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Abstract: In this paper, we study an initial value problem for the following
generalized Boussinesq equation

utt − 2butxx = −αuxxxx + uxx − γ2u+ β(f(u))xx,

where x ∈ R1, t > 0, b > 0, γ ≥ 0, β ∈ R1 and the function f is a polynomial
with f(0) = 0. The conditions for the existence and uniqueness of a global
solution to the problem in question are established in a Sobolev space. The
results for sufficiently small β confirm Bony and Saches’ suggestion[1] that initial
data lying relatively close to a stabe solitary wave could evolve into a global
solution for some equations.
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1. Introduction

The typical model equations describing the propagation of small amplitude
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long waves on the surface of water were first established by Boussinesq in 1870s
[2]. These equations have special, travelling wave solutions representing soli-
tary waves. Thus, the phenomenon of solitary waves, discovered by Scott-
Russell more than thirty years earlier, was first scientifically explained by the
Boussinesq theory. In recent years, the study of various generalized Boussinesq
equations has attracted the attention of many mathematicians, physicists and
scientists. One of the classical Boussinesq equations attracting great attention
is the following

utt = α1uxxxx + uxx − β(u2)xx, x ∈ R1, t > 0, (1)

where α1 and β are real constants and the subscripts denote partial derivatives.
Equation (1) has been studied by many researchers and the reader is referred
to references [2-5] for more details . The conservation laws behind the equation
and the soliton interaction of solutions to the equation were investigated in
[6-11]. The conditions for nonexistence of global solutions in time to various
boundary value problems associated with the equation were discussed in [12-
13]. A number of exact solutions to the equation was also constructed by
Clarkson [4]. More recently, to model dispersion in real processes, Varlamov
[14-16] considered an initial boundary problem and a periodic Cauchy problem
for the following damped boussinesq equation

utt − 2Butxx = −α1uxxxx + uxx − β(u2)xx (2)

with constant coefficients B, α1 > B2 and β ∈ R1. Biler [17,18] obtained a time
estimate of the operator norm of the solution to the abstract Cauchy problem
for the generalization of (1). Another generalized Boussinesq type equation,
which arises in the modelling of nonlinear strings, was researched by Bony and
Saches [1] and has the form of

utt − uxx = −uxxxx − (f(u))xx. (3)

Bony and Saches [1] deduced some properties leading to the inference that
local smooth solutions may be extended uniquely to solutions defined globally
in time under certain assumptions of initial data. The nonlinear stability of
the solitary wave solutions to equation (3) was demonstrated for a range of
propagation speed and pure power nonlinearities.

In this paper, we consider the existence of smooth global solutions for the
following generalized Boussinesq equation

utt − 2butxx = −αuxxxx + uxx − γ2u+ β (f(u))xx, (4)
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where b > 0 , γ ≥ 0, α > b2, β ∈ R1 and f is a p−order polynomial with
f(0) = 0. Two initial value problems for equation (4) are considered in this
paper. In the first problem, equation (4) is supplemented by the following
auxiliary conditions

u(x, 0) = εϕ(x), ut(x, 0) = εψ(x), (5)

where ε is a small positive parameter. By using a method different from that
in [1], in Section 3, the well-posedness of global solutions to problem (4)-(5) is
established in a Sobolev space. The second problem is for the case where β → 0
and in this case equation (4) is supplemented by

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x). (6)

We use the contractive mapping to show that the existence and uniqueness of
soliton solution associated to the problem are available. We also confirm that
Bony and Saches’suggestion[1], that initial data lying relatively close to a stable
solitary wave could evolve into a global solution for some equations, is valid for
the problem considered in this paper.

2. Preliminary

In Bony and Sachs’ work [1], the authors use Kato’s theory for the initial value
problem of (3). An equivalent form of (3), as a system of equations, is

ut = vx, (7)

vt = (u− uxx − f(u))x, x ∈ R, t > 0, (8)

where f : R → R is a C∞ function with f(0) = 0. These equations are
supplemented by the following initial data

u(x, 0) = u⊗0 (x), v(x, 0) = v⊗0 (x) (9)

The stability theory established by Bony and Sachs [1] relies upon the Hamil-
tonian form of system (7)-(8). The solitary wave of speed c, if it exists, is a
solution of (7)-(8) depending only on ξ = x− ct. Let

u(x, t) = Uc(x− ct) = Uc(ξ), (10)

v(x, t) = Vc(x− ct) = Vc(ξ), (11)
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then on substituting above into (7)-(8), we have the following system

−cU
′

c = V
′

c , (12)

−cV
′

c = (Uc − U
′′

c − f(Uc))
′

, (13)

where the prime denotes ∂ξ, namely differentiation with respect to ξ . The proof
of nonlinear stability follows from the abstract results of Grillakis, Shatah, and
Straus[19](1987). Particular results of this type may be found in the reference
due to Albert, Bona and Henry [20]. The basic idea, which goes back to Boussi-
nesq, is to use the Lyapunov function to control the distance from (u, v) to the
orbit of (Uc, Vc). That is, provided that (u(·, 0), v(·, 0)) lies close to a given
solitary wave, we shall only attempt to establish and estimate the distance
d((u, v), (Uc, Vc)), where

d((u, v), (Uc, Vc)) = inf
x∈R

‖(u(·, t), v(·, t))−(Uc(·+y), Vc(·+y))‖H1(R)×L2(R). (14)

Now we restate the main theorem presented in [1]
Theorem 2.1 Let s ≥ 1, 1 < p < 5, p−1

4 < c2 < 1, and let (Uc, Vc)
denote a solitary wave solution of (7)-(8) with f(u) =| u |p−1 u. If there exists
a sufficiently small λ = λ(p, c) > 0 and there is a number θ such that

‖ u⊗0 (·) − Uc(· + θ) ‖H1(R) + ‖ v⊗0 (·) − Vc(· + θ) ‖
L2(R)

≤ λ, (15)

then the initial solution (u, v) of (7)-(8) corresponding to the data (u⊗0 , v
⊗
0 ) is

global and lies in Xs(∞) × Xs−1(∞). Moreover, for all T > 0, the mapping
seeding (u⊗0 , v

⊗
0 ) to the solution (u, v) of problem (7)-(8) is continuous from

Hs+2(R)×Hs+1(R) into Xs(T )×Xs−1(T ), where Xs(T ) = C([0, T ],Hs+2(R))∩
C1([0, T ],Hs(R)) denotes the Sobolev space with norm defined by

|‖u‖| = sup
t∈[0,T ]

(‖u‖s+2 + ‖ut‖s) , (16)

in which

‖u‖s =

(∫ +∞

−∞

< ξ >2s |û(ξ, t)|2 dξ

) 1
2

,

û(ξ, t) = F [u(x, t)] =
1

2π

∫ +∞

−∞

e−ixξu(x, t)dx,

< ξ > =
(
1 + |ξ|2

) 1
2 .
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It should be addressed that solitary waves of problem (7)-(8) with f(u) =|
u |p−1 u do exist under certain conditions. In fact,this has been exemplified
by Bona and Sachs [1]. In this paper, we study the solution of equation (4)
supplemented respectively by initial conditions (5) and (6) in the Sobelev space
Xs(T ) = C([0, T ],Hs+2(R)) ∩C1([0, T ],Hs(R)).

Definition 2.1 For a constant q > 0, we say u(x, t) ∈ Xs(T ) if |‖u‖| < q.

3. Existence and Uniqueness Theorem

Theorem 3.1 Suppose ϕ(x) ∈ Hs+2(R) and ψ(x) ∈ Hs(R) with s > 1
2 and ε

is sufficiently small. If f is a pth order polynomial with f(0) = 0 and α > b2,
b > 0, γ ≥ 0, β ∈ R1, then there exists a unique solution u(x, t) ∈ Xs(∞) to
the problem (4) -(5).

Proof. We divide the proof of the theorem into two parts. Firstly, we
prove that there exists a solution u(x, t) ∈ Xs(∞) to the problem defined by (4)
and (5). Then, we prove that the solution is unique. For simplicity, throughout
the proof of this theorem, we denote by C any positive constant independent
of ε, which may depend on p, s and etc.

(a) Existence. Taking the Fourier transform of equations (4) and (5), we
get

û′′(ξ, t) + 2bξ2û′(ξ, t) +
(
αξ4 + ξ2 + γ2

)
û(ξ, t) = −βξ2f̂(u(ξ, t)), (17)

û(ξ, 0) = εϕ̂(ξ), ût(ξ, 0) = εψ̂(ξ), (18)

which give the following solution

û(ξ, t) = ε2e−bξ2t

{[
cos(σξt) + bξ2

sin(σξt)

σξ

]
ϕ̂(ξ) +

sin(σξt)

σξ

ψ̂(ξ)

}

−
βξ2

σξ

∫ t

0
exp

[
−bξ2(t− τ)

]
sin[σξ(t− τ)]f̂(u(ξ, τ))dτ,

where

σξ =
√

(α− b2)ξ4 + ξ2 + γ2, α− b2 > 0.

Denoting u0 by

u0 = εF−1

[
e−bξ2t

{[
cos(σξt) + bξ2 ·

sin(σξt)

σξ

]
ϕ̂(ξ) +

sin(σξt)

σξ

ψ̂(ξ)

}]
,



116 S. Lai, Y.H. Wu, J. He, L. Qun

where F−1 represents the inverse Fourier transform, we have

‖u0‖s+2 ≤ Cε (‖ϕ‖s+2 + ‖ψ‖s) . (19)

Now, by letting A = C(‖ϕ‖s+2 + ‖ψ‖s), we have, from (19), that

‖u0‖s+2 ≤ εA. (20)

The sequence {ûn} can thus be constructed as follows

ûn(ξ, t) = û0 −
βξ2

σξ

∫ t

0
exp

[
−bξ2(t− τ)

]
sin [σξ(t− τ)] ̂f(un−1(ξ, t))dτ,

n = 1, 2, 3, . . . .

Since

βξ2

σξ

∫ t

0
exp

[
−bξ2(t− τ)

]
dτ ≤

βξ2√
(c− b2)ξ4 + ξ2 + p2

×
1

bξ2

(
1 − e−bξ2t

)

≤
2β/b√

(c− b2)ξ4 + ξ2 + p2
≤ C,

we get, from the Shaulder lemma, that

‖un‖s+2 ≤ ‖u0‖s+2 + C‖f(un−1)‖s+2

≤ ‖u0‖s+2 + C‖un−1‖
p
s+2.

Therefore, for n = 1, by using inequality (20), we have

‖u1‖s+2 ≤ ‖u0‖s+2 + C‖u0‖
p
s+2

≤ εA+ C(εA)p,

≤ εA+ C(2εA)p.

Choosing ε sufficiently small such that

2C(2εA)p−1 < 1, (21)
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we have that
‖u1‖s+2 ≤ 2εA. (22)

For n = 2, we have from (22) that

‖u2‖s+2 ≤ εA+ C‖u1‖s+2 < εA+ C(2εA)p. (23)

Further using (21), we have

‖u2‖s+2 < 2εA. (24)

By induction, we get

‖un‖s+2 < 2εA, n = 1, 2, 3, · · · . (25)

Following the same procedure as that for deriving (25), we obtain

|‖un‖| < 2εA, n = 1, 2, 3, · · · . (26)

From the assumption of function f , we get

‖un − un−1‖| ≤ C|g(|‖un−1‖|, |‖un−2‖|)| |(|‖un−1‖| − |‖un−2‖|)|, (27)

where g(x, y) is a (p − 1)th order homogeneous polynomial with respect to x
and y. By using (26), it follows that

g(|‖un−1‖|, |‖un−2‖|) ≤ C(2εA)p−1. (28)

Thus from (27) and (28), we obtain

|‖un − un−1‖| ≤ C(2εA)p−1 |(|‖un−1‖| − |‖un−2‖|)|

≤ [C(2εA)p−1]n−1(4εA) .

Furthermore

|‖un‖| = |‖u0 +
n∑

1

(ui − ui−1)‖|,

≤ |‖u0|‖ +

n∑

1

|‖ui − ui−1‖|

≤ εA+
n∑

1

[C(2εA)p−1]i−1(4εA)
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From above inequalities and noting that C(2εA)p−1 < 1, it is clear that un is
uniformly convergent in the space Xs(∞). Therefore there must exist a function
u(x, t) ∈ Xs(∞) such that un uniformly converges to u(x, t), i.e., a solution of
the problem defined by (4) and (5).

(b) Uniqueness. Now we prove that the global solution u(x, t) ∈ Xs(∞) of
the problem defined by(4)-(5) is unique. Suppose that there exist two solutions
u(1)(x, t) and u(2)(x, t) of the problem, then both |‖u1‖| and |‖u2‖| are bounded
in the space Xs(∞). Letting

w(x, t) = u(1)(x, t) − u(2)(x, t),

we have

ŵ(ξ, t) = −
βξ2

σξ

∫ t

0
exp

[
−bξ2(t− τ)

]
sin [σξ(t− τ)] F̂ (ξ, τ)dτ, (29)

where

F (x, t) = f(u1(x, t)) − f(u2(x, t)).

It follows from (29) that

|ŵ(ξ, t)| ≤
βξ2

σξ

[∫ t

0
exp

[
−2bξ2(t− τ)dτ

]]
1
2
[ ∫ t

0
| F̂ (ξ, τ) |2 dτ

] 1
2

≤ C

[∫ t

0
| F̂ (ξ, τ) |2 dτ

] 1
2

,

and

∫ +∞

−∞

< ξ >2(s+2) |ŵ(ξ, t)|2dξ ≤ C

∫ +∞

−∞

∫ t

0
< ξ >2(s+2) | ̂g(u1, u2)w(ξ, t)|2dτdξ

≤ C

∫ t

0
‖w‖2

s+2 |
(
g(‖u(1)‖s+2, ‖u

(2)‖s+2

)
| dτ

≤ C

∫ t

0
‖w‖2

s+2dτ.

That is

‖w‖2
s+2 ≤ C

∫ t

0
‖w‖2

s+2dτ. (30)

By the Growall inequality, we have w(x, t) ≡ 0 (w(x, t) ∈ Xs(∞)). That
is, u(1)(x, t) ≡ u(2)(x, t) and hence there exists a unique solution u(x, t) ∈
Xs(∞)

(
s > 1

2

)
of the problem defined by (4)-(5)
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4. Stability of Solitary Waves

In this section, we assume that β is sufficiently small in equation (4) and the
initial data are not sufficiently small. A result similar to theorem 3.1 can be
obtained as follows.

Theorem 4.1 Suppose that the initial data ϕ(x) ∈ Hs+2, ψ(x) ∈ Hs

with s > 1
2 and β is sufficiently small. If α > b2, b > 0, γ ≥ 0 and f is a

p− order polynomial with f(0) = 0. Then there exists a unique global solution
u(x, t) ∈ Xs(∞) to the problem defined by (4) and (6) .

Proof. Taking Fourier transform of equations (4) and (6), we obtain

û(ξ, t) = e−bξ2t

{[
cos(σξt) + bξ2

sin(σξt)

σξ

]
ϕ̂(ξ) +

sin(σξt)

σξ

ψ̂(ξ)

}

−
βξ2

σξ

∫ t

0
exp

[
−bξ2(t− τ)

]
sin[σξ(t− τ)]f̂(u(ξ, τ))dτ.

Let the operator Λ be defined by

Λ̂u(ξ, t) = e−bξ2t

{[
cos(σξt) + bξ2

sin(σξt)

σξ

]
ϕ̂(ξ) +

sin(σξt)

σξ

ψ̂(ξ)

}

−
βξ2

σξ

∫ t

0
exp

[
−bξ2(t− τ)

]
sin[σξ(t− τ)]f̂(u(ξ, τ))dτ.

We shall show that the operator Λ is a contractive mapping from Xs(∞) to
Xs(∞). For any u(x),v(x) ∈ Xs(∞), it follows from the definition of Xs(∞)
and Λ that

|‖Λu‖| ≤ (‖ϕ‖s+2 + ‖ψ‖s) + βCqp−1|‖u‖|, (31)

|‖Λu− Λv‖| ≤ βCqp−1|‖u− v‖|, (32)

where C is independent of β and q. Let (‖ϕ‖s+2 + ‖ψ‖s) < 1
2q, and β be

sufficiently small such that βCqp−1 < 1
2 , we get from (31) and (32) that

|‖Λu‖| ≤
1

2
q +

1

2
|‖u‖| (33)

|‖Λu− Λv‖| ≤
1

2
|‖u− v‖|. (34)

Up to now, we have shown that Λ is a contractive mapping from Xs(∞) to
Xs(∞), henceforth there exists a unique global solution u(x) ∈ Xs(∞) to the
problem defined by (4) and (6).
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As defined in Section 2, the solitary wave solutions for equation (4) exist if
u = U(x± ct) satisfies equation (4) for all wave speed c > 0. That is,

Utt − 2bUtxx = −αUxxxx + Uxx − γ2U + β (f(U))xx . (35)

For any wave speed c, as a direct use of theorem 4.1, we have the following
theorem. At this point, this is quite different from that of the main result in
[1], namely, theorem 7 in Section 2.

Theorem 4.2 Suppose that a globally solitary wave solution U(x ± ct) of
equation(4) exists, β → 0 and all the assumptions in theorem 4.1 are satisfied.
If there exists a sufficiently small ε = ε(p, c) > 0 and there is a number θ such
that

|‖u0(x) − U(x+ θ) ‖| s+2 + |‖u1(x) − Ut(x+ θ) ‖| s < ε, (36)

then the solution u of problem (4) subject to initial condition (6) is global in
time and unique in the space Xs(∞).

Remark 1: Theorem 4.1 states that the initial data lying sufficiently close
to a globally solitary wave could develop into a global solution of equation (4)
if β is sufficiently small.

Remark 2: The result of theorem 4.2 suggests that we do not need to
control the wave speed c of the solitary solution, although we actually do not
know what assumptions we should give to the existence of solitary solutions.
We also can get the conclusion that if the soliton solution to equations (4) and
(6) exists for β sufficiently small, then the solitary wave is stable.
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