
International Journal of Pure and Applied Mathematics
————————————————————————–
Volume 24 No. 3 2005, 401-409

ON SOME FRACTIONAL EVOLUTION EQUATIONS

WITH NONLOCAL CONDITIONS

Mahmoud M. El-Borai

Department of Mathematics
Faculty of Science

Alexandria University
Alexandria, EGYPT

e-mail: m m elborai@yahoo.com

Abstract: In this paper Leray-Schauder principle is used to establish exis-
tence results of solutions of some nonlinear fractional evolution equations with
nonlocal conditions in Banach spaces. Some properties of solutions of the con-
sidered problem are studied. An application is given for a nonlinear fractional
partial differential equation with nonlocal initial conditions.
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1. Introduction

The purpose of this paper is to prove the existence of mild and strong solutions
for some abstract differential equations with nonlocal conditions of the form:

dαu(t)

dtα
= Au(t) + f(t,W (t)), (1.1)

u(0) = u0 +

p∑
k=1

cku(tk), (1.2)

where 0 ≤ t1 < ... < tp ≤ a, c1, ..., cp are real numbers, A is a linear closed
operator defined on a dense set S in a Banach space E into E, W (t) =
(B1(t)u(t), ..., Br(t)u(t)), {Bi(t) : i = 1, ..., r, t ∈ J} is a family of linear closed
operators defined on dense sets S1, ..., Sr ⊃ S respectively in E into E, f is a
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given abstract function on J × Er into E and u0 is a given element in S.

It is supposed that A generates an analytic semigroup Q(t) such that
‖Q(t)‖ ≤ K for all t ∈ J = [0, a], Q(t) h ∈ S, ‖AQ(t)h‖ ≤ K

t
‖h‖ for every

element h in E, and all t ∈ (0, a], where ‖.‖ is the norm in E (see [17]).

It is supposed also that:

(C1) cK < 1, where c =
∑p

k=1 |ck|.

(C2) There is a number γ ∈ (0, 1) such that

‖Bi(t2) Q(t1)h‖ ≤
K1

t
γ
1

‖h‖,

where t1 ∈ (0, a], t2 ∈ J, h ∈ E and K1 is a positive constant, i = 1, ..., r.

(C3) The functions B1(t)h, ..., Br(t)h are uniformly Hölder continuous in
t ∈ J for every element h in ∩iSi.

(C4) f is continuous in t on J and there exists a constant M > 0 such that
‖f(t,W )‖ ≤ M , for all t ∈ J and W ∈ Sγ , where Sγ = {(u1, ..., ur) : ui ∈
E,

∑r
i=1 ‖ui‖ ≤ γ}.

We shall consider the integral of operator – valued function;

ψ(t) =

∫ ∞

0
ζα(θ) Q(tαθ)dθ,

where ζα is a probability density function defined on (0,∞) such that its Laplace
transform is given by

∫ ∞

0
e−θxζα(θ)dθ =

∞∑
j=0

(−x)j

Γ(1 + αj)
,

where 0 < α ≤ |, x > 0, [2, 3].

It is clear that Ψ represents a uniformly continuous function of t in the
uniform topology (i.e., in the set of all linear bounded operators B(E) defined
on E).

It is assumed that:

(C5) K‖ϕu0‖+M [K2aα‖ϕ‖+Kaα] ≤ γ, where ϕ = [I −
∑p

k=1 ckψ(tk)]
−1.

The operator ϕ exists. In fact according to condition (C1), one gets

‖

p∑
k=1

ckψ(tk)‖ ≤

p∑
k=1

|ck|K < 1.
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By a strong solution of the non local Cauchy problem (1.1), (1.2), we mean a
function u with values in E such that:

1) u ∈ CS(J), where CS(J) is the set of all continuous functions u in t ∈ J

and u(t) ∈ S.

2) dαu
dtα

= 1
Γ(1−α)

d
dt

∫ t

0
f(θ)

(t−θ)α dθ, exists and continuous on J , where Γ is the
gamma function and 0 < α < 1.

3) u satisfies equation (1.1) on (0,a] and the condition (1.2). It is suitable
to rewrite the considered problem in the form

u(t) = u(0) +
1

Γ(α)

∫ t

0
(t− θ)α−1[Au(θ) + f(θ,W (θ)]dθ, (1.3)

where 0 < α ≤ 1.
There are many applications of the theory of fractional calculus and non

local Cauchy problem (see [1], [14], [12]).

2. Mild and Strong Solutions

Let ψ∗(t) be the integral of the operator- valued function defined by (see [7]):

ψ∗(t) = α

∫ ∞

0
θtα−1ζα(θ)Q(tαθ) dθ, t > 0 .

The solution of the integral equation (1.3) can be formally represented by

u(t) = ψ(t)u(0) +

∫ t

0
ψ∗(t− η)f(η,W (η))dη. (2.1)

Lemma 2.1. If u is a continuous solution of (2.1), then u satisfies the
integral equation

u(t) = ψ(t)ϕu0 + ψ(t)ϕ

p∑
k=1

ck

∫ tk

0
ψ∗(tk − η)f(η,W (η))dη

+

∫ t

0
ψ∗(t− η)f(η,W (η))dη. (2.2)

Proof. It is easy to see that,

p∑
k=1

ck(tk) = ϕ

p∑
k=1

ckψ(tk)u0 + ϕ

p∑
k=1

ck

∫ tk

0
ψ∗(t−K − η)f(η,W (η))dη. (2.3)
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From (1.2) and (2.3), we get

ψ(t)u(0) = ψ(t)[u0 +

p∑
k=1

cku(tk)]

= ψ(t)ϕu0 + ψ(t)ϕ

p∑
k=1

ck

∫ tk

0
ψ∗(tk − η)f(η,W (η))dη.

Hence the required result.

A continuous solution of the integral equation (2.2) is called a mild solution
of (1.3).

Theorem 2.1. Assume that:
(i) Conditions (C1) − (C3) hold,
(ii) f is uniformly Hölder continuous in t, that is there exist constants

K2 > 0, β ∈ (0, 1] such that

‖f(t2,W ) − f(t1,W )‖ ≤ K2|t2 − t1|
β ,

for all t1, t2,∈ J and all W ∈ Er,

(iii) The Lipschitz condition

‖f(t,W ) − f(t,W ∗)‖ ≤ K3

r∑
i=1

‖ωi − ω∗
i ‖,

is satisfied for all W,W ∗ ∈ Er and all t ∈ J , where K3 > 0 is a constant.
Then there exists a unique strong solution of the non local Cauchy problem

(1.1) (1.2).
Proof. Set

∂α(t)

∂tα
−Au(t) = v(t) .

From (2.3), the solution u of the considered problem can be written in the form

u(t) = ψ(t)ϕu0 +ψ(t)

p∑
k=1

ck

∫ tk

0
ψ∗(tk −η)v(η)dη+

∫ t

0
ψ∗(t−η)v(η) dη. (2.4)

Noticing that the operators ψ(t) and ϕ are bounded, we can generalize the
results in [11], [6], [5], [9], [10] to deduce that there exists a unique function
v ∈ CE(J), which satisfies the equation

v(t) = f(t,W (t)).
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Using a similar argument as in [8], we see also that v satisfies a uniform Hölder
condition. Consequently

∫ t

0
ψ∗(t− η)v(η)dη ∈ S

for all t ∈ J .
Since Aψ(t)ϕh = ψ(t)ϕAh. For every h ∈ S, it follows that u(t) ∈ S for all

t ∈ J . This completes the proof of the theorem.

Theorem 2.2. Assume that:
(i) W (t) = u(t).
(ii) Conditions (C1), (C4) and (C5) hold.
Then the problem (1.1), (1.2) has a mild solution on J .

Proof. Let C∗
E(J) be the set defined by

C∗
E(J) = {u ∈ CE(J) : u(t) ∈ Sγ , t ∈ J} .

It is easy to see that C∗
E(J) is a bounded closed convex subset of CE(J). Let

P be a mapping defined by:

(Pu)(t) = ψ(t)ϕu0 + ψ(t)ϕ

p∑
k=1

ck

∫ tk

0
ψ∗(tk − η)f(η1u(η)) dη

+

∫ t

0
ψ∗(t− η)f(η, u(η)) dη, t ∈ J.

Noticing

‖(Pu)(t)‖ ≤ k

∫ ∞

0
ζα(θ)dθ‖ϕu0‖ +MK2caα

∫ ∞

0
θζα(θ)dθ

+MKaα

∫ ∞

0
θζα(θ)dθ ≤ γ,

we deduce that P is continuous and maps C∗
E(J) into it self.

We shall show that {Pu : u ∈ C∗
E(J)} is an equicontinuous family of func-

tions.
For 0 < s < t, we have

‖(Pu)(t) − (Pu)(s)‖ ≤ [‖ϕu0‖ + cMaα‖ϕ‖]‖ψ(t) − ψ(s)‖

+M

∫ t

s

‖ψ∗(t− η‖dη +M

∫ s

0
‖ψ∗(t− η) − ψ∗(s− η)‖dη. (2.5)
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We have also:

[ψ(t) − ψ(s)]h =

∫ ∞

0

∫ t

s

ζα(θ)
d

dt
Q(tαθ)h dτ dθ,

for every element h in E. Thus

‖[ψ(t) − ψ(s)]h‖ ≤ α

∫ ∞

0

∫ t

s

θτα−1ζα(θ)‖AQ(ταz)h‖dτ dz

≤ αK[lnt− lns]‖h‖. (2.6)

Consequently ‖ψ(t) − ψ(s)‖ tends to zero as s→ t.
In a similar manner, we can prove that

lim
s→t

∫ s

0
‖ψ∗(t− η) − ψ∗(s − η)‖dη = 0, lim

s→t

∫ s

0
‖ψ∗(t− η)‖dη = 0.

The right hand side of inequality (2.5) is independent of u ∈ C∗
J(E) and tends

to zero as s→ t in the uniform topology for t→ 0.
It is clear that {P (u)(t) : u ∈ C∗

J(E)} is bounded in CJ(E). Thus by Arzela-
Ascoli‘s Theorem, {P (u)(t) : u ∈ C∗

J} is precompact. Hence by the Schauder
Fixed Point Theorem, P has a fixed point in C∗

J(E) and any fixed point of P
is mild solution of (1.1), (1.2) on J such that u(t) ∈ E for all t ∈ J (see [2], [3],
[4], [13], [15], [16]).

3. Applications

Consider the nonlinear integro-partial differential equations of fractional order:

∂αu(x, t)

∂tα
−

∑
|q|=2m

aq(x) D
q
xu(x, t) = F (x, t,W ), 0 < t ≤ a, (3.1)

with the nonlocal condition

u(x, 0) = g(x) +

p∑
k=1

cku(x, tk), (3.2)

where 0 ≤ t1 < t2 < ... < tp ≤ a, x ∈ Rn, Rn is the n-dimensional Euclidean
space,

Dq
x = Dq1

x1
...Dqn

xn
, Dxi

=
∂

∂xi

, q = (q1, ..., qn)
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is an n-dimensional multi-index, |q| = q1 + ...+ qn,W = (ω1, ..., ωr),

ωi(x, t) =
∑

|q|≤2m−1

bqi
(x, t) Dq

xu(x, t) +

∫
Y

∑
|q|≤2m−1

Cqi
(x, t)Dq

yu(y, t) dy,

and Y is an open subset of Rn. We denote by Cm(Rn) the set of all continuous
functions defined on Rn which have continuous partial derivatives of order less
than or equal to m. By Cm

0 (Rn) we denote the set of all functions f ∈ Cm(Rn)
with compact supports. Let Hm(Rn) be the completion of Cm

0 (Rn) with respect
to the norm

‖f‖2
m =

∑
|q|≤m

∫
Rn

[Dq
xf(x)]2 dx.

It is supposed that the operator A =
∑

|q|=2m aq(x)D
q
x is uniformly elliptic and

all the coefficients aq, |q| = 2m satisfy a Hölder condition on Rn. The operator
A with the domain of definition S = H2m(Rn) generates an analytic semigroup
Q(t) defined on the set L2(R

n) all square integrable functions on Rn. It is well
known that H2m(Rn) is dense in E = L2(R

n).
Using theorem (2.1) we can solve the non local Cauchy problem (3.1), (3.2)

under suitable conditions on the coefficients bqi(x, t) and cqi(x, t) (see [8]).
Using Theorem 2.2, we can also obtain the mild solution of the considered

problem.
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