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Abstract: In this paper we develop four heuristic algorithms for the set
coloring problem. The first two algorithms are greedy algorithms and the other
two use an extended version of Dsatur algorithm suitably adapted to solve the
set coloring problem. The empirical results on random instances show that
these algorithms give encouraging results.
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1. Introduction

Graph coloring serves as a model for conflict resolution in problems of the fol-
lowing type. Suppose that in a set V certain pairs of elements are incompatible.
The problem is to find a partition of V into a minimum number of subsets of mu-
tually compatible elements. The situation is described by a graph G = (V,E)
with vertex set V and edge set E formed by all pairs of incompatible elements.
Partitioning of V into k subsets is equivalent to coloring the vertices of G with
k colors.

A coloring of graph G is an assignment of colors to its vertices such that
no two adjacent vertices have the same color. A coloring of G with k colors
is a k-coloring (Harary [3]). The smallest k for which there exists a k-coloring
of G is the chromatic number of G denoted by χ(G). The vertices that are
assigned the same color form a color class. The color classes (V1, V2, . . . , Vk)
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are independent sets. The coloring problem is stated as follows: Given a graph
G, find χ(G) and the corresponding coloring.

Practical applications of graph coloring are numerous, such as: course
scheduling, school timetabling, cluster analysis, group technology, in produc-
tion tests of electronic circuits, VLSI (minimization of the number of layers in
channels), transportation.

Graph coloring is a well-known NP-complete problem (Harey and John-
son [4]). Given the NP-completeness of the coloring problem and the numerous
practical applications, it is natural to design heuristic algorithms to produce
good colorings in a reasonable amount of time. Many heuristic methods have
been developed: constructive methods in the 1960s and 1970s (Brelaz [1] and
Lighton [8]), local search meta-heuristics in the 1980s and 1990s (Hertz and de
Werra [6]) and genetic or population based local search methods in the 1990s
(Morgenstern [10]). Moreover, there are a large number of well-known bench-
marks for evaluating and comparing different algorithms.

Also, several extensions (Roberts [11] and Roberts [12]) of the classical col-
oring problem exist allowing more applications to be embraced. Such extensions
are: set coloring, T-coloring, set-T-coloring, list coloring. T-coloring and set-
T-coloring are two extensions that are used to model the frequency assignment
problem (Hale [5] and Murphy et al [9]).

In this paper we study the set coloring problem. The set coloring problem
can be stated as follows: Consider an undirected graph G = (V,E), where
|V | = n, and a set of demand values D = {d1, d2, . . . , dn}, is assigned to each
vertex vi ∈ V , corresponding to the number of colors required by the vertex.
The assignment of a set of di colors, to each vertex vi is a set coloring if C(vi)∩
C(vj) = ∅,∀(vi, vj) ∈ E.

The set-chromatic number χD(G) is the minimum number of different colors
used to set-color G.

There exist extensive literature for the classical coloring problem but there
is a limited number of works concerning the set coloring problem from the algo-
rithmic point of view. Dorne and Hao [2] developed meta-heuristic algorithms
for a related coloring problem the set-T-colorings.

In this paper we develop four heuristic algorithms so as to find an approxi-
mate value of the set-chromatic number χD(G). The first two algorithms, which
we call setC 1 and setC 2, are greedy algorithms while the other two use an
extended version of Dsatur algorithm (Berlaz [1]) suitably adapted to solve the
set coloring problem. We adapted Dsatur algorithms for set coloring in order
to evaluate the performance of the algorithms setC 1 and setC 2.

For graph coloring, there exist a large number of well-known benchmarks
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(see http://www.imada.sdu.dk/ marco/gcp/#instances), but for the set color-
ing no benchmarks are available. In order to evaluate and compare the perfor-
mance of the presented algorithms we use the random instances introduced by
Dorne and Hao [2] for the set-T-colorings and T-colorings and which are made
available by the authors [2].

The paper is organized as follows. Section 2 is devoted to the algorithms
description. Section 3 shows a small example of the proposed algorithms. In
the last section, Section 4, we present the computational results of the above-
mentioned random instances and the paper ends with some conclusions con-
cerning the performance of the algorithms.

2. Algorithm Description

We start by describing the first family of the two heuristic algorithms called
setC 1 and setC 2. Consider the connected graph G = (V,E) and C(vi) the
set of colors assigned to vertex vi ∈ V . Let D = {d1, d2, . . . , dn} a set of demand
values as defined in previous section. If |C(vi)| = di, we say that vertex vi is
saturated.

Let U be the set of unsaturated vertices of G. We denote by GU =
(VU , E(VU )), VU ⊂ V , E(VU ) ⊂ E the subgraph of G that contains only the
unsaturated vertices (VU = U), namely vi ∈ VU if and only if |C(vi)| ≺ di.

The set of adjacent vertices of vi ∈ VU is denoted by NU (vi) = {vj ∈
VU : (vi, vj) ∈ E(VU )} and the set of nonadjacent vertices of vi ∈ VU by
N̄U (vi) = VU −NU (vi).

Let Gp = (Vp, Ep), Ep ⊂ E the subgraph of G. The following relations are
evident:

χ(Gp) ≤ χ(G), χD(Gp) ≤ χD(G). (1)

As we have already mentioned that algorithms setC 1 and setC 2 are
heuristic of a greedy type (see Satratzemi and Tsuros [13]). The basic idea
is to suitably detect, at each iteration of the algorithm, an independent set of
unsaturated vertices so as to color them with the current color and which further
reduces the size of the unsaturated graph in the current or in a forthcoming
instance. If there is a case of equality, and taking into consideration relation
(1) we select the first vertex, say L, to assign the current color, say nc, so that
the resulting subgraph, in the current or in a forthcoming instance, contains
a smaller number of edges, we therefore choose vertex L with the maximum
degree in the current subgraph.
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The following notations are used in the working procedure of algorithms
setC 1 and setC 2:

— na(i): Number of assigned colors to vertex vi at an instance of the
algorithm.

— Qi: Set of nonadjacent vertices in GU , namely Qi = N̄U (vi).

— nqi: Number of elements in Qi.

— Xi: Set of colors assigned to vertex vi.

— Mi: independent set produced heuristically by the elements of set Qi ∪
{vi} of subgraph GU .

— S1: Set that contains the vertices of GU that produce heuristically max-
imal independent sets of GU with the largest cardinality

— S2: Set that contains the vertices of S1 with the greatest degree in GU .

At each iteration of the algorithm, we try to assign the largest number of
colors in the current subgraph GU . Therefore, we form set Qi = N̄U (vi) for
every vertex i ∈ U , and then we produce an Independent Set Mi ⊆ Qi ∪ {vi},
by consecutively adding to set Mi a vertex z ∈ Qi, which has the greatest degree
in subgraph Gu and for which it holds that N(z) ∩Mi = ∅. Then, we choose
among sets Mi, a Maximal Independent Set, namely ML. If the algorithm
defines more than one Maximal Independent Sets with the same cardinality
(alternative cases) and taking into consideration relation (1), we choose the
maximal independent set ML for which vertex L has the greatest degree in the
current subgraph GU . Finally, we color the vertices of set ML with the current
color nc, and we update set U .

Algorithm 1. (setC 1)

Read data, i.e graph G and the set D = {d1, d2, . . . , dn}.
U ← V ;nc← 0; saturated← false;
while (not saturated) do begin

nc← nc + 1;
for every i ∈ U set Qi = N̄u(vi);
ChooseVertex(L);
Assign nc(L, saturated);

end; {while};
Print results;
ChooseVertex(L)
Output : L;
Set P ← U ; Set Mi ← {i},∀i ∈ P ;
while (P 6= ∅) do begin

let i ∈ P ;
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adjacent←false;
while(Qi 6= ∅) and (not adjacent) do begin

if N(v) ∩Mi 6= ∅, for every v ∈ Qi then adjacent←true;
else begin

select z ∈ Qi such that
nq(z) = min{nq(v) : N(v) ∩Mi) = ∅, v ∈ Qi}
Mi ←Mi + {z};Qi ← Qi − {z};

end; {while Q};
P ← P − {i}

end; {while Q};
set S1 = {j1, j2, . . .} such that Mj ,= max{|Mw|, w ∈ U};
set S2 = {r1, r2, . . .}, where ri such that NU (ri),= max{|NU (w)|, w ∈ S1};
Select L = r1 ∈ S2;
Assign nc(L, saturated);
Input : L;
Output : saturated;
For every vertex v ∈ML do begin

set na(v)← na(v) + 1;Xv ← Xv + {nc};
if (na(v) = dv) then U ← U − {v};

end;
if (U = ∅) then saturated←true;

Algorithm SetC 2 differs from that of SetC 1 to the point where from the
set S1 is formed the set S2 = {r1, r2, . . .}, i.e. when it happens that we have
more than one prospective vertices (the instance of an equality) to be colored
with the color nc. Therefore, set S2 = {r1, r2, . . .} is subset of S1, where ri is
the vertex for which it holds that

sum(ri) =

{

sum
ji∈S1

(ji)

}

,

where
sum
ji∈S1

(ji) =
∑

w∈Mw

(dw − na(w)).

In the case of yet another equality (i.e. if |S2| > 1) we chose the first vertex
of set S2. It is easy to see that the time complexity of setC 1 and setC 2 is
O(n2.d.max c), where max c = max{di : di ∈ D} is the maximum number of
colors to be assigned to a vertex, n the number of vertices of G, d the density
of G.

Algorithm 2. (setDsatur 1)
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1. Choose a vertex of maximum degree. If there is an equality choose a vertex
with the maximum color demand, i.e. max{dw, w ∈ V }.

Repeat:

2. Choose a vertex z with the maximum saturation degree in the unsat-
urated subgraph.

3. If there is an equality choose a vertex with maximum degree in the
unsaturated subgraph.

4. If there is an equality choose a vertex with maximum color demand
in the unsaturated subgraph.

5. Color the chosen vertex with the least possible color (lowest num-
bered).

until all the vertices are saturated.

Algorithm setDsatur 2 differs from that of setDsatur 1 at Steps 1 and at
4 which are formed in the following way:

If there is an equality choose a vertex with minimum color demand in the
unsaturated subgraph.

Section 3 gives a step-by-step application of algorithm setC 1 as well as
the results produced by the other 3 algorithms.

3. An Example

Let the graph G = (V,E) of Figure 1.
We apply algorithm setC 1 to the graph of Figure 1.

nc = 1, U = {1, 2, 3, 4, 5, 6},
Q1 = {5, 4, 6}, Q2 = {3, 6}, Q3 = {5, 2}, Q4 = {6, 1}, Q5 = {3, 1},

Q6 = {4, 2, 1},
M1 = {1, 5},M2 = {2, 3},M3 = {3, 5},M4 = {4, 6, 1},M5 = {5, 3},

M6 = {6, 4, 1},
S1 = {4, 6}, S2 = {4}, L = 4,X1 = {1},X4 = {1},X6 = {1},
nc = 2, U = {2, 3, 1, 5, 6},
Q1 = {6, 5}, Q2 = {6, 3}, Q3 = {2, 5}, Q5 = {1, 3}, Q6 = {1, 2},
M1 = {1, 6},M2 = {2, 6},M3 = {3, 2},M5 = {5, 1},M6 = {6, 1},
S1 = {2, 3, 1, 5, 6}, S2 = {2, 3, 1, 5, 6}, L = 2,X2 = {2},X6 = {1, 2},
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Figure 1: The example graph

nc = 3, U = {3, 1, 5, 2},
Q1 = {5}, Q2 = {3}, Q3 = {2, 5}, Q5 = {1, 3},
M1 = {1, 5},M2 = {2, 3},M3 = {3, 2},M5 = {5, 1|},
S1 = {3, 1, 5, 2}, S2 = {1}, L = 1,X1 = {1, 3},X5 = {3},
nc = 4, U = {3, 1, 5, 2},
Q1 = {5}, Q2 = {3}, Q3 = {2, 5}, Q5 = {1, 3},
M1 = {1},M2 = {2, 3},M3 = {3, 2},M5 = {5, 1},
S1 = {3, 1, 5, 2}, S2 = {1, 2}, L = 1,X1 = {1, 3, 4},X5 = {3, 4},
nc = 5, U = {3, 5, 2},
Q2 = {3}, Q3 = {5, 2}, Q5 = {3},
M2 = {2, 3},M3 = {3, 5},M5 = {5, 3},
S1 = {3, 5, 2}, S2 = {5, 2}, L = 5,X5 = {3, 4, 5},X3 = {5},
nc = 6, U = {2},
Q2 = ∅,
M2 = {2},
S1 = {2}, S2 = {2}, L = 2,X2 = {2, 6}.

Ultimately, the solution which arises by applying the algorithm setC 1 is:

X1 = {1, 3, 4},X2 = {2, 6},X3 = {5},X4 = {1},X5 = {3, 4, 5},X6 = {1, 2}.

Applying the algorithm setC 2 the solution which arises is:

X1 = {1, 2, 4},X2 = {3, 5},X3 = {3},X4 = {1},X5 = {2, 4, 6},X6 = {1, 5}.

Applying the algorithm setDsatur 1 the solution which arises is:

X1 = {2, 3, 5},X2 = {1, 4},X3 = {1},X4 = {2},X5 = {3, 5, 6},X6 = {2, 4}.
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Applying the algorithm setDsatur 2 the solution which arises is:

X1 = {1, 3, 4},X2 = {2, 5},X3 = {4},X4 = {3},X5 = {1, 4, 6},X6 = {2, 3}.

4. Computational Experiment – Conclusions

In this section we present the computational experiment. All the tests have
been performed on a Pentium 4, 3.00GHz processor with 512Mb of memory.
The algorithms were implemented in Compaq Visual Fortran Version 6.6.

As we already mentioned for graph coloring there exist a large number of
well-known benchmarks. In R. Dorne and J.K. Hao [2] research benchmarks
were created for set-T-colorings which consequently can be used to test algo-
rithms for set coloring. The four algorithms presented in this paper were tested
for the random graphs proposed by R. Dorne and J.K. Hao. More specifi-
cally, in Table 1 it can be seen that the four algorithms were tested on random
graphs with n ∈ {30, 100, 300, 500, 1000}, and for density d ∈ {0.1, 0.5, 0.9}.
The random graphs constructed had n vertices and d(n(n − 1))/2 edges uni-
formly distributed on these vertices. Then a uniform random value ranging
from [1..5] is assigned to each vertex as a color demand value.

Even though for graph coloring there is relatively good estimation available
for the chromatic number, there is no available estimation for set chromatic
number. It is evident that the specification of set chromatic number on a
graph G = (V,E), where |V | = n, |E| = e, with a set of demand values
D = {d1, d2, . . . , dn}, that are assigned to each vertex vi ∈ V , is a special case
of graph coloring, where each vertex vi has the same color demand di = 1.
This can occur if from graph G = (V,E), we create the graph G′ = (V ′, E′)
producing a vertex for each color demand di, and therefore |V ′| =

∑

i∈V di

and |E′| =
∑

i∈V (di +
∑

j∈N(i) di ∗ dj). In other words, for every vertex vi

of G we construct a clique with di vertices in G′. And if there is an edge
(vi, vj) ∈ E then every vertex vik ∈ V ′, k = 1, 2, . . . , di, is connected to each
vertex vjl ∈ V ′, l = 1, 2, . . . , dj . In Figure 2 an example is given.

The algorithms in this paper were tested for problems where the maximum
number of colors required by each vertex of graph G is di ∈ [1..5], and which
follows a uniform distribution. For this reason we can consider the following
estimation for the set chromatic number:

χ̃D(G) = χ̃(G) ∗ dave , (2)
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Figure 2: Transformation of a graph of set coloring into a graph of
coloring

where dave is the average color demand per vertex, which is equal to 3 since
in the instances used the color demand of each vertex is uniformly chosen be-
tween 1 and 5, and χ̃(G) the probabilistic estimation of the chromatic number.
This estimation considers that the graph is divided into dave similar connected
subgraphs.

The probabilistic estimation of the set chromatic number χ̃D(G) using re-
lation (2) allows us to have a rough idea about the performance of algorithms
setC 1, setC 2 also comparing them with algorithms setDsatur 1 and setD-
satur 2.

From the results of Table 1 we obtained the following conclusions. The
algorithms setC 1 and setC 2 generally present better results than setDsatur 1
and setDsatur 2. SetC 2 for graphs with n ∈ {300, 500, 1000}, irrespective of
density, gives slightly better results than setC 1 (there is an improvement in
the solutions from 0.70% to 5.41%).

Making a comparison between setDsatur 1 and setDsatur 2 we observe
that setDsatur 2 is slightly better than setDsatur 1 for dense graphs with a
size equal or greater than 300.

If we observe the time of execution it becomes apparent that the fastest is
setC 1 followed by setC 2. Algorithms setDsatur 1 and setDsatur 2 are less
fast and they do not present any significant difference between them as far as
the problems execution time is concerned. For sparse graphs and for n ≥ 300
(problems 7, 10, 13) setC 1 and setC 2 are faster, whereas for dense graphs,
the algorithms setC 1 and setC 2 are faster and achieve much better results
than setDsatur 1 and setDsatur 2.

In Table 2 the variation of the results given by the four algorithms in re-
lation to the probabilistic estimation of the set chromatic number χ̃D(G) is
presented, which was calculated from relation (2). The estimation of the chro-
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setC 1 setC 2 setDsatur 1 setDsatur 2

problem n d
P

i∈V
di χ̃D(G) χD time χD time χD time χD time

1 30 0,1 86 12 12 0 12 0 12 0 12 0,05

2 30 0,5 95 24 26 0 28 0 25 0,11 25 0,11

3 30 0,9 90 45 52 0 54 0 53 0,55 53 0,16

4 100 0,1 275 18 17 0,49 18 0,11 17 0,55 18 0,16

5 100 0,5 304 48 54 0,11 54 0,11 56 1,31 59 1,43

6 100 0,9 299 108 118 0,05 121 0,05 132 1,71 129 2,15

7 300 0,1 937 33 35 2,69 35 3,63 37 1,76 36 1,76

8 300 0,5 905 105 111 4,34 105 5,61 133 8,84 131 9,11

9 300 0,9 940 252 293 1,15 288 1,7 335 19,33 335 20,98

10 500 0,1 1507 42 46 12,03 45 15,66 49 4,5 49 4,94

11 500 0,5 1484 150 160 20,1 155 29,5 199 26,42 196 26,74

12 500 0,9 1536 372 429 6,32 426 9,33 519 63,39 521 58,88

13 1000 0,1 3049 66 76 114,96 77 143,85 82 19,22 82 19,45

14 1000 0,5 3024 255 281 213,99 277 288,85 357 130,06 351 128,41

15 1000 0,9 2975 666 735 61,29 723 108,53 899 305,99 890 329,61

Table 1: Results for set coloring

problem setC 1 % setC 2 % setDsatur 1 % setDsatur 2 %

1 0 0 0 0

2 8,33 16,67 4,17 4,17

3 15,56 20 17,78 17,78

4 -5,56 0 -5,56 0

5 12,5 12,5 16,67 22,92

6 9,26 12,04 22,22 19,44

7 6,06 6,06 12,12 9,09

8 5,71 0 26,67 24,76

9 16,27 14,29 32,94 32,94

10 9,52 7,14 16,67 16,67

11 6,67 3,33 32,67 30,67

12 15,32 14,52 39,52 40,05

13 15,15 16,67 24,24 24,24

14 10,2 8,63 40 37,65

15 10,36 8,56 34,98 33,63

Table 2: Comparative results for the set chromatic number and the
probabilistic estimation of the set crhomatic number
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Figure 3a: d = 0.1

Figure 3b: d = 0.5

matic number χ̃(G) is computed based on the probabilistic method of Johri
and Matula [7]. The biggest variation between the probabilistically computed
set-chromatic number (from relation (2)) and the approximated set-chromatic
number computed by the heuristic algorithm setC 1 was 16% and it was ob-
served for problem 9; for setC 2 it was 20% which was observed for problem
3; for setDsatur 1 it was 40% observed for problem 14; and for setDsatur 2 it
was 40% which was observed for problem 12.

From the results presented in Table 1 and Table 2 it is apparent that al-
gorithm setC 1 slightly surpasses that of setC 2 for problems 1-6 whereas,
for problems 8-15 the opposite happens. That is to say, for large sized graphs,
irrespective of density, the algorithm setC 2 expresses better results than the
other algorithms, whereas on the contrary, those based on the algorithm Dsatur
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Figure 3c: d = 0.9

obtain much worse results (problems 8-15).

The results of Table 2 for graphs with densities d = 0.1, d = 0.5, d = 0.9
are represented in Figures 3a, 3b, 3c.
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