F ⊂ (P × Q) ∪ (Q × P ) is a set of arcs, W : F → N+

1 is a weight
function, M0: P → N is the initial marking, P ∩ Q = ∅ and P ∪ Q 6= ∅.

A Petri net structure without any specific initial marking is denoted by PN .
A Petri net with the given initial marking is denoted by (PN,M0). Notice that
if W (p, q) = α (or W (q, p) = β) then, this is often represented graphically by
α, (β) arcs from p to q (q to p) each with no numeric label.

Let Mk(pi) denote the marking (i.e., the number of tokens) at place pi ∈ P
at time k and let Mk = [Mk(p1), ...,Mk(pm)]T denote the marking (state) of
PN at time k. A transition qj ∈ Q is said to be enabled at time k if Mk(pi) ≥
W (pi, qj) for all pi ∈ P such that (pi,qj) ∈ F . It is assumed that at each time
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k there exists at least one transition to fire, i.e. it is not possible to block the
net. If a transition is enabled then, it can fire. If an enabled transition qj ∈ Q
fires at time k then, the next marking for pi ∈ P is given by

Mk+1(pi) = Mk(pi) + W (qj, pi) − W (pi, qj).

Let A = [aij ] denote an n × m matrix of integers (the incidence matrix),
where aij = a+

ij −a−ij with a+
ij = W (qi, pj) and a−ij = W (pj, qi). Let uk ∈ {0, 1}n

denote a firing vector where if qj ∈ Q is fired then, its corresponding firing
vector is uk = [0, ..., 0, 1, 0, ..., 0]T with the one in the j-th position in the vector
and zeros everywhere else. The matrix equation (nonlinear difference equation)
describing the dynamical behavior represented by a Petri net is:

Mk+1 = Mk + AT uk , (1)

where if at step k, a−ij < Mk(pj) for all pj ∈ P then, qi ∈ Q is enabled and if this
qi ∈ Q fires then, its corresponding firing vector uk is utilized in the difference
equation (1) to generate the next step. Notice that if M

′

can be reached from
some other marking M and, if we fire some sequence of d transitions with
corresponding firing vectors u0, u1, ..., ud−1 we obtain that

M
′

= M + AT u, u =

d−1
∑

k=0

uk. (2)

Definition 2.1. The set of all the markings (states) reachable from some
starting marking M is called the reachability set, and is denoted by R(M).

Let (N+
n0

, d) be a metric space, where d : N+
n0

× N+
n0

→ R+ is defined by

d(M1,M2) =
m

∑

i=1

ζi | M1(pi) − M2(pi) | , ζi > 0, i = 1, ...,m ,

and consider the matrix difference equation which describes the dynamical be-
havior of the discrete event system modeled by a Petri net (2) then we have.

2.2. Decision Process

We assume that every discrete event system with a finite set of states P to be
controlled can be described as a fully-observable, discrete state Markov decision
process [1], [6], [12]. To control the Markov chain must exists the possibility of
changing the probability of the transitions through an external inference. We
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suppose that there exist the possibility of carry out the process of Markov by N
different methods. In this sense, we suppose that the controlling of the discrete
event system has available a finite set of actions Q which cause stochastic state
transitions. We denote by pq(s, t) the probability that action q generates a
transition from state s to state t, where s, t ∈ P .

A stationary policy π : P → Q denotes a particular strategy or course of
action to be adopted by a discrete event system, with π(s, q) being the action
to be executed whenever the discrete event system is in state s ∈ P . We refer
to [1], [6], [12] for a description of policy construction techniques.

Hereafter, we will consider having the possibility to estimate every step of
the process through a utility function, that represents the utility generated by
the transition from state s to state t in case of using an action q. We assume
an infinite horizon and that the discrete event system accumulates the utility
associated with the states it enters.

Let us define by Uπ(s) the maximum utility starting at state s that guar-
antee choosing the optimal course of action π(s, q). Let us suppose that at
state s we have an accumulated utility B(s) and the previous transitions have
been executed in optimal form. In addition, let us consider that the transition
of going from state s to state t has a probability of pπ(s,q)(s, t). Because the
transition from state s to state t is stochastic, it is necessary to take into a
count the possibility of going through all the possible states from s to t. Then
the utility of going from state s to state t is represented by

Uπ(s) = B(s) + β
∑

t∈P

pπ(s,q)(s, t) · Uπ(t) , (3)

where β ∈ [0, 1) is the discount rate (see [6]).
The value of π at any initial state s can be computed by solving this system

of linear equation. A policy π is optimal if Uπ(t) ≥ Uπ′(t) for all t ∈ P and
policies π′. The function U establishes a preference relation.

3. Decision Processes Petri Nets

We introduce the concept of decision process Petri nets (DPPN) by locally
randomizing the possible choices, for each individual place of the Petri net.

Definition 3.1. A decision process Petri net is a 7-tuple DPPN =
{P,Q,F,W,M0, π, U}, where:

• P = {p0, p1, p2, ..., pm} is a finite set of places,
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• Q = {q1, q2, ..., qn} is a finite set of transitions,

• F ⊂ I ∪O is a set of arcs, where I ⊂ (P ×Q) and O ⊂ (Q×P ) such that
P ∩ Q = ∅ and P ∪ Q 6= ∅,

• W : F → N+
1 is a weight function,

• M0: P → N is the initial marking,

• π : I → R+ is a routing policy representing the probability of choosing a
particular transition (routing arc), such that for each p ∈ P ,

∑

(p,qj):qj varying over Q

π((p, qj))

1,

• U : P → R+ is a utility function.

The previous behavior of the DPPN is described as follows. When a token
reach a place, it is reserved for the firing of a given transition according to
the routing policy determined by U . A transition q must fire as soon as all
the places p1 ∈ P contain enough tokens reserved for transition q. Once the
transition fires, it consumes the corresponding tokens and immediately produces
an amount of tokens in each subsequent place p2 ∈ P . When π(ι) = 0 for ι ∈ I
means that there are no arcs in the place-transitions Petri net. In Figure 1
and Figure 2 we have represented partial routing policies π that generates a
transition from state p1 to state p2, where p1, p2 ∈ P :

Case 1. In Figure 1 the probability that q1 generates a transition from
state p1 to p2 is 1/3. But, because q1 transition to state p2 has two arcs, the
probability to generate a transition from state p1 to p2 is increased to 2/3.

Case 2. In Figure 2 we set by convention for the probability that q1 generates
a transition from state p1 to p2 is 1/3 (1/6 plus 1/6). However, because q1

transition to state p2 has only one arc, the probability to generate a transition
from state p1 to p2 is decreased to 1/6.

Case 3. Finally, we have the trivial case when there exists only one arc from
p1 to q1 and from q1 to p2.

It is important to note, that by definition the utility function U is employed
only for establishing a trajectory tracking, working in a different execution level
of that of the place-transitions Petri net. The utility function U in no way
change the place-transitions Petri net evolution or performance.

Uk(.) denotes the utility at place pi ∈ P at time k and let Uk = [Uk(.), ..., Uk(.)]T

denote the utility state of DPPN at time k. FN : F → R+ is the number of
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Figure 2: Routing policy Case 2

arcs from place p to transition q (the number of arcs from transition q to place
p). The rest of the DPPN functionality is as described in the PN preliminaries.

Consider an arbitrary pi ∈ P and for each fixed transition qj ∈ Q that forms
an output arc (qj , pi) ∈ O, we look at all the previous places ph of the place pi

denoted by the list (set) pηij
= {ph : (ph, qj) ∈ I & (qj, pi) ∈ O} (ηij is defined

as equal to the index sequence of identifiers h of the previous places ph ∈ pηij
),

that materialize all the input arcs (ph, qj) ∈ I and form the sum

∑

h∈ηij

Ψ(ph, qj, pi) ∗ Uk(ph) , (4)

where Ψ(ph, qj , pi) = π(ph, qj) ∗
FN(qj ,pi)
FN(ph,qj)

and the index sequence j is the set

{j : qj ∈ (ph, qj) ∩ (qj , pi) & ph running over the set pηij
}.

Proceeding with all the qjs we form the vector indexed by the sequence j
identified by (j0, j1, ..., jf ) as follows:





∑

h∈ηij0

Ψ(ph, qj0, pi) ∗ Uk(ph),
∑

h∈ηij1

Ψ(ph, qj1 , pi) ∗ Uk(ph), ...,

∑

h∈ηijf

Ψ(ph, qjf
, pi) ∗ Uk(ph)



 . (5)

Intuitively, the vector (5) represents all the possible trajectories through
the transitions qj, where (j1, j2, ..., jf ) to a place pi for a fixed i.

Continuing the construction of the definition of the utility function U , let
us introduce the following definition.
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Definition 3.2. Let L : R
n → R+ be a continuous map. Then, L is a

Lyapunov-like function (see [7]) iff satisfies the following properties:

1. ∃x∗ such that L(x∗) = 0,

2. L(x) > 0 for ∀x 6= x∗,

3. L(x) → ∞ when x → ∞,

4. ∆L = L(xi+1) − L(xi) < 0 for all xi, xi+1 6= x∗.

Then, formally we define the utility function U as follows.

Definition 3.3. The utility function U with respect a decision process
Petri net DPPN = {P,Q,F,W,M0, π, U} is represented by the equation

U
qj

k (pi) =

{

Uk(p0) if i = 0, k = 0 ,

L(α) if i > 0, k = 0 and i ≥ 0, k > 0 ,
(6)

where

α =








∑

h∈ηij0

Ψ(ph, qj0, pi) ∗ U
qj0
k (ph),

∑

h∈ηij1

Ψ(ph, qj1 , pi) ∗ U
qj1
k (ph), ...,

∑

h∈ηijf

Ψ(ph, qjf
, pi) ∗ U

qjf

k (ph)









, (7)

the function L : D ⊆ R
n
+ → R+ is a Lyapunov-like function which optimizes the

utility through all possible transitions (i.e. trough all the possible trajectories
defined by the different qj), D is the decision set formed by the j́; 0 ≤ j ≤ f

of all those possible transitions (qj pi) ∈ O, Ψ(ph, qj, pi) = π(ph, qj) ∗
FN(qj ,pi)
FN(ph,qj)

,

ηij is the index sequence of the list of previous places to pi through transition
qj, ph (h ∈ ηij) is a specific previous place of pi through transition qj.

From the previous definition we have the following remark.

Remark 3.1. — Note that the previous definitions of utility function U ,
with respect (9), considers the accumulated utility B(.) = 0, and the Lyapunov-
like function L guarantee that the optimal course of action is followed, (taking
into account all the the possible paths defined). In addition, the function L
establishes a preference relation because by definition L is asymptotic, this
condition, gives to the the decision maker the opportunity to select a path that
optimizes the utility.

— The iteration over k for U is as follows:

– for i = 0 and k = 0 the utility is U0(p0) at place p0 and for the rest of
the places pi the utility is 0,



OPTIMIZING THE DECISION PROCESS ON... 483

– for i ≥ 0 and k > 0 the utility is U
qj

k (pi) at each place pi, is computed
by taking into account the utility value of the previous places ph for k and k−1
(when needed).

Property 3.1. The continues function U(.) satisfies the following proper-
ties:

1. ∃p△ ∈ P such that:

(a) if there exists an infinite sequence {pi}
∞
i=1 ∈ P with pn →

n→∞
p△

such that 0 ≤ ... < U(pn) < U(pn−1)... < U(p1), then U(p△) is the
infimum, i.e. U(p△) = 0 ,

(b) if there exists a finite sequence p1, ..., pn ∈ P with p1, ..., pn → p△

such that C = U(pn) < U(pn−1)... < U(p1), then U(p△) is the
minimum, i.e. U(p△) = C, where C ∈ R, (p△ = pn),

2. U(p) > 0 or U(p) > C, where C ∈ R, ∀p ∈ P such that p 6= p△,

3. ∀pi, pi−1 ∈ P such that pi−1 ≤U pi then ∆U = U(pi) − U(pi−1) < 0.

Property 3.2. The utility function U : P → R+ is a Lyapunov-like
function.

Remark 3.2. From Property 3.1 and Property 3.2 we have that:

— U(p△) = 0 or U(p△) = C means that a final state is reached. With out
lost generality we can say that U(p△) = 0 by means of a translation to the
origin.

— In Property 3.1 we determine that the Lyapunov-like function U(p) ap-
proaches to a infimum/minimum when p is large thanks to Property 4 of Defi-
nition 3.2,

— Property 3.1, Point 3 is equivalent to the following statement: ∃ε > 0
such that |U(pi) − U(pi−1)| > ε, ∀pi, pi−1 ∈ P such that pi−1 ≤U pi.

For instance, the utility function U in terms of the entropy is a specific
Lyapunov-like function used in information theory as a measure of the infor-
mation disorder. Another possible choice is the min-function, used in business
process reengineering to evaluate the job performance.

Example 3.1. Define the Lyapunov-like function L in terms of the En-
tropy H(pi) = −pi ln pi as L = max

i=1,...,|α|
(−αi ln αi). We will conceptualize H as
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Figure 3: Example 3.1

the average amount of uncertainty created by moving one step ahead (where
the uncertainty is high when H is close to 0 and low when H is close to 1).

Uk=0(p0) = 1 ,

U qa

k=0(p1) = L[Ψ(p0, qa, p1) ∗ U qa

k=0(p0)] = L[1/6 ∗ 1] = maxH[1/6 ∗ 1]

= 0.298 ,

U qa

k=0(p2) = L[Ψ(p0, qa, p2) ∗ U qa

k=0(p0)] = L[1/6 ∗ 1] = maxH[1/6 ∗ 1]

= 0.298 ,

U qb

k=0(p3) = L[Ψ(p0, qb, p3) ∗ U qb

k=0(p0)] = L[(2/6 ∗ 2) ∗ 1]

= max H[4/6 ∗ 1] = 0.270 ,

U qc

k=0(p4) = L[Ψ(p0, qc, p4) ∗ U qc

k=0(p0)] = L[3/6 ∗ 1]

= max H[3/6 ∗ 1] = 0.346 ,

U qd

k=0(p5) = L[Ψ(p1, qd, p5)U
qd

k=0(p1) + Ψ(p2, qd, p5)U
qd

k=0(p2)]
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= L[1/2 ∗ 0.298 + 1/4 ∗ 0.298] = max H[0.223] = 0.334 ,

U qe

k=0(p6) = L[Ψ(p3, qe, p6)U
qe

k=0(p3) + Ψ(p4, qe, p6)U
qe

k=0(p4)]

= L[3/5 ∗ 0.270 + 2/5 ∗ 0.346] = max H[0.300] = 0.361 ,

U
q(f,g,h)

k=1 (p0) = L[Ψ(p5, qf , p0)U
qf

k=1(p5),Ψ(p5, qg, p0)U
qg

k=1(p5)

+ Ψ(p6, qg, p0)U
qg

k=1(p6),Ψ(p6, qh, p0)U
qh

k=1(p6)]

= L[6/10 ∗ 0.334, 4/10 ∗ 0.334 + 5/20 ∗ 0.361, 10/20 ∗ 0.361]

= max H[0.200, 0.223, 0.180] = max[0.322, 0.335, 0.309] = 0.335 ,

for U
q(f,g,h)

k=1 (p0) we have that

j = (f, g, h) , qj = (qf , qg, qh) , η0f = {5}, η0g = {5, 6}, η0h = {6} ,

pη0f
= {p5}, pη0g

= {p5, p6}, pη0h
= {p6} .

Definition 3.4. A final decision point pf ∈ P with respect a decision
process Petri net DPPN = {P,Q,F,W,M0, π, U} is a place p ∈ P , where the
infimum or the minimum is attained, i.e. U(p) = 0 or U(p) = C.

Definition 3.5. An optimum point p△ ∈ P with respect a decision process
Petri net DPPN = {P,Q,F,W,M0, π, U} is a final decision point pf ∈ P ,
where the best choice is selected “according to some criteria”.

Property 3.3. Every decision process Petri net DPPN = {P,Q,
F,W,M0, π, U} has a final decision point.

Remark 3.3. In case that ∃p1, ..., pn ∈ P , such that U(p1) = ... =
U(pn) = 0, then p1, ..., pn are optimum points.

Proposition 3.1. Let DPPN = {P,Q,F,W,M0, π, U} be a decision
process Petri net and let p△ ∈ P an optimum point. Then U(p△) ≤ U(p),
∀p ∈ P such that p ≤U p△.

Proof. We have that U(p△) is equal to the minimum or the infimum. There-
fore, U(p△) ≤ U(p) ∀p ∈ P such that p ≤U p△.

Definition 3.6. A strategy with respect a decision process Petri net
DPPN = {P,Q,F,W,M0, π, U} is identified by σ and consists of the routing
policy transition sequence represented in the DPPN graph model such that
some point p ∈ P is reached.
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Definition 3.7. An optimum strategy with respect a decision process
Petri net DPPN = {P,Q,F,W,M0, π, U} is identified by σ△ and consists of
the routing policy transition sequence represented in the DPPN graph model
such that an optimum point p△ ∈ P is reached.

Equivalently we can represent (6) and (7) as follows:

U
σhj

k (pi) =

{

Uk(p0) if i = 0, k = 0 ,

L(α) if i > 0, k = 0, i ≥ 0, k > 0 ,
(8)

α =





∑

h∈ηij0

σhj0(pi) ∗ U
σhj0
k (ph),

∑

h∈ηij1

σhj1(pi) ∗ U
σhj1
k (ph), ...,

∑

h∈ηijf

σhjf
(pi) ∗ U

σhjf

k (ph)



 , (9)

where σhj(pi) = Ψ(ph, qj, pi). The rest is as previous defined.

Notation 3.1. With the intention to facilitate even more the notation we
will represent the utility function U as follows:

1. Uk(pi)
△
= U

qj

k (pi)
△
= U

σhj

k (pi) for any transition and any strategy,

2. U△
k (pi)

△
= U

q
△

j

k (pi)
△
= U

σ
△

hj

k (pi) for an optimum transition and optimum
strategy.

The reader will easily identify which notation is used depending on the
context.

Theorem 3.1. Let DPPN = {P,Q,F,W,M0, π, U} be a decision process
Petri net. If p∗ ∈ P is an equilibrium point then it is a final decision point.

Proof. Let us suppose that p∗ is an equilibrium point we want to show that
its utility has reached an infimum or a minimum. Since p∗ is an equilibrium
point, by definition, it is the last place of the net and its marking cannot be
modified. But, this implies that the routing policy attached to the transition(s)
that follows p∗ is 0, (in case there is such a transition(s) i.e., worst case).
Therefore, its utility cannot be modified and since the utility is a decreasing
function of pi an infimum or a minimum is attained. Then, p∗ is a final decision
point.
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Theorem 3.2. Let DPPN = {P,Q,F,W,M0, π, U} be a finite and non-
blocking decision process Petri net (unless p ∈ P is an equilibrium point). If
pf ∈ P is a final decision point then it is an equilibrium point.

Proof. If pf is a final decision point, since the DPPN is finite, there exists
a k such that Uk(pf ) = C. Let us suppose that pf is not an equilibrium point.

Case 1. Then, it is not bounded. So, it is possible to increment the marks
of pf in the net. Therefore, it is possible to modify its utility. As a result, it is
possible to obtain a lower utility than C.

Case 2. Then, it is not the last place in the net. So, it is possible to fire some
output transition to pf in such a way that its marking is modified. Therefore,
it is possible to modify the utility over pf . As a result, it is possible to obtain
a lower utility than C.

Corolary 3.1. Let DPPN = {P,Q,F,W,M0, π, U} be a finite and non-
blocking decision process Petri net (unless p ∈ P is an equilibrium point). Then,
an optimum point p△ ∈ P is an equilibrium point.

Proof. From the previous theorem we know that a final decision point is an
equilibrium point and since in particular p△ is final decision point then, it is
an equilibrium point.

Remark 3.4. The finite and non-blocking (unless p ∈ P is an equilibrium
point) condition over the DPPN cannot be relaxed:

1. Let us suppose that the DPPN is not finite, i.e. p is in a cycle then, the
Lyapunov-like function converges when k → ∞, to zero i.e., L(p) = 0 but
the DPPN has no final place therefore, it is not an equilibrium point.

2. Let us suppose that the DPPN blocks at some place (not an equilibrium
point) pb ∈ P . Then, the Lyapunov-like function has a minimum at place
pb, let us say L(pb) = C but pb is not an equilibrium point, because it is
not necessary the last place of the net.

Example 3.2. Let choose the Lyapunov-like function L in terms of the
entropy H(pi) = −pi ln pi. We will conceptualize H as the average amount of
uncertainty of moving one step ahead, where the uncertainty is high when H
is close to 0 and low when H is close to 1. Because, L : D ⊆ R

n → R+ we will
use the function max

i=1,...,|α|
(−αi ln αi) to select the proper element of the vector

α ∈ D.
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Figure 4: Example 3.2

a) Then the optimum strategy σ△ is:

Uk=0(p0) = 1 ,

U
σhj

k=0(p2) = L[Ψ(p0, qd, p2)U
qd

k=0(p0)] = L[σ0d(p2) ∗ Uσ0d

k=0(p0)]

= max H[60/124] = max[0.351] = 0.351 ,

U
σhj

k=0(p4) = L[Ψ(p2, qe, p4)U
qe

k=0(p2),Ψ(p2, qf , p4)U
qf

k=0(p2)]

= L[σ2e(p4) ∗ Uσ2e

k=0(p2), σ2f (p4) ∗ U
σ2f

k=0(p2)] = maxH[(60/100)

∗ 0.351, (40/100) ∗ 0.351] = max[0.328, 0.275] = 0.328 .

We do not compute U
σhj

k=0(p3) because U
σhj

k=0(p2) determines the optimum
trajectory.

b) An alternative strategy σ 6= σ△ is:

Uk=0(p0) = 1 ,
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U
σhj

k=0(p1) = L[Ψ(p0, qa, p1)U
qa

k=0(p0)] = L[σ0a(p1) ∗ Uσ0a

k=0(p0)]

= maxH[64/124] = max[0.341] = 0.341 ,

U
σhj

k=0(p3) = L[Ψ(p1, qb, p3)U
qb

k=0(p1),Ψ(p1, qc, p3)U
qc

k=0(p1)]

= L[σ1b(p3) ∗ Uσ1b

k=0(p1), σ1c(p3) ∗ Uσ1c

k=0(p1)] = maxH[(40/100)

∗ 0.341, (60/100) ∗ 0.341] = max[0.271, 0.324] = 0.324 .

As we can see, we obtain for σ at most 0.324, but for σ△ we obtain 0.328.

4. Conclusions and Future Work

A formal framework for decision process Petri nets has been presented. The
expressive power and the mathematical formality of the DPPN contribute to
bridging the gap between Petri nets and the Markov decision process. In this
sense, there are a number of questions relating classical planning that may
in the future be addressed satisfactorily within this framework. Illustrative
examples where equilibrium, stability and final decision points properties of
the DPPN were shown to hold were addressed. We are currently working in
the generalization to game theory ([2]).
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