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Abstract: This paper presents a polynomial algorithm for solving the problem
of finding the shortest path in an environment with n states, with an emotional
agent. The algorithm originates from an algorithm which in exponential time
solves the same problem with the same agent architecture. By implementing
emotional learning using dynamic programming, the polynomial algorithm is
obtained.

It can be concluded that the choice of the function which evaluates the
emotional state of the agent has decisive role in solving the problem efficiently.
That function should carry the key information for solving the problem, i.e.
to answer in every state what the solution of that problem in that state is,
in fact, this function should express the maximal awareness of the agent for
consequences of its actions in every state, and so to give as detailed information
as possible about the consequences of its actions. In this way, this function
implements the properties of human emotions.
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1. Introduction

The evaluation of an agent architecture can have different forms, depending on
one’s interests. For instance, someone with practical objective would be primary
interested in observable performance. This could include multiple dimensions of
evaluation, involving input-output mappings, speed, running costs, generality,
precision, accuracy, adaptability. Different criteria will be relevant for different
scientific goals.

Someone with a biological or psychological orientation, rather than prac-
tical objectives, will have different criteria for evaluating models, for instance
requiring a very close correspondence with information processing states, and
possibly even neural mechanisms (see [15]).

Whatever aspect of evaluation is concerned, the speed of solving a problem
with an agent is very important because the agents should solve very complex
problems and deal with a lot of input data, and that often leads to very slow
and inpractical algorithms.

This paper shows that implementing emotional learning does indeed lead
to drastic reductions in computational effort and corresponding improvements
in the speed of convergence of the algorithm.

We shall recall some notions of the theory of complexity which will be used
in this paper.

The complexity of the algorithm is the cost of the computation measured
in running time or memory, or some other relevant unit. The complexity of the
spending time is presented as a function from the input data which describe
the problem. In a typical case of a computational problem some input data
are given, and a function from them should be computed. The rates of growth
of different functions are defined with symbols in order to compare the speeds
with which different algorithms do the same job. Some of these symbols which
are used here are defined in the following way (see [12], [19]).

Let f(x) and g(x) are functions from x.

Definition 1. We say that f(x) = O(g(x)), x → ∞ if ∃C, x0, so that
|f(x)| ≤ Cg(x), ∀x > x0, which means that f grows like g or slower.

Definition 2. We say that f(x) = Ω(g(x)) if holds the opposite: g(x) =
O(f(x)) when x → ∞ and ∃ε > 0, and x0, so that for x > x0 |f(x)| > ε g(x).

Definition 3. We say that f(x) = Θ(g(x)) if there are constants c1 >
0, c2 > 0, x0, so that for ∀x > x0 it is true that c1g(x) < f(x) < c2g(x).
We might say then that f and g are of the same rate of growth, only the
multiplicative constants are uncertain.
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This definition is equivalent to the definition:

f(x) = Θ(g(x)) means that f(x) = O(g(x)) and f(x) = Ω(g(x)) (see [12]).

The classes of complexity are sets of languages which present an important
decision problems. The property which these languages share is that all of them
can be decided in some specific boundary of any aspect of their performances
(time, space, or another).

The classes of complexity are determined with a few parameters: the model
of computing, which can be deterministic or nondeterministic, and resources
which we would like to restrict, like time, space or another. For example,
the class P is the set of languages decided in polynomial time (see [3]) and the
class EXP is the set of languages decided in exponential time. If the problem is
solved in polynomial time, it means that it is solved efficiently, but solving the
problem in exponential time means that maybe this problem can not be solved
in an efficient way.

The polynomial algorithm described in this paper comes from the algorithm
“at subgoal go back” (see [5], [14]), so this algorithm is described first (Section
3) and its complexity is estimated in Section 4. The polynomial algorithm which
implements emotional learning (Section 7 and Section 8) is based on dynamic
programming, and the algorithm of the dynamic programming (Section 5 and
Section 6) will also be described, with some preliminary introduction notions.

2. Emotional Learning. Consequence Driven Systems Approach

Emotion has been identified as one of the key elements of the intelligence and
of the adaptive nature of human beings (Damasio). The emotional based agent
learning tries to develop artificial mechanisms that can play the role that emo-
tion plays in natural life. This mechanisms is called “artificial emotions”. In
the last 20 years there have been several pointers toward the issue of feeling
and emotions as needed features for developing an artificial intelligent creature.
Several issues in the emotional agent design initiated the problem of emotion
based learning in autonomous agents (see [4], [7], [8]).

The problem is how to define emotion based learning and how to implement
it in a useful manner.

This paper argues that emotion learning is a valid approach of improving
the behavior of the artificial autonomous agents.

We present a computational model of an emotion that can be used in the
learning system of an agent, and we will also describe an agent architecture
which implements a computational model of emotional learning.
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The consequence driven systems theory (see [5]) deals with 3 types of learn-
ing systems: tutorial learning, reinforcement learning, and emotional learning.
The tutorial learning agent from the environment receives a situation X, (a pos-
itive or negative) reinforcement r of what it did previously, but also an advice U ,
what to do in the future. It produces behavior Y that affects the environment.
The behavior can be a simple atomic action or a complex behavior containing
sequences of actions. The other type of learning agent, the reinforcement learn-
ing agent does not receive any advice. It will adjust its behavior according only
to the scalar value of the reinforcement. The third type of agent, the emotional
learning agent will receive neither advice, nor reinforcement; it will learn only
from the received situation. Since there is no external reinforcement, it will
build a scheme of a self-reinforcement based on its internal emotional value,
emotion (X), of the received situation X.

The theory argues that in order to build an emotional learning agent, the
agent should posses: 1) genetic mechanism to receive initial, primary emotions
from the genetic environment and 2) an emotion back-propagation mechanism
(secondary reinforcement mechanism) which will develop emotions toward sit-
uations in the behavioral environment which in turn will develop the agent
behavior by means of learning (see [5], [6]). According to that, the emotion
learning agent is a being which lives in two environments: behavioral and ge-
netic.

3. Description of the Emotional-Based Agent Architecture
NN-CAA and the Algorithm “At Subgoal Go Back”

The algorithm “at subgoal go back” solves the problem of finding the shortest
path from the starting state to the goal state in an environment with n states.
The domains which are concerned are environments with n states, one of which
is a starting state, one is a goal state, and some of them are undesirable and
they should be avoided. There may be return actions between two states. It
is assumed that a path exists from every state to the goal state and from the
starting state to every state, so there is a path from the starting state to the goal
state. If the starting state can be whatever other state, then the assumption is
that the graph is strongly connected, i.e. every state can be reached from every
other state. The agent architecture used for solving this problem is neural
network, i.e. that is Neural Network -Crossbar Adaptive Array (NN- CAA)(see
[5]) (see Figure 1)

The method which CAA uses is the backward chaining method. It has 2
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phases: 1) search for a goal state, and 2) when a goal state is found define a
previous state as a subgoal state. The search is performed using some searching
strategy, in this case random walk. When, executing a random walk a goal state
is found, then a subgoal state is defined, and this subgoal becomes a new goal
state. The process of moving from the starting state to the goal state is a single
run (iteration, trial) trough the graph. The next run starts again from the
starting state, and will end in the goal state. In each run a new subgoal state is
defined. The process finishes when the starting state becomes a subgoal state.
That completes a solution finding process.

The CAA has a random walk searching mechanism implemented as a ran-
dom number generator with uniform distribution. Since there is a path to the
goal state by assumption, then there is a probability that the goal will be found.
As the number of steps in a trial approaches infinity, the probability of finding
a goal state approaches unity (see [5]).

The time complexity of online search strongly depends upon the size and the
structure of the state space, and upon apriori knowledge encoded in the agent’s
initial parameter values. When apriori knowledge is not available, search is
unbiased and can be exponential in time for some state spaces. Whitehead (see
[16], [17]) has shown that for some important classes of state spaces reaching
the goal state for the first time, moving randomly, can require number of action
executions that is exponential in the size of the state space. Because of this,
for the state spaces which are concerned, it is assumed that the number of
transitions between 2 states from the starting state to the goal state in every
iteration is linear function of n (the number of states).

The agent starts from the starting state and should achieve the goal state,
avoiding the undesirable states. From each state the agent can undertake one
of maximum m actions, which can lead to another state or to a certain obsta-
cle. The agent moves in the environment randomly, and after a few iterations
it learns a policy to move directly from the initial state to the goal state,
avoiding the undesirable states, i.e it learns one path. After that it learns
the optimal solution, the shortest path. The criterion of optimality is defined
as minimum path length. By path we mean a sequence of arcs of the form
(j1, j2), (j2, j3), (j3, j4), . . . , (jk−1, jk). By a length of a path we mean the sum
of the lengths of its arcs. The shortest path is the path with minimal number
of arcs.

CAA architecture originated in an early reinforcement learning research
effort to solve the assignment of credit problem using a neural network (1981).
CAA architecture was challenged by the mazes defined in the computer game
Dungeons and Dragons, where there is one goal state, but also many rewardings
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and punishment states along the way, so CAA adopts the concept of dealing
with pleasant and unpleasant states, feelings and emotions (see [6]).

CAA agent communicates with two environments: 1) behavioral environ-
ment, in which it behaves and learns, and 2) genetic environment, from which
it gets the initial values (see [5], [7], [8]).

The main component of the CAA architecture is its memory module con-
sisting of a weight matrix W .

The initial knowledge is memorized in the matrix Wmxn. The elements of
the matrix W , wij(i = 1, . . . ,m; j = 1, . . . , n) give information for states and
are used for computing the actions, and they are called SAE - components
(state - action - evolution).

Note. On Figure 1 the picture is older and the notation is opposite: i =
1, . . . , n; j = 1, . . . ,m).

Each component wij represents the emotional value toward the performing
action i in a state j. It can be interpreted as desirability, happiness, tendency,
motivation (see [8]), or by other terms depending on applications. From the
emotional values of performing actions, CAA computes an emotional value of
being in a state. The elements of each column (j = 1, . . . , n) give information
for the states. The initial values of the elements of the column are all 0 if the
state is neutral, with values −1 if the state is undesirable, and with values 1 if
the state is a goal.

The learning method for the agent is defined with 3 functions whose values
are computed in the current and the following state. They are:

1) the function for computing an action in the current state, let it be some
function

yj = Afunc
a

(waj) j = 1, . . . , n a = 1, . . . ,m

2) the function for estimation of the internal, emotional value of being in
a state, computed in the consequence state. From the emotional values of
performing the actions, CAA computes an emotional value of being in a state.
The emotional value of being in a state k is computed as vk = V func

i
(wik) where

V func(.) is a carefully chosen function for solving the given task. Having vk,
CAA considers it as a consequence of the action i performed previously in a
state j.

3) the function for updating the memory, computed in the current state. It
learns that performing i in j has as a consequence emotional value vk, and on
that basis it learns, using some function wij = Ufunc(vk).

It means that when the agent is in a state j, it chooses an action with 1)
the function for computing an action, in the current state, and that function is
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Figure 1:

of neural type (see [5]):

yj = i if max
a

(waj + sa) = wij + si, j = 1, 2, . . . , n; a = 1, 2, . . . ,m

sa is the action modulation variable from the higher order system, which presents
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searching strategy. The simplest searching strategy is random walk, imple-
mented as:

s = montecarlo[- 0. 5, 0. 5]

where montecarlo[interval] is a random function which gives values which
are uniformly distributed in the defined interval. With this function, the agent
selects the actions randomly. Having that, NN- CAA will perform random walk
until the SAE components receive values which will dominate the behavior.

2) The functions vk, k=1,2,...,n for computing the internal, emotional
value of being in a state in NN-CAA, are computed in a “neural” fashion:

vk = sgn

(

m
∑

a=1

wak + Tk

)

.

Tk is a neural threshold function (or warning function) whose values are:

Tk =











0 if ηk = m ,

ηk if pk ≤ ηk < m ,

0 if ηk < pk ,

where pk is the number of positive outcomes, ηk is the number of negative
outcomes that should appear in the current state. The threshold function T
plays the role of a modulator with which CAA will evaluate the states which
are on the way.

3) The learning rule in NN-CAA is defined by:

waj = waj + vk .

SAE components in the previous state are being updated with this rule, using
the desirability of the current state.

In a contrast to architectures for reinforcement learning, CAA doesn’t use
any external reinforcement r, it uses only current situation X as input. CAA
approach introduces the concept of state evaluation and connects it to the
concept of feeling, which it uses as internal reinforcement entity. In such a way,
using crossbar computation over the crossbar elements waj , CAA performs its
crossbar emotion learning procedure which has 4 steps:

1) state j: perform an action depending on SAE components: yj = Afunc
a

(waj);

let the environment returns state k.
2) state k: compute state value, emotion, using SAE components:

vk = V func
i

(wik).
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3) state j : increment active SAE value using the k-th state value, learning
the desirability of the state k in waj : waj = U func(vk).

4) j=k; go to 1.
The CAA At- subgoal-go- back algorithm for finding the shortest path in a

stochastic environment is given in the next frame:

CAA AT-SUBGOAL-GO-BACK ALGORITHM:

repeat
forget the previously learned path

define a starting state

repeat
from the starting state

find a goal state moving randomly

produce a subgoal state using CAA learning method
mark the produced subgoal state as a goal state

until starting state becomes a goal state

export the solution if better than the previous one
forever

The experiment needs several iterations. When the goal state is reached,
the previous state is defined as a subgoal. The goal is considered a consequence
of the previous state, from which the goal is reached. Every subgoal becomes a
new goal. With this algorithm the agent does not go to the end goal state, but
it starts a new iteration when it reaches a subgoal. A subgoal is a state which
has positive value for some of its elements wij. The process of learning finishes
when the initial state becomes a subgoal. It means that at that moment the
agent learned one path, it learned a policy how to move directly from the initial
state to the goal state, avoiding the undesirable states. Through the process of
learning in every iteration, the elements w[i,j] change, so that when the initial
state becomes a subgoal, they have such values that enable deterministic moving
from the starting to the goal state.

The algorithm guarantees finding one solution, i.e. a path from the starting
state to the goal. For solving the problem of the shortest path, another memory
variable should be introduced, which will memorize the length of the shortest
path, found in one reproduction period. The period in which the agent finds
one path is called reproductive period, and in general, in one reproductive pe-
riod the agent cannot find the shortest path. After finding one path, the agent
starts a new reproductive period when it learns a new path, independent of
the previous solution. The variable shortest path is transmitted to the following
agent generation in a genetic way. In this way the genetic environment is an op-
timization environment which enables memorization of the shortest path only,
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in a series of reproductive periods. This optimization period will end in find-
ing the shortest path with probability 1. Since the solutions are continuously
generated in each learning epoch, and since they are generated randomly and
independently from the previous solution, then, as time approaches infinity, the
process will generate possible solutions with probability 1. Among all possible
solutions the best solution, the shortest path is contained with probability 1.
Since CAA will recognize and store the shortest path length, it will produce
the optimal path with probability 1 (see [5]).

The original idea of having one memory structure for crossbar computation
of both state values and action values was later also implemented (reinvented)
in reinforcement learning architectures such as Q-learning.

4. Estimation of the Complexity of the Algorithm
“At Subgoal Go Back”

Finding the shortest path with the algorithm “at subgoal go back” is in expo-
nential time because the agent should learn all paths from the initial state to
the goal state. The number of paths from one node to another in a graph is
exponential function from n - the number of nodes in the graph. This assertion
will be proved with two theorems.

The adjacency matrix (see [11]) is used for estimation of the number of
paths between 2 nodes in the graph. The adjacency matrix Anxn is used for
representing directed graph and it consists of n (number of nodes of the graph)
rows and columns. Its elements are 1 or 0 and show the connection of the
nodes in the graph. aij = 1 if the node i is connected with the node j with
one directed arc, and aij = 0 if the node i is not connected to the node j. It is
known that the element cij of the matrix Ak shows the number of paths with
length k (k = 1, 2, . . . , n − 1) from the node i to the node j in the graph (see
[11]). This assertion will be proved. [Note. this result is known, but because
the author could not find the proof, the result is proven and the way it is proven
will be used for the estimation of the number of paths from one node to another,
depending on n - the number of nodes (and m - number of arcs from a node)
in the graph.]

Theorem 1. If A is the adjacency matrix for the graph G with n nodes,
then the element cij of the matrix Ak shows the number of paths with length
k from the node i to the node j.

Proof. (By mathematical induction) If Anxn is the adjacency matrix of the
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graph G with n nodes, then the i-th row shows the connection of the i-th node
with the other nodes, and from j-th column we can read which nodes have
directed arcs entering j. In fact, from the elements of the matrix A = A1 we
can read the number of paths with length 1 between the nodes, because aij = 1
if there is a path with length 1 (directed arc) from the node i to j.

1) For k=2: In A2 = AA, the elements cij are computed from multiplication
of the i-th row with the j-th column: cij = ai1a1j + ai2a2j + · · · + ainanj. The
product ailalj (l = 1, . . . , n) is nonzero if both multiplicands are nonzero, i.e. if
ail = alj = 1, which means that there is a path with length 1 from the node i
to the node l, and there is a path with length 1 from the node l to the node j,
and so there is a path with length 2 from i to j. Every nonzero product in this
sum is a path with length 2 from i to j through l (l = 1, . . . , n), and the sum
cij is the sum of all paths with length 2 from i to j.

2) Let us assume that the assertion holds for k=s, i.e. let the element bij of
As = [bij ] is equal to the number of all paths with length s from the node i to
the node j.

3) Let k=s+1.

The element cij of As+1 = AsA is obtained with multiplication the elements
bil from the i-th row of As with the elements alj (l = 1, . . . , n) from the j-th
column of A: cij = bi1a1j + bi2a2j + · · · + binanj. Every nonzero product bilalj

(l = 1, . . . , n) is the number of paths with length s+1 from the node i to the
node j through the node l, because bil is the number of paths with length s
from i to l ( by the inductive assumption) and alj =1 shows that there is an
arc with length 1 from l to j; it means that there are bil paths with length s+1
from i to j. The sum cij is the total number of paths with length s+1 from the
node i to the node j. In fact, cij from As+1 is the number of paths with length
s from the node i to those nodes l which enter the node j with arcs with length
1 - and that is the total number of paths with length s+1 from i to j.

Since the agent learns one path in every reproductive period, it is necessary
to express the total number of paths from the initial state to the goal state as
a function of the number of states n (and the number of actions m in every
state).

The following theorem gives that dependence.

The following theorem gives the estimation of the lower and upper boundary
for number of paths with length s from one node to another in a graph with n
nodes.

Theorem 2. The number of paths with length s from the node i to the
node j, bij

s , can be estimated cmks−2
min ≤ bij

s ≤ mks−2
max, for s ≥ 2, where c is some
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constant, m is number of arcs which go out of i, kmin and kmax is the minimum
and maximum number of arcs which can enter certain state in the graph (ij are
indices, s-2 is power).

Remark. For s=1 bij
s = 1, and then we have: cm k1−2

min ≤ 1 ≤ mk1−2
max, i.e.

cm
kmin

≤ 1 ≤ m
kmax

.
The left inequality holds for every m and kmin, because c can be chosen

arbitrary, but the right inequality holds for m ≥ kmax.

Proof. First, we can prove bij
s ≤ mks−2

max, by induction:
1) By Theorem 1 the number of paths with length 2 from the node i to the

node j is the number of paths from i with length 1 to those nodes which enter
j with arcs with length 1, and those are at most m paths. It means that the
number of paths with length 2, bij

2 ≤ m = k2−2
maxm.

Since this estimation does not depend on j, it holds for all paths with length
2 from i. So,

bij
3 =

∑

q enters j

biq
2 = biq1

2 + biq2

2 + · · · + biqk

2 ≤ kmk2−2
max ≤ kmaxmk2−2

max = mk3−2
max.

k is the number of arcs which enter j, so the maximum number of addends in
the sum is k. This estimation holds for all paths with length 3 from i.

2) Let bij
s ≤ mks−2

max.
3)

bij
s+1 =

∑

q enters j

biq
s = biq1

s + biq2

s + · · · + biqk
s ≤ kmks−2

max ≤ kmaxmks−2
max = mks−1

max.

Now, we can prove bij
s ≥ cmks−2

min, by induction, also:

1) If bij
2 6= 0, then we can estimate bij

2 ≥ cm = cmk2−2
min, c is constant. Since

this estimation doesn’t depend on j, it holds for all paths with length 2 from i.
If bij

3 6= 0, then

bij
3 =

∑

q enters j

biq
2 = biq1

2 + biq2

2 + · · · + biqk

2 ≥ kmincmk2−2
min = cmk3−2

min.

kmin ≤ k, k is the number of arcs which enter j.
2) Let bij

s ≥ cmks−2
min.

3)

bij
s+1 =

∑

q enters j

biq
s = biq1

s + biq2

s + · · · + biqk
s ≥ kmincmks−2

min = cmks−1
min.
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The number of all paths B from the initial state i to the goal state g is sum
of all paths from i to g with length d, d+1, d+2,., n-1-p, where d is the length
of the shortest path, and n-1-p is the length of the longest path:

B = big
d + big

d+1 + big
d+2 + · · · + big

n−1−p

≥ ckd−2
minm + ckd−1

minm + · · · + ckn−p−1−2
min m

= ckd−2
minm

(

1 + kmin + k2
min + k3

min + · · · + kn−p−1−2−d+2
min

)

= ckd−2
minm

(

1 + kmin + k2
min + k3

min + · · · + kn−p−d−1
min

)

= ckd−2
minm

(

1 − kn−p−d
min

1 − kmin

)

,

cm

(

kd−2
min − kn−p−2

min

1 − kmin

)

= cm

(

kn−p−2
min − kd−2

min

kmin − 1

)

,

B can be estimated by Ω

[

m

(

kn−p−2
min − kd−2

min

kmin − 1

)]

.

S - number of reproductive periods is greater or equal to B, so S can also be

estimated by Ω

[

m

(

k
n−p−2

min −kd−2

min

kmin−1

)]

, i.e. S is exponential function from n - the

number of nodes.

Because the polynomial algorithm is based on dynamic programming, the
algorithm of the dynamic programming and some preliminary notions will be
explained.

5. Basic Model of a Dynamic System

Dynamic programming (see [1], [2], [9]) is used in situations where decisions are
made in stages. The outcome of each decision is not fully predictable, but can
be anticipated to some extent before the next decision is made. The objective
is to minimize a certain cost – a mathematical expression of what is considered
as undesirable outcome.

A key aspect of such situations is that decisions cannot be viewed in iso-
lation, since one must balance the desire of low present cost with the undesir-
ability of high future cost. The dynamic programming technique captures this
tradeoff. At each stage, the decision is ranked based on the sum of present cost
and the expected future cost, assuming optimal decision making for subsequent
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stages. There is a very broad variety of practical problems that can be treated
with the dynamic programming.

In this section we formulate the basic problem of decision with stochastic
uncertainty over a finite number of stages ( a finite horizon). This problem
which is called basic problem is very general.

The basic model has two principal features: 1) discrete time dynamic system
and 2) a cost function that is additive over time (see [1]).

The dynamic system is of the form

xk+1 = fk(xk, uk, wk), k = 0, 1, . . . , N − 1 ,

where:
k - indexes discrete time;
xk - is the state of the system and summarizes past information that is

relevant for future optimization;
uk - is control or decision variable to be selected at time k,
wk - is random parameter depending on the context
N - is the horizon or number of times control is applied.
The cost function is additive in the sense that the cost incurred at time k,

denoted by gk(xk, uk, wk), accumulates over time. The total cost is:

g
N

(x
N

) +

N−1
∑

k=0

gk(xk, uk, wk) ,

where g
N

(x
N

) is a terminal cost incurred at the end of the process. Because of
the presence of wk, cost is generally random variable and cannot be meaning-
fully optimized. We therefore formulate the problem as an optimization of the
expected cost:

E

{

g
N

(x
N

) +

N−1
∑

k=0

gk(xk, uk, wk)

}

,

where expectation is with respect to the joint distribution of the random vari-
ables involved. The optimization is over the controls uk (k = 0, 1, 2, . . . , N−1);
each control uk is selected with some knowledge of the current state xk (either
its exact value or some other information relating to it).

The basic problem is very general. A surprising aspect of dynamic pro-
gramming is that its applicability depends very little on the nature of the state,
control, and random parameter spaces. For this reason it is convenient not to
make any assumptions on the structure of these spaces.
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For given discrete-time dynamic system

xk+1 = fk(xk, uk, wk), k = 0, 1, . . . , N − 1 ,

the state xk is an element of a space Sk, the control uk is an element of a space
Ck, and the random “disturbance” wk is an element of a space Dk.

The control uk is constrained to take values in a given nonempty subset
U(xk) ⊂ Ck, which depends on the current state xk; that is, uk ∈ U(xk) for all
xk ∈ Sk and k.

The random disturbance wk is characterized by a probability distribution
Pk(./xk, uk) that may depend explicitly on xk and uk but not on values of prior
disturbances wk−1, . . . , w0.

We consider the class of policies (also called control laws) that consist of a
sequence of functions

π = {µ0, . . . , µN−1},

where µk maps states xk into controls uk = µk(xk) and µk(xk) ∈ U(xk) for all
xk ∈ Sk. Such policies will be called admissible.

Given an initial state x0 and an admissible policy π = {µ0, . . . , µN−1},
and for given functions gk, k = 0, 1, . . . , N , the expected cost is well defined
quantity:

Jπ(x0) = E
wk

k=0,1,...,N−1

{

g
N

(xn) +
N−1
∑

k=0

gk(xk, µk(xk), wk)

}

. (5.1)

For a given initial state x0, an optimal policy π∗ is one that minimizes that
cost; that is:

Jπ∗(x0) = min
π∈Π

Jπ(x0),

where Π is the set of all admissible policies.

Note that the optimal policy π∗ is associated with a fixed initial state x0.

The optimal cost depends on x0 and is denoted by J∗(x0), that is:

J∗(x0) = min
π∈Π

Jπ(x0).

It is useful to view J∗ as a function that assigns to each initial state x0 the
optimal cost J∗(x0) and call it the optimal cost function or optimal value func-
tion.

A special case of the basic problem is deterministic problem where each
parameter wk can take only one value. Such problems arise in many important
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contexts but also in cases where the problem is really stochastic, but as an
approximation the stochastic parameter wk is fixed at some typical value.

An important property of deterministic problem is that for a given policy
and initial state, the future evolution of the system’s states and the corre-
sponding future controls are perfectly predictable. The states x1, x2, . . . , xN−1

are determined from x0 and {µ0, . . . , µN−1} by

xk+1 = fk(xk, µk(xk)), k = 0, 1, . . . , N − 1 .

In this paper we use deterministic case of dynamic programming (DP), because
DP will be used for solving our problem when the system from stochastic passes
into deterministic. The next presentation is related to a deterministic case of
DP.

6. The Dynamic Programming Algorithm

6.1. The Principle of Optimality

The dynamic programming (DP) technique rests on a very simple idea, the
principle of optimality. The name is due to Bellman (see [1], [2]) who con-
tributed a great deal to the popularization of DP and to its transformation
into a systematic tool. The principle of optimality states the following, rather
obvious fact:

Let π∗ = {µ∗
0, µ

∗
1, . . . , µ

∗
N−1} be an optimal policy, and assume that using

π∗, a given state xi occurs at time i with positive probability. Consider the
subproblem whereby we are at xi at time i and wish to minimize the cost from
time i to time N:

E

{

g
N

(x
N

) +

N−1
∑

k=1

gk(xk, µk(xk))

}

.

Then the truncated policy {µ∗
i , µ

∗
i+1, . . . , µ

∗
N−1} is optimal for this subproblem.

The intuitive justification of the principle of optimality is very simple. If
the truncated policy {µ∗

i , µ
∗
i+1, . . . , µ

∗
N−1} is not optimal, we would be able to

reduce the cost further by switching to an optimal policy for the subproblem
once we reach xi. For an auto travel analogy, suppose that the fastest route
from town A to town B passes through town C. The principle of optimality
translates to obvious fact that the C to B portion of the route is also the fastest
route for a trip that starts from C and ends in B.
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The principle of optimality suggests that an optimal policy can be con-
structed in piecemeal fashion, first constructing an optimal policy for the “tail
subproblem” involving the last stage, then extending the optimal policy to the
“tail subproblem” involving the last two stages, and continuing in this manner
until an optimal policy for the entire problem is constructed. The DP algorithm
is based on this idea.

6.2. The DP Algorithm

The DP algorithm is given in the following way:
For every initial state x0, the optimal cost J∗(x0) is equal to J0(x0), where

the function J0 is given by the last step of the following algorithm, which
proceeds backwards in time from period N-1 to period 0. The initial value is
given with the last step:

J
N

(x
N

) = g
N

(x
N

) .

The functions Jk(xk) denote the optimal expected cost for the remaining
periods, when one starts with period k and state xk.

Jk(xk) = min
uk∈Uk(xk)

E{gk(xk, uk) + Jk+1(fk(xk, uk))}, k = 0, 1, 2, . . . , N − 1.

In the course of computation, the optimal policy is computed simultaneously
by minimizing the right side of the equation (5.1). If u∗

k = µ∗
k(xk) minimizes

the right side of (5.1) for all xk and k, then the policy π∗ = {µ0, µ1, . . . , µ
∗
N−1}

is optimal.

6.3. Finite - State Systems and Shortest Paths

Consider a deterministic problem where the state space Sk is a finite set for
each k. Then at any state xk, a control uk can be associated with a transition
from state xk to state f(xk, uk) at a cost gk(xk, uk). Thus, a finite-state deter-
ministic problem can be equivalently represented by a graph, where the arcs
correspond to transitions between states at successive stages and each arc has
a cost associated with it. To handle the final stage, an artificial terminal node
t is added. Each state x

N
at stage N is connected to the terminal node t with

an arc having cost g
N

(x
N

). Control sequences correspond to paths originating
at the initial state s (stage 0) and terminating at one of the nodes of terminal
stage N. If we view the cost of an arc as its length, we see that a deterministic
finite - state problem is equivalent to finding a minimum length (or shortest)
path from the initial node s of the graph to the terminal node t.



508 S. Petruseva

Let us denote:
ak

ij - cost of transition at time k from state i ∈ Sk to state j ∈ Sk+1,

aN
it - terminal cost of state i ∈ SN (which is g

N
(i)).

The DP algorithm takes the form:

JN (i) = aN
it , i ∈ SN , (6.1)

Jk(i) = min
j∈Sk+1

[ak
ij + Jk+1(j)], i ∈ Sk, k = 0, 1, . . . , N − 1 . (6.2)

The optimal cost is J0(s) and is equal to the shortest path from s to t.

7. Description of the New Emotional Learning Algorithm Based on
Dynamic Programming

This algorithm implements consequence programming (see [5], [8]).
Consequence programming is understood as a subgoal-goal programming. It

is assumed that an agent enters an unknown environment looking for a known
goal. The agent knows that a consequence of reaching a subgoal is a chance
of reaching the goal. So, it will learn how to develop a policy of reaching a
subgoal.

The domains which are concerned are the same which are explained in
Section 3 For solving the problem the same agent architecture (CAA) explained
in Section 3 is used.

This algorithm is obtained after the estimation of the complexity of the
algorithm “at subgoal go back”. Using dynamic programming, implementation
of emotional learning is obtained. After the comparison with the algorithm “at
subgoal go back” it can be concluded that the function of emotion which eval-
uates the emotional state of the agent in every state, should possess properties
which human emotions have. Defining the function of an emotion of the agent
in this way, leads to drastic improvements of the speed of convergence of the
algorithm.

Whitehead (1991) (see [16], [17]) has shown that for some domains reach-
ing the goal state walking randomly (with reinforcement learning methods) can
require a number of action executions, which is exponential function from the
size of the state space. This observation motivated Whitehead to explore coop-
erative reinforcement learning algorithms in order do decrease the worst case
complexity.

Peng and Williams (1992) (see [13]), have used combination of planning
strategies based on dynamic programming with learned world models for effec-
tive learning. They have proposed a prioritizing scheme in Dyna architecture
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in order to improve its efficiency. They have demonstrated on simple tasks that
use of such prioritizing schemes leads to drastic reductions in computational ef-
fort and corresponding dramatic improvements in performance of the learning
agent.

Marco Wiering and Jürgen Schmidhuber (1998) have devised algorithm for
speeding up Q(λ) learning. Their algorithm’s worst case complexity for single
update is bounded only by the number of actions. The algorithm is based on
the observation that Q value updates may be postponed until they are needed
(see [18]).

For our new algorithm the initial knowledge is given by the memory matrix
Wmxn (also explained in Section 2.) Elements w[i,j] from each column j repre-
sent emotional value toward the performing action i (i=1,...,m) in the state j.
From the emotional values of performing the actions, CAA computes emotional
value of being in the state. For the goal state these initial values are equal to
1. For the nondesirable states j these initial values (all w[i,j] from the column
j) are -1, and for the neutral states j these values w[i,j] from the column j are 0.

The three functions which define the method of learning of the agent, (and
which are explained in Section 2) for this algorithm, are defined in the following
way:

1. The function for choosing an action in the state j is defined in the
following way:

y(j) = {a if min
1≤i≤m

{w[i, j] + si} = w[a, j] + sa (7.1)

for all states j which are not undesirable or goal state. si is some real random
number between 0 and 1: 0 < si < 1. w[i,j] - elements of matrix W (i=1,....,m
- actions which can be undertaken in the state j; j=1,...n - number of states).

With this function the agent moves randomly until it finds the goal state.
When all SAE components w[i,j] in the state j are nonzero, i.e. positive, the
agent always takes the action according to the minimum of them; if there are
some w[i,j]=0, it means that there are unexplored actions, and it chooses one of
them randomly, i.e. it always chooses the unexplored actions until they exist.

When the process of learning is finished and all states including the initial
state have become subgoals, the agent will move deterministically across the
optimal solution, the shortest path.

In this algorithm some state j becomes a subgoal when all w[i,j] 6= 0 (i=1,..m),
which means that all actions from that state are explored. This is an exception
only for the states which are immediate predecessors of the goal state. When
the agent finds the goal state, the state which is its immediate predecessor
becomes a subgoal at once, regardless of whether the other w[i,j] are 6= 0.
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2. The function for evaluation the internal, emotional state of the agent
V(k), is defined:

V (k) =



































100 if k is undesirable state (all w[i,j]=-1) ,

−1 if k i still not a subgoal, there are some w[i,k]=0 ,

0 if k is a goal state (all w[i,j]=1) , (7.2)

min
i
{w[i, k]} if k is a subgoal (all w[i,k] 6= 0) ,

1 if k is immediate predecessor of the goal, and one w[i,k]=1.

So, this function is defined to give complete information on what the agent
has learned in every state about the task which has to be accomplished. In
this case, in the state which became a subgoal, the value of this function is
the length of the shortest path from that state to the goal state. In the state
which is a subgoal this function is computed with the dynamic programming
method (equation (6.2) in 6), i.e. it is the minimum from all w[i,j]. One state j
becomes a subgoal when all w[i,j]6= 0, i.e. when they give complete information
what the agent has learned till that time, i.e. where actions i (i=1,...,m) from
state j lead. w[i,j] ≥ 100 when the action i leads to an undesirable state or
obstacle. 0< w[i,j] <100 is the length of the shortest path from the state j if
the agent chooses the action i. If the state j is an immediate predecessor of
the goal state, then, if some w[i,j]=1, it is not necessary to explore the other
actions from that state where they lead, because that state j has the smallest
value of the function V, V(j) =1, but for the other states which are not direct
predecessors of the goal state, all their actions must be explored to establish
if there is a smaller value of the length of the learned path which leads to the
goal state. When one state becomes a subgoal, the iteration finishes, and that
state is defined as a new goal state for the iterations which follow.

3. Learning rule, for updating the memory W is given with:

w[i,j]= w[i,j]+V(k)+1 . (7.3)

With these 3 functions the agent moves randomly in the environment until it
reaches the goal, and then the immediate predecessor of the goal becomes a
subgoal and that subgoal is defined as a new goal for the next iterations. In
every next iteration the agent searches for a goal, and explores all actions from
the state, which is an immediate predecessor of that goal, to establish whether
that state can become a subgoal. If it can, the iteration ends, if it cannot, the
agent continues to explore all actions of the next states - successors of that state,
until it finds a subgoal. When it finds a subgoal, the iteration ends. Through
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the path it learns which states are undesirable, and never chooses those states
again.

In the first iteration the agent finds a subgoal with a value of the function
V=1, which means that in the first iteration the agent learned that the shortest
path from that state to the goal has length 1. In the second iteration the
agent finds subgoal with V=1 or V=2, because the new subgoal is a direct
predecessor of the goal state, or of the subgoal from previous iteration. So, in
every iteration one state becomes a subgoal, and after maximum n-1-p (p is
the number of undesirable states) iterations, the initial state becomes a subgoal
and its w[i,init] values give the lengths of the m shortest paths from the initial
state to the goal state, choosing actions i (i=1,...,m), and the algorithm ends.

This new algorithm can be given by:

define a starting state
repeat

from the starting state
find a goal state moving randomly using the new learning method (7.1,

7.2, 7.3)
find a subgoal state from the predecessor of the goal, or from the states-

successors of that predecessor, exploring all their actions
mark the produced subgoal as a goal state

until the starting state becomes a goal state
move (deterministically) along the optimal solution (the shortest path)

On the right side of the Figure 2. are the values of the elements w[i,j] of
the matrix W, after the last iteration when all states have become subgoals.

The functions V(k) which are computed according to the previous definition,
satisfy the algorithm of the dynamic programming, given in equation (6.1) and
(6.2) in Section 6:

We put V, instead of J. ak
ij in this algorithm have value 1 - the length of

one arc.
The states 5, 13 and 20 are undesirable and the value of their function V is

100. The state 10 is the goal state and so V(10)=0.

V (5) = V (13) = V (20) = 100 , V (10) = 0 .

The functions V(k) (k=1,2,3,4,6,7,8,9,11,12,14,15,16,17,18,19) defined in
(7.2) satisfy also (6.1) and (6.2) from Section 6, and they are the following:

V (9) = 1 , V (15) = 1 ,
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Figure 2:

V (14) = min
j∈{9,15}

[1 + V (j)] = min

{

1 + V (9)

1 + V (15)
= min

{

1 + 1

1 + 1

= min

{

2

2
= 2 ,

V (4) = min
j∈{9}

[1 + V (9)] = min[1 + 1] = 2 ,

V (3) = min
j∈{4,8}

[1 + V (j)] = min

{

1 + V (4)

1 + V (8)
= min

{

1 + 2

1 + 2
= 3 ,

V (8) = min
j∈{3,9}

[1 + V (j)] = min

{

1 + V (3)

1 + V (9)
= min

{

1 + 3

1 + 1

= min

{

4

2
= 2 ,

V (7) = min
j∈{8}

[1 + V (8)] = min[1 + 2] = 3 ,
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V (2) = min
j∈{3}

[1 + V (J)] = min[1 + V (3)] = min[1 + 3] = 4 ,

V (1) = min
j∈{2}

[1 + V (J)] = min[1 + V (2)] = min[1 + 4] = 5 ,

V (19) = min
j∈{14}

[1 + V (J)] = min[1 + V (14)] = min[1 + 2] = 3 ,

V (18) = min
j∈{19}

[1 + V (J)] = min[1 + V (19)] = min[1 + 3] = 4 ,

V (17) = min
j∈{12,18}

[1 + V (j)] = min

{

1 + V (12)

1 + V (18)
= min

{

1 + 6

1 + 4

= min

{

7

5
= 5 ,

V (12) = min
j∈{17}

[1 + V (J)] = min[1 + V (17)] = min[1 + 5] = 6 ,

V (16) = min
j∈{17}

[1 + V (J)] = min[1 + V (17)] = min[1 + 5] = 6 ,

V (11) = min
j∈{16,12}

[1 + V (j)] = min

{

1 + V (16)

1 + V (12)
= min

{

1 + 6

1 + 6
= 7 ,

V (6) = min
j∈{11,1,17}

[1 + V (j)] = min











1 + V (11)

1 + V (1)

1 + V [7]

= min











8

6

4

= 4 .

The value of V in the initial state 6 gives the solution of the problem - the
length of the shortest path from the initial state to the goal state.

If we call this algorithm emotional-dp algorithm, the following section gives
the estimation of its complexity.

8. Estimation of the Complexity of the Algorithm

Theorem 3. Solving the problem of finding a shortest path with the
emotional-dp algorithm is in time Θ(n2).

Remark. The domains which are concerned (for which this theorem holds)
are explained in Section 3.

Proof. The algorithm is polynomial, because in each iteration one state
becomes a subgoal and after n − 1− p iterations the initial state becomes a
subgoal and then the agent knows the optimal solution from the initial state.
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In the last iteration the agent moves deterministically through the optimal
solution, the shortest path.

Let the maximal number of operations for a transition from one state to
another state be a1m + b1 operations (m - number of actions; a1, b1 are con-
stants), because the computations of the three learning functions (7.1, 7.2 and
7.3) depend only on the number of actions m linear. In the first iteration the
agent can be at most in n + e − 1 states, e - the maximal number of repeti-
tions of two states if there are return actions between them (total number of
repetitions from all these places with return actions in every iteration); in the
second iteration at most in n + e + t − 2 states (it is also number of transitions
between two states), t is maximal number of states which agent passes after it
finds the goal and searches for a new subgoal (in every iteration), in the third
iteration at most in n+e+t-3 states. Let there are k places with return actions,
and let the maximal number of repetitions between two states be e

k
in each of

these places. Starting form the fourth iteration and in each of the next k itera-
tions, let one state from these k places with return actions becomes a subgoal.
In the last iteration the agent moves deterministically through the optimal so-
lution and for this is needed no more than (a1m + b1)(n − 1 − p) operations.
Then the total number of operations will be estimated in the following way:

f(n) < (a1m + b1)[(n + e − 1) + (n + e + t − 2) + (n + e + t − 3)

+(n + e + t − 4−
e

k
) + (n + e + t − 5−

2e

k
) + (n + e + t − 6 −

3e

k
) + . . .

+(n + e + t − (k + 3) −
ke

k
) + (n + t − (k + 4)) + (n + t − (k + 5)) + . . .

+(n + t − (n− p− 1))] + (a1m + b1)(n − p− 1)

< (a1m + b1m){(n + e − 1) + (n + e + t− 2) + (n + e + t− 3)

+(n + e + t − 4) + (n + e + t − 5) + . . .

+(n + e + t − (k + 3)) + (n + e + t − (k + 4)) + . . .

+[n + e + t − (n− p− 1)]} + (a1m + b1)(n − 1− p)

= (a1m + b1){(n + e − 1) + (n + e + t − 2) + (n + e + t − 3) + . . .

· · · + (e + t + p + 1) + (e + t + p) + (e + t + p− 1) + (e + t + p− 2) . . .

· · · + 2 + 1 − [(e + t + p) + (e + t + p− 1) + (e + t + p− 2) + . . .

· · · + 2 + 1]} + (a1m + b1)(n − 1 − p)

= (a1m + b1)[n + e − 1 + (n + e + t− 2)(n + e + t − 1)/2

−(e + t + p)(e + t + p + 1)/2] + (a1m + b1)(n − 1− p)

If we put a1m + b1 = const1, the complexity can be estimated with
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Θ(n2).

One can conclude that the basic difference between this algorithm and the
algorithm “at subgoal go back” is in the definition of the function V for eval-
uation of the inner state of the agent, because this function gives the decisive
information about the process of agent learning. Because of this, it is good
to choose this function in such a way as to give maximal (in the best case -
proper) information about the successive process of solving the problem. In this
algorithm, which solves the problem of finding the shortest path, this function
gives the exact value of the shortest path from that state to the goal state in
every state, which means that we can read the shortest path from that state to
the goal state (and which action to take) in every state.

This algorithm originates from the algorithm “at subgoal go back”, which
solves the same problem with the same architecture, but with a different choice
of functions of learning, and its complexity is exponential. Since it is clear that
the function V, which evaluates the emotional state of the agent at every state,
plays decisive role in the process of learning and its speed, it may be good to
make comparison between these algorithms to see what the reason is, i.e. what
kind of property we give to that function for these algorithms, so that one is
slow and one is fast. What does it mean for an emotional agent? What kind
of property is necessary for the function V, which expresses the emotion of the
agent?

If we make comparison between these 2 algorithms, we may conclude the
following: with the original algorithm “at subgoal go back” in every iteration
the function V evaluates the state only with 3 values: with 1 if the state is a goal,
or if it is a state which leads to the goal state (if that state has positive value
for some w[i,j]); with 0 if it is neutral state (if it is not a goal state and is still
not known if it leads to the goal); and with −1 if the state is undesirable. The
agent must pass through one path several times to learn it (while the memory
elements w[i,j] of the states along that path do not have positive values). And
when one path is learned, the agent does not know whether that path is optimal;
it must learn all paths, compare them, and conclude which is the optimal.

With the algorithm “at subgoal go back” the state which leads to the goal
state is subgoal and is defined as a new goal state; and in every iteration the
agent does not have to go to the end goal state, but to the new goal state which
it found in the previous iterations. In this way the lengths of the iterations
becomes shorter. So, the concept subgoal which is introduced in this algorithm
gives “consciousness” to the agent that the state subgoal surely leads to the goal
and it does not have to go to the end goal state. But for finding the optimal
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solution, the agent must learn all paths, compare them, and conclude which
path is the optimal. Since the number of paths from one node to another in
a graph is dependent exponentially on the number of states in the graph, this
algorithm has exponential complexity, see Section 4.

The three learning functions of the new algorithm described in this paper,
are changed. Here, the concept subgoal stays. Here, when the optimal path is
learned, the function V in every state shows the shortest path from that state
(subgoal) to the goal state, which means that the agent has the solution of the
problem from that state. So, that solution is build up gradually to the initial
state. And in every state – subgoal, from memory elements of that state w[i,j],
we can read the optimal solution to the goal state, taking the appropriate action.
It means that with this algorithm the agent is “totally aware” of the possible
outcomes of the actions which can be undertaken, what sort of solutions those
actions offer in each state.

The algorithm terminates in less than n iterations, when all states become
subgoals, so, this algorithm is polynomial. It means that here the function V
gives more detailed, i.e. total information for solving the problem. The function
V which expresses the emotional, the internal state of the agent, can be seen
as a function which expresses the awareness of the agent for the consequences
of its actions in solving the problem and should carry the key information for
solving the problem, i.e. to define in such a way so it gives answer in every
state what the solution of that problem in that state is. In fact, this function
should measure the consequence of the actions as precise as possible.

The author Gabrielle Wittek (see [20]) explains that emotions are energy
complexes which are composed of pictures, whose elements are thoughts, words,
and acting from the past. They are consequences of our previous thinking,
speaking and acting (previous experience). If we become aware that the emotion
which is active is not positive, we can change it sooner or later, by positive
thinking, opposing positive thoughtful complex. But if it is not the case, that
emotion is consequence from the past, from our previous way of thinking and
acting. Here the function of the emotion V measures the consequence of the
agent dealing, of its actions, as much as possible.

Emotional agents (see [4], [7], [8]) are at the initial phase of the development
and are constructed social and personal agents, which should solve the problem
not only efficiently but they should also make a correct evaluation of the events
and contribute correct decisions. Because of this, it is necessary to know the
real role and significance of the emotions, the feelings for human life, in order
to implement their properties as best as possible, to give maximal efficiency in
solving the problems.
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L.M. Botelho and H. Coelho (1998) argue that adaptive behavior may be
achieved through a process of emotion learning. Emotion learning refers to the
improvement of the agent’s emotion process itself. Since the emotion is one of
the agents control processes, improved emotion entails improved behavior (see
[4]).

With the growing interest in providing computational support for the recog-
nition and representation of emotions, there is a clear interest in adding such
facilities to Groupware systems and evaluating the positive and negative ef-
fects of using this additional channel of communication. O. Garcia, J. Favela,
G. Licea and R. Machorro developed framework named COCHI (see [10]) to
support emotional awareness. They have extended COCHI with an affective
framework with which algorithms for recognition and representation of emotions
can be easily designed, implemented and tested.

9. Conclusion

This paper presents the algorithm which in polynomial time solves the problem
of finding the shortest path in an environment with n states. The domains
which are concerned are with n states, some of the states are undesirable, in
each state the agent can undertake one of maximum m actions, which can lead
to another state or to some obstacle. Between some states there may be return
actions. The problem is solved with an emotional agent architecture which im-
plements a model of an emotion. The agent starts from the initial state and
should come to the goal state, avoiding the undesirable states. The function for
evaluating the emotional state of the agent is based on the dynamic program-
ming algorithm and the basic notions and algorithm of dynamic programming
are given. This algorithm comes from the algorithm “at subgoal go back” and
is obtained after the estimation of its complexity which is exponential. The new
polynomial algorithm is compared with the algorithm “at subgoal go back” and
it is concluded that the choice of the function which evaluates the emotional
state of the agent has decisive role in solving the problem efficiently. This func-
tion should carry the key information for solving the problem, i.e. it should
be defined in such a way as to answer in every state what the solution of that
problem in that state is, in fact, to express the maximal awareness of the agent
for outcomes of its actions in every state. This function measures the conse-
quence of the agent actions as much as possible, and in this way it implements
properties of the human emotion.
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