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1. Rings of Holomorphic Functions and UFD

Let (X,OX ) be a complex space and ηX ⊆ OX the sheaf of all germs of nilpo-
tent functions on X. We stress that we allow unreduced complex spaces and
write |X| for the associated topological space and Xred := (|X|,OX/ηX) for the
associated reduced complex space. The commutative group H1(X,OX

∗) clas-
sifies the isomorphism classes of all holomorphic line bundles on X. For any
reduce complex space Y we have an exact sequence (the so-called exponential
sequence):

0 → Z → OY → OY
∗ → 1 , (1)

which allows one to compare Cartier divisors on Y , line bundles on Y and the
cohomology groups H i(Y,OY ), i = 1, 2, and H2(Y, Z). We summarize the parts
we will use of this well-known story in the following remark.

Remark 1. Let Y be a reduced complex space such that H1(Y,OY ) =
H2(Y,OY ) = 0. Then the isomorphism classes of line bundles on Y are classified
by H2(Y, Z). If H1(Y,OY ) = H2(Y,OY ) = H2(Y, Z) = 0, then for every
effective Cartier divisor Z ⊂ Y , there is f ∈ O(Y ) := H0(Y,OY ) such that Z
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is the divisor of all zeroes (counting the multiplities) of f .

We want to generalize this story to the unreduced case. We first give the
following definition.

Definition 1. Let X be a complex space. We will say that it is tamely
unreduced if there is an integer k > 0 such that ηX

k = 0.

Remark 2. Let X be a complex space. Any relatively compact open
subset U of X is tamely unreduced.

Remark 3. Let X be a tamely unreduced complex space and k > 0
a positive integer such that ηX

k = 0. For all integers m ≥ 1 the coherent
OX -sheaf ηX

m/ηX
m+1 is annihilated by ηX and hence it is in a natural way a

coherent OXred
-sheaf. Furthermore, we have the following exact sequence:

0 → ηX
m/ηX

m+1 → OX/ηX
m+1 → OX/ηX

m → 0 . (2)

For any integer t > 0 set X[t] := (|X|,OX/ηt). Hence X[t] is a complex analytic
subspace of X, (X[t])red = Xred, X[t] ⊆ X[t+1], X1 = Xred and X[j] = X for all
j ≥ k. Since the multiplication by η annihilates ηX

m/ηX
m+1, the product of

any two elements of ηX
m/ηX

m+1 gives the zero element of ηX
m/ηX

m+1. Hence
the truncation to first order of the power series of the exponential and the
restriction of a line bundle on X[m] to a line bundle on X[m+1] gives an exact
sequence of commutative sheaves (with respect to the multiplication)

1 → 1 + ηX
m/ηX

m+1 → OX[m+1]

∗ → OX[m]

∗ → 1 (3)

for all integers m ≥ 1. Passing to H1 the exact sequence (3) gives a map
H1(X[m+1],O[m+1]

∗) → H1(X[m],O[m+1]
∗) which is induced by the restric-

tion to X[m] of a line bundle on X[m+1]. Since (ηX
m/ηX

m+1)2, the multi-
plicative Abelian group sheaf 1 + ηX

m/ηX
m+1 is isomorphic to the Abelian

group sheaf ηX
m/ηX

m+1 (for the addition). Hence H i(|X|, 1+ ηX
m/ηX

m+1) ∼=
H i(|X|, ηX

m/ηX
m+1) for all i.

Proposition 1. Let X be a tamely unreduced Stein complex space. Then
there is a bijection between the following sets:

(i) isomorphism classes of holomorphic line bundles on X;

(ii) equivalence classes of the set of all Cartier divisors on X, modulo linear
equivalence;

(iii) isomorphism classes of holomorphic line bundles on Xred;
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(iv) equivalence classes of the set of all Cartier divisors on Xred, modulo linear
equivalence;

(v) H2(|X|, Z) = 0.

Proof. X is Stein if and only if any X[m] is Stein. Fix an integer k > 1 such

that ηX
k = 0. If k = 1, i.e. if X = Xred the result is well-knwn and it follows at

once from the exponential sequence. Assume k ≥ 2 and that the result is true
for the integer k′ := k− 1, i.e. that the result is true for the Stein space X[k−1].
Since X1 is Stein, we have H i(|X|, ηX

m/ηX
m+1) = 0 for i = 1, 2. Apply the

exact sequence (2), the last part of Remark 3 and the inductive assumption.

As immediate consequences of Proposition 1 we get the following results.

Corollary 1. Let X be a tamely unreduced Stein complex space. Then
the following conditions are equivalent:

(i) every holomorphic line bundle on X is trivial;

(ii) every Cartier divisor of X is principal;

(iii) H2(|X|, Z) = 0.

Corollary 2. Fix an integer m > 0. Let X be a tamely unreduced Stein
complex space. Then the following conditions are equivalent:

(i) for every holomorphic line bundle L on X the line bundle L⊗m is trivial;

(ii) for every every Cartier divisor D of X the divisor mD is principal;

(iii) mH2(|X|, Z) = 0.

If we drop the “tamely unreduced” assumption we only know the following
result.

Theorem 1. Let X be a complex Stein space such that H2(|X|, Z) = 0.
Then every holomorphic line bundle on X is trivial.

Proof. Let L be a holomorphic line bundle on X. By Remark 1 L|Xred

is trivial. Hence there is a nowhere vanishing s ∈ H0(Xred, L|Xred). Since
X is Stein, H1(X,NX ⊗ L) = 0 (Theorem B). Hence s lifts to σ ∈ H0(X,L)
whose value at each point is non-zero. By Nakayama’s Lemma σ induces a
trivialization of L.
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Remark 4. Here we list what is known in the infinite-dimensional setting.
By the Vanishing Theorem proved in [2] (resp. [3]) Remark 1 is true if X is
a pseudoconvex open subset of certain Banach spaces (certain locally convex
spaces). However, notice that H1(X,OX ) 6= 0 if X = C

N ([1] or [4], Proposition
3.5 of Appendix 3).
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