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Abstract: A method, called the multi-stage reduced ABS algorithm, for solv-
ing a system of linear inequalities is presented. This method is characterized by
reduced the dimensions of subsystems of linear equations solved in the process
of carrying out this algorithm. This algorithm terminates in finite steps.
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1. Introduction

Consider the following system of linear inequalities

Ax ≤ b , (1.1)

where A = (a1, · · · , am)T ∈ IRm,n, b ∈ IRm, x ∈ IRn, and m, n are any positive.
Let I = {1, · · · , m}, then the system (1.1) can be written in the form
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aT
i x ≤ bi , i ∈ I .

Different methods have been designed for solving system (1.1), or for solv-
ing systems of equalities and inequalities via the ABS algorithms, for instance,
a method due to Esmaeili, Mahdavi-Amiri [3]. Esmaeili, Mahdavi-Amiri and
Spedicato [4], proposed a method, called simply as EMS method, for solv-
ing system (1.1) under the assumptions that A is full rank in row, i.e., the
rank of A, r (A) = m and m ≤ n, see [3], [4]. It can be proved, under these
assumptions, that Ax ≤ d ⇐⇒ {Ax = y, y ≤ d}. An explicit general solu-
tion set is x ∈ {H−T

1 W−1
m (AT

mHT
1 Wm)y + HT

m+1H
−T
1 x1 + HT

m+1q | y ≤ d, q ∈
IRn}, where y ∈ IRm, H1 is an arbitrary nonsingular matrix and x1 is an
arbitrary starting point. Shi proposed a globally convergent ABS algorithm
for generating a nonnegative solution to a linear system being of the form
{Ax = b, x ≥ 0, A ∈ IRm,n, b ∈ IRm, x ∈ IRn,m ≤ n} by carrying out
a special iteration via the Huang algorithms so that iterative points asymp-
tomatically satisfy the nonnegative conditions [5]. A projection algorithm of
the ABS form, equivalent to the simplex method via Bland’s rules to a linear
programming, for finding a feasible point of a general system of linear inequal-
ities {Ax ≥ b, A ∈ IRm,n, b ∈ IRm, x ∈ IRn,m ≤ n}, in a finite number of steps
was constructed, and the compatibility for a system of linear inequalities with
deficient rank one was investigated due to Zhang [6]. An algorithm for the least
Euclidean norm solution of a linear system of inequalities via the Huang ABS
algorithm and the Goldfarb-Idnani Strategy was proposed by Zhang [7], A class
of direct methods and ABS algorithms for solving linear inequalities by Zhao,
see [8], [9]. Much progress has been made by Li and his students on the entropy
method used to solve (1.1).

We will present a multi-stage reduced algorithm, simply called the MSR
algorithm for solving (1.1). To describe the algorithm that will be given in the
next section we now recall the basic (unscaled) ABS algorithm for solving the
following system of linear equations

Ax = b , (1.2)

where A = (a1, · · · , am)T ∈ IRm,n, b ∈ IRm, x ∈ IRn, initiated by Abaffy,
Broyden and Spedicato, see [1], [2].

The Basic (Unscaled) ABS Algorithm:
(A) Initialization. Give an arbitrary vector x1 ∈ IRn, and an arbitrarily

nonsingular matrix H1 ∈ IRn,n, the parameter of Spedicato. Set i = 1 and
iflag=0.

(B) Compute si = Hiai and τi = τT ei = aT
i xi − bT ei.
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(C) Check the compatibility of the system of linear equations: If si 6= 0,
then goto (D); If si = 0 and τi = 0, then set xi+1 = xi and Hi+1 = Hi and
goto (F), the i-th equation is a linear combination of the previous equations;
otherwise stop, the system has no solution.

(D) Compute the search vector pi ∈ IRn by pi = HT
i zi, where zi, is the

parameter of Broyden, is arbitrary save that zT
i Hiai 6= 0.

(E) Update the approximation xi of a solution by xi+1 = xi − αipi, where
the stepsize αi is computed by αi = τi/a

T
i pi. If i = m, stop; xm+1 solves the

system.
(F) Update the (Abaffian) matrix Hi. Compute Hi+1 = Hi − Hiaiw

T
i Hi/

wT
i Hiai where wi ∈ IRn, the parameter of Abaffy, is arbitrary save that wT

i Hiai =
1 or 6= 0.

(G) Increment the index i by one and goto (B).
There are many special properties of the above recursions, see for instance,

Abaffy and Spedicato [2]. Among them the following one is the most important
for the derivation in this paper: the general solution to Ax = b is formulated
in the form

x = xm+1 + HT
m+1q, (1.3)

where q ∈ IRn is arbitrary, i. e., the linear variety containing all solutions con-
sists of the vectors formulated by (1.3).

In the next section the description of the algorithm will be given. The
paper is organized as follows. In the Section 2, the description of the algorithm
is given. In the Section 3, an conceptual algorithm is given.

2. Description of the Algorithm

Let Ω = {x | Ax ≤ b} and TΩ(x) be the tangent cone of Ω at x. We first state
a lemma given below.

Lemma 2.1. If Ω is bounded, then for any d ∈ TΩ(x) and any x, there

exists at least one λ > 0 and an i ∈ I such that, one has

aT
i (x + λd) = bi .

Proof. The assertion comes from the fact that 0+Ω = ∅ since Ω is bounded.
Let I(Ā) ⊂ I and Āx ≤ b̄, Ā ∈ IRm̄,n, b̄ ∈ IRm̄, be a subsystem of the

system (1.1), i. e.,

āT
i x ≤ b̄, i ∈ I(Ā) = {i1, · · · , m̄} ⊂ I .
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Let A denote the collection of all subsystems of (1.1) Āx ≤ b̄, whose coeffi-
cient matrices have the maximum of ranks of submatrices associated with the
subsystems of (1.1), i.e., equal to r(A). We denote an element of A by (Ā, b̄).
Let x̄ be a solution of a subsystem of (1.1), Āx = b associated with (Ā, b̄) ∈ A,
computed by an ABS algorithm and x̄′ be a solution computed by the algorithm
of Esmaeili and Mahdavi-Amiri [3], associated with (Ā′, b̄′) ∈ A, where b̄ > b̄′.
Then we can obtain a direction by computing

d1 = x̄′ − x̄

and set x1 = x̄. Let A(x) and TĀ(x) respectively denote the index set of the
system (1.1) and the tangent cone determined by the subsystem at x, associ-
ated with Ā. Let I+(x) and I−(x) respectively denote the index sets of those
inequalities violated and satisfied at x. Compute i, α1 and x2 by a search
technique such that x2 = x1 + α1d1 ∈ TĀ(x1), where

α1 = min

{

α > 0

∣

∣

∣

∣

aT
i (x1 + αd1) = bi, i ∈ I+(x1),

x1 + αd1 ∈ TĀ(x1)

}

.

If x2 satisfies all the inequalities, then stop and x2 is a solution. Otherwise,
update x2 by the ABS algorithms, one by one till at most r(A) steps, x2 of the
2-nd iteration can be obtained. A search direction d2 for obtaining x3 can be
computed by the ABS algorithms following the way described for computing
d1. Note that in the process of updating x2 to x3, at each step only one
equation (i.e., one inequality) is taken that is independent of the previous chosen
equations. Suppose xi and di have been obtained.

Let x1
i = xi and d1

i = di. Construct two finite sequences xk
i

r̄

k=1 and dk
i

r̄

k=1,
where r̄ ∈ {1, · · · , r(A)}. Computing the steplength αk

i , by the ABS algorithms
with xk

i as the starting point, satisfying

αi = min

{

α > 0

∣

∣

∣

∣

aT
j (xk

i + αdk
i ) = bj, j ∈ I+(xk

i ),

xk
i + αdk

i ∈ int ∩i
l=1 (xl + TĀ(x1))

}

. (2.1)

If αk
i is finite, otherwise if the above set is empty, then αk

i is computed by

αi = min

{

α > 0

∣

∣

∣

∣

aT
j (xk

i + αdk
i ) = bj, j ∈ I−(xk

i ),

xk
i + αdk

i ∈ ∩i
l=1 (xl + TĀ(x1))

}

. (2.2)

Repeat the iteration process till finding a solution of the system (1.1) of linear
inequalities.

There are three cases:
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Case 1. A(xk
i ) contains more than one index.

Case 2. A(xk
i ) only contains one index belonging to I+(xi), associated with,

say the ith inequality aT
i x ≤ bi.

Case 3. A(xk
i ) only contains one index belonging to I−(xi), associated with,

say the ith inequality aT
i x ≤ bi.

For Case 1 only one inequality (active at xk
i ) independent of the previous

active inequalities selected is taken at the k-th ABS steps. For the other two
cases, only one active inequality can be used for updating xi (or, equivalently,
xk

i ).

3. A Conceptual Algorithm

To begin with, the following notations are given:

I = {1, · · · ,m} , Ω = {x|Ax ≤ b} ,

{Ā, b̄} Denote a subsystem of the system (1.1), Ā ≤ b̄, Ā ∈ Rm̄,n, b̄ ∈ Rm̄.
I(Ā) I(Ā) := {i1, · · · , im̄ ⊂ I}, m̄ ≤ m. The subsystem of (1.1).
TΩ(x) The tangent cone of Ω at x.
A Denote the collection of all subsystems of (1.1).
I+(x) The index sets of those inequalities being violated at x.
I−(x) The index sets of those inequalities being satisfied at x.
Ā(x) The index set of the subsystem (Ā, b̄) ∈ A being active at x.
TĀ(x) The tangent cone determined by the subsystem, associated

with (Ā, b̄).
A(x) The index set of the subsystem (Ā, b̄ ∈ A) being active at x.

Algorithm 3.1. A general algorithm
Step 1. Initialization. Give A ∈ IRm,n , X ∈ IRn and set i = 1.
Step 2. Compute xi and di.
Step 2.1. Take a (Āi, b̄i) ∈ A and εi > 0. Solving (Āix = barbi) and

(Āi = b̄i)− εi by the ABS algorithms, one has solutions, denoted by xi and x′
i,

respectively.
Step 2.2. If xi satisfies (1.1), then stop and xi is the solution of the system.

Otherwise, compute di = x′
i − xi.

Step 3. Update xi and di by the ABS algorithms.
Step 3.1. Set k = 1, xk

i = xi and dk
i = di.

Step 3.2. Computing a steplength αk
i by the ABS algorithms with xk

i as
the starting point, satisfying (2.1). If αk

i is finite, otherwise if the above set is
empty, then αk

i is computed by (2.2).
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Step 3.3. Set xk+1
i = xk

i + αk
i d

k
i . If xk+1

i satisfies (1.1), then stop, set
xi+1 = xk+1

i and xi+1 is the solution of (1.1). Otherwise, if r(Ā) = r(A), then
set k = k + 1 and goto Step 3.2.

Step 4.1. Set xi+1 = xk+1
i and compute the solution x′

i+1 by solving Āi+1x
= b̄i+1 − εi+1 via the ABS algorithms, where εi+1 is an appropriate positive
scalar vector of IRr(A).

Step 4.2. Compute di+1 = x′
i+1 − xi+1. Set i = i + 1 and loop at Step 3.

Theorem 3.1. Suppose Ω is bounded, then Algorithm 3.1 terminates in

finite steps.

Proof. By virtue of (2.1), (2.2) in Step 3.2 and Lemma 2.1,it follows that
the sequence of index sets {I+(xi)}

∞
i=1 is decreasing with at least one inequality

violated. On the other hand, the number of inequalities is finite. These imply
that the algorithm terminates in finite steps.

4. Conclusion

We have proposed an approach for finding solutions of linear inequalities system.
By the ABS Method we can determine whether the solution exists or not.
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