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Abstract: According to the Debye theory the specific heat of a solid body as a
function of temperature can be predicted by fitting only one parameter (Debye
temperature) to experimental data. A statistical possibility of approximating
this parameter is presented in cases where the boiling point and the lattice
constant of a substance are known. The considerations are motivated by a
simple model of a solid body whose micro-constituents interact by a harmonic
potential known from the description of macroscopic springs obeying Hooke
law.
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1. Introduction

Let a solid body of mass M > 0 be given. Let us suppose that its total thermal
energy at low pressure is described by a differentiable function U : (0, Tm) → R

of (absolute) temperature, where Tm denotes the melting point of the substance
constituting the solid body. Then the specific heat c : (0, Tm) → R is defined
by

c(T ) :=
1

M
·

d

dT
U(T ).

Peter Debye (1884 Maastricht - 1966 Ithaca) proposed an approximation cD :

Received: May 26, 2006 c© 2006, Academic Publications Ltd.



260 E. Grycko

(0, Tm) → R of the specific heat as a function of temperature; the Debye ap-
proximation is given by

cD(T ) =
9NkB

Mω3
D

ωD
∫

0

( ~ω
kBT )2 · exp(~ω/kBT )

(exp(~ω/kBT ) − 1)2
ω2dω (1.1)

(cf. [4], p. 78), where N denotes the number of micro-constituents of the solid
body, ~ = 1.05·10−34Js and kB = 1.38·10−23J/K denote Planck and Boltzmann
constant, respectively, and ωD is a material specific frequency defining the so-
called Debye temperature ΘD according to

ΘD :=
~ωD

kB
. (1.2)

The Debye theory suggests to fit ΘD and therefore also ωD to experimental
data for a particular substance and yields the behavior of the specific heat
as a function of temperature according to (1.1). Note that in this context
ΘD is the only material specific property needed to describe the functional
dependence of the specific heat on temperature. The Debye theory is able to
predict reasonably experimental measurements of specific heat of elements and
explains its decrease at low temperatures:

lim
T→0

cD(T ) = 0.

The aim of the present contribution is the exploration of a possibility of statisti-
cal prediction of Debye temperature from the boiling points and crystallographic
lattice constants of elements.

In Section 2 a simplified microscopic model of a solid body is introduced; a
formula for its thermodynamic entropy is derived enabling us to express zero-
entropy temperature T0 in terms of atomic mass and interatomic interaction
(cf. (2.11)). Section 3 presents a statistical connection between boiling point
and critical temperature, the latter being a material property. In Section 4 a
possibility of fitting the so-called Lennard-Jones interatomic potential to critical
and crystallographic data is presented. In Section 5 Lennard-Jones potential
is approximated by the harmonic one, which enables us to compute the zero-
entropy temperature based on the microscopic model from Section 2. A regres-
sion analysis is reported revealing a statistical connection between zero-entropy
and Debye temperatures. In Section 6 some conclusions are drawn.
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2. Linear Chain and its Zero-Entropy Temperature

Let us consider a solid body which is modelled by N micro-constituents of mass
m > 0 which are arranged in an 1-dimensional lattice and interact through a
harmonic potential, that is, adjacent micro-constituents can be thought being
mass points connected by springs obeying Hooke law with a common elasticity
constant D > 0.

Let x(j)(t) denote the longitudinal displacement of the j-th micro-consti-
tuent at time t from its mechanical equilibrium position, j = 1, . . . , N, t ≥ 0.
The function x : R+ −→ R

N , x(t) := (x(1)(t), . . . , x(N)(t))′ describing the
temporal evolution of the positions of the mass points satisfies the differential
equation

m
..
x(t) = − DANx(t) , (2.1)

where
..
x denotes the second time derivative of x (acceleration) and the N ×N -

matrix AN is given by

AN :=













2 −1 0

−1
. . .

. . .
. . .

. . . −1
0 −1 2













. (2.2)

AN is obviously a symmetric matrix whose determinant |AN | can be computed
recursively

|AN | = N + 1. (2.3)

According to Hurwitz criterion, AN is a positive definite matrix. Let
.
x =

(
.
x

(1)
, . . . ,

.
x

(N)
)′ denote the N -tuple of (first) time derivatives of x(1), . . . , x(N)

which can be equivalently represented by the tuple of momenta

u := (u(1), . . . , u(N))′ := m · (
.
x

(1)
, . . . ,

.
x

(N)
)′ (2.4)

(the idea of availability of this kind of micro-data is inspired by [5]). The
Hamiltonian H : R

N × R
N −→ R of the system is defined by

H(q; p) =
1

2m
· 〈p, p〉 +

1

2
D 〈q,ANq〉 , (2.5)

where 〈., .〉 denotes the standard scalar product on R
N . 1

2m〈p, p〉 in (2.5) is called
the kinetic and 1

2 · D · 〈q,ANq〉 the potential term of H.
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A standard reasoning using (2.1) and the symmetry of AN entails the va-
lidity of equation

d

dt
H(x(t), u(t)) = 0 (2.6)

implying that Hamiltonian H is constant along trajectories (x(t), u(t))t≥0. This
may be interpreted as a special case of the general physical phenomenon of
energy conservation.

Application of the thermodynamic formalism (cf. [2], Example 7.1) to the
considered system of micro-constituents suggests the following definition.

Definition 2.1. (i) The function Z : R+ × N −→ R ,

Z(T,N) :=
1

hN

∫

RN×RN

exp
(

−
1

kBT
· H(y, p)

)

(.λ
N ⊗ λN )(y, p)

is called partition function, where λN denotes the N -dimensional Lebesgue
measure, h = 6.63 · 10−34Js and kB = 1.38 · 10−23J/K denote Planck and
Boltzmann constant, respectively; the variable T is interpreted as the (absolute)
temperature of the solid body.

(ii) The function S : R+ × N −→ R, S(T,N) := ∂
∂T

(

kB · T · ln Z(T,N)
)

is
called thermodynamic entropy of the solid body.

Remark 2.2. Since Hamiltonian H is not invariant under permutations
of the micro-constituents of the chain for N ≥ 3 (cf. (2.5)), the Boltzmann
factor N !, known from modelling of fluids, is not involved in the definition of
partition function Z.

Remark 2.3. Because Hamiltonian H is a positive definite quadratic
form, the integral in the definition of Z can be computed using methods known
from handling multidimensional normal distributions (cf. [3], Chapter 35). In
view of (2.3), we obtain

Z(T,N) =
1

hN
·
(mk2

BT 2

D

)N/2
· (N + 1)1/2 . (2.7)

Remark 2.4. (2.7) and Definition 2.1 (ii) imply the formula

S(T,N) =
1

2
kB ln(N + 1) + N · kB · ln

(

e ·
(m

D

)1/2
·
kBT

h

)

(2.8)

for the thermodynamic entropy of the chain where e denotes Euler number.
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Remark 2.5. Solving equation

S(T,N) = 0 (2.9)

for T with S given in (2.8) yields

T =
(D

m

)1/2
·

h

ekB(N + 1)1/2N
. (2.10)

Let us now suppose that our solid body consists of a large number N of micro-
constituents. In this case the approximation

T0 =
(D

m

)1/2
·

h

ekB
(2.11)

of the temperature T in (2.10) is valid.

Definition 2.6. Temperature T0 in (2.11) is called (asymptotic) zero-
entropy temperature of the chain (cf. (2.9)).

3. Boiling Point and Critical Temperature

The boiling point of a fluid depends on the exerted pressure. Therefore, the
boiling point is not a material property in a strict sense. On the other hand, the
critical temperature carries important information about a substance; cf. [1].

Unfortunately the critical temperatures are not easily available for most
chemical elements; the exceptions are He, Ne, Ar, Kr, Xe, Rn, H, O, F,
Cl, Br, J, N .

In Figure 1 the (standard) boiling points TB of the thirteen elements men-
tioned above are depicted versus the corresponding critical temperatures Tc .
The visual impression promises a successful linear regression of Tc w.r.t. TB .
The empirical correlation coefficient attains the value 0.99981 and the least-
squares coefficient α of linear regression is

α = 1.7759 . (3.1)

Therefore, we propose and use the statistically derived rule

Tc = α · TB (3.2)

for the approximation of the critical temperature from the boiling point, the
latter being available for most chemical elements.
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Tc[K]

TB[K]

Figure 1: Boiling point versus critical temperature

4. Fitting Lennard-Jones Potential to Critical and Crystallographic

Data

The interaction of micro-constituents of the noble gas Ar can be successfully
modelled by the Lennard-Jones potential (cf. [1]):

ΦAr(r) = 4UAr ·
(

(rAr

r

)12
−

(rAr

r

)6
)

(4.1)

with parameter values

UAr = 120 K · kB and rAr = 3.4 · 10−10m . (4.2)

The interpretation of ΦAr is that the potential energy of N atoms of Ar at
positions x(1), . . . , x(N) ∈ R

3 is given by

Ep =
∑

1≤i<j≤N

ΦAr

(

|x(i) − x(j)|
)

,
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where |x(i) − x(j)| denotes the Euclidean distance between the i-th and the
j-th atom.

Let Tc(Ar) denote the critical temperature of Ar. Put

λu :=
UAr

kBTc(Ar)
= 0.800

and
λr :=

rAr

aAr

= 0.6296

where aAr denotes the crystallographic lattice constant of Ar at low tempera-
tures. The knowledge of the coefficients λu and λr enables us to fit the param-
eter UX and rX of Lennard-Jones potential for an arbitrary element X whose
critical temperature Tc(X) and lattice constant aX are known; according to the
principle of corresponding states we have

UX = λu kB Tc(X) (4.3)

and
rX = λr · aX . (4.4)

This application of the principle of corresponding states is in particular intuitive
if atoms of an element solidify in an cubic face centered way like atoms of Ar.

5. A Statistical Comparison of Zero-Entropy and Debye

Temperatures

Since the boiling points of many elements X are available, we use the rule

Tc(X) = α · TB(X)

for the approximation of critical temperatures Tc(X) with the coefficient α
given in (3.1). Therefore we are able to use the rule (4.3) for the fitting of the
parameter UX of Lennard-Jones potential. Analogously, we fit the parameter
rX to the lattice constant aX of an element X according to (4.4) and obtain
the interaction potential

ΦX(r) = 4 · UX ·
(

(rX

r

)12
−

(rX

r

)6
)

. (5.1)

ΦX attains the minimum at r = rm := 21/6rX . In order to approximate ΦX

in a neighbourhood of rm by the harmonic potential

ΨX(r) :=
1

2
DX(r − rm)2 , (5.2)
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ΘD[K]

T0[K]

Figure 2: Zero-entropy versus Debye temperature

we put

DX := Φ′′
X(rm) , (5.3)

which ensures the equality of the first and second derivatives of the potentials
ΦX and ΨX at r = rm . Now we imagine a linear chain consisting of a large
number of atoms of element X. The approximative interaction potential ΨX is
given in (5.2) such that the considerations of Section 2 entail the zero-entropy
temperature

T0(X) =
(DX

mX

)1/2
·

h

ekB
(5.4)

according to (2.11), where mX denotes the atomic mass of element X .

In Figure 2 Debye temperatures ΘD are depicted versus zero-entropy tem-
peratures T0 for 59 elements. After deletion of the outliers Mn, Si, and Li,
the empirical correlation coefficient attains the value 0.9360. The least-squares
regression coefficient γ is equal to 0.9051. The average relative approximation
error in the statistically valid equation

ΘD = γ · T0 (5.5)

is 18.5% .
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6. Conclusions

The statistical considerations in Section 5 reveal a strong correlation between
Debye and zero-entropy temperatures, the latter being motivated and defined
is Section 2. On average, Debye temperature ΘD is equal to γ = 0.9051
times zero-entropy temperature T0; insofar, T0 can be viewed as a 1-dimensional
pendent of ΘD. A more flexible modelling of the atomic interaction, for instance
by

Φ(r) = U ·
(

( r

r0

)β
−

( r

r0

)6
)

,

with the additional parameter β, could entail an average relative approximation
error in (5.5) lower than 18.5% . Summarizing, it may be stated that zero-
entropy temperature as defined in Section 2, is a material property having
relevance for the description of the solid state, especially for the specific heat
as a function of the temperature (cf. Section 1).
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