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1. Introduction

In 1904, Issai Schur published an article [8] where he used an object now called
the Schur multiplier “to study projective represetation of groups”, Karpilovesky
[3]. The Schur multiplier is a function taking groups to groups. It is used in
algebraic number theory, the classification of finite simple group and homology
theory. We will use the Schur multiplier in a topological context. The question
is that what property of a topological group G transfers to the Schur multiplier.
In Sahleh [7], we showed that: if G is compact, metrizable, and separable, then
M(G) is a k-space. In this paper we show that if G is an Abelian compact
topological group such that the character group of the tensor square G⊗G has
an open one to one map then M(G) is compact.

Throughout this paper, G is completely regular and Hausdorff (Tychonov).
The free topological group is in Markov [4] sense. Let X be a Tychonov space,

Received: August 26, 2006 c© 2006, Academic Publications Ltd.



190 H. Sahleh

then the (Markov) free topological group onX is the group F (X) equipped with
the finest group topology inducing the given topology on X; every continuous
map from X to an arbitrary topological group G lifts in a unique fashion to
a continuous homomorphism from F (X) to G. Such a topology always exists,
Makov [4]. The free Abelian topological group is defined the same way by G
being an Abelian topological group.

A topological extension ofG is a short exact sequence 0 → N → Q
π
→ G→ 0

where π is an open continuous homomorphism. The extension is central if N
is in the center of G. For any group G the character of G (i.e., the continuous
homomorphisms from G into S1 = {z ∈ C; |z| = 1}) form a group Ĝ under
pointwise operation. If Ĝ is endowed with compact-open topology then it is a
topological group.

Denote by MS1(G1, G2) the set of all bilinear continuous maps G1 ×G2 →
S1, then

MS1(G1, G2) = {f : G1 ×G2 → S1; f bilinear continuous} .

The set MS1(G1, G2) becomes a group under pointwise addition. We give
MS1(G1, G2) the compact-open topology. Hence MS1(G1, G2) will become a
topological group. For more on topological groups see Pontryagin [6] and
Hewitt-Ross [2].

In Section 2, we recall the tensor product of Abelian topological groups and
will define M(G), the Schur multiplier of G. In Section 3, we prove the main
result.

2. The Schur Multiplier

In this section we recall the definition of the tensor product of Abelian topo-
logical groups and the Schur multiplier.

Let G and H be Abelian topological groups, F ∗ the free Abelian topological
group on X=G×H, and N the closure of the subgroup generated by all element
of the following type:

— (x, y + y
′

)-(x, y)-(x, y
′

);
— (x+ x

′

, y)-(x, y)-(x, y
′

);
— (x, ay)-a(x, y);
— (ax, y)-a(x, y);

for all x, x
′

∈ G, y, y
′

∈ H, a ∈ Z.
We have the canonical injection G×H→ F ∗. The composition of this map

with the canonical map F ∗→ F ∗/N gives a map φ:G×H→ F ∗/N . The group
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F ∗/N is denoted by G⊗H and is our notion of a topological tensor product. It
has the familiar universal property for continuous bilinear maps: a continuous

bilinear function f :G×H→ G induces a continuous homomorphism G⊗H
f∗

→ G
to the topological Abelian group G.

Let G be a topological group. A free topological presentation of G is a short
exact sequence 0 → R → F

π
→ G → 0 with a continuous section u : G → F

such that πu = IdG, where F is a free topological group. Consider the Abelian
group R ∩ [F,F ]/[R,F ]. We call this group the Schur multiplier of G denoted
by

M(G) = R ∩ [F,F ]/[R,F ] .

By Aperin et al [1], M(G) is independent of the choice of the presentation.
Definition 2.1. Let G be an Abelian topological group and D(G) the

closure of the subgroup generated by g ⊗ g, g ∈ G. We define the second
exterior power of G as G⊗G/D(G) denoted by ∧2(G).

By Aperin et al [1, Proposition 2.2] for an Abelian group, M(G) and ∧2(G)
are topologically isomorphic; M(G) ≃ ∧2(G). Therefore, the Schur multiplier
for an Abelian group is closely related to the tensor product.

3. A Topological Property

Let G1, G2 be Abelian topological groups and MS1(G1, G2) the group of all
bilinear continuous maps with compact open topology. In this section we show
that if MS1(G1, G2) is discrete then it is isomorphic withe the character group
of G1 ⊗G2. Then we prove the main result, that is Theorem 3.6.

Proposition 3.1. Let G1, G2 be Abelian topological groups. There exists

a continuous surjective monomorphism

ψ : (G1 ⊗G2)̂ →MS1(G1, G2) .

Proof. By the property of the tensor product, the map φ : G1 × G2 →
G1 ⊗G2, φ(x, y) = x⊗ y for x ∈ G1, y ∈ G2 is continuous and the image of φ

generates G1 ⊗G2. Now define ψ : (G1 ⊗G2)̂ →MS1(G1, G2) by ψ(χ)(x, y) =

χφ(x⊗y), x ∈ G1, y ∈ G2, χ ∈ (G1⊗G2)̂. This map is a homomorphism. For if

χ1, χ2 ∈ (G1⊗G2)̂, then ψ(χ1+χ2)(x, y) = (χ1, χ2)(x, y) = χ1(x, y)+χ2(x, y) =
ψ(χ1)(x, y) + ψ(χ2)(x, y). Let f ∈ MS1(G1, G2). By the universal property of
the tensor product, there is a continuous homomorphism K : G1 ⊗ G2 → S1

such that K ◦ φ = f . Hence ψ is onto. Suppose ψ(χ) = 0 i.e., χφ(x, y) = 0 for
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every x ∈ G1, y ∈ G2. Since φ(x, y) generates G1 ⊗G2, χ = 0. Therefore, ψ is
one to one. Now we show that ψ is continuous. Let (C1 × C2, U) be open in
MS1(G1, G2), where U is open in S1 and C1 ×C2 compact in G1 ×G2. The set

(φ(C1×C2), U) is open in (G1⊗G2)̂ because φ(C1×C2) is compact in G1⊗G2.
Hence

ψ(φ(C1 × C2), U) ⊂ (C1 × C2, U) ,

so ψ is continuous.

As a result we have the following proposition.

Proposition 3.2. If MS1(G1, G2) is discrete, then (G1 ⊗ G2)̂ ≃
MS1(G1, G2).

Proof. By Proposition 3.1, there exists a continuous onto, one to one ho-
momorphism ψ : G1 ⊗ G2)̂ → MS1(G1, G2). Now ψ has a continuous inverse
since MS1(G1, G2) is descrete and any map from a discrete space is continuous.

Therefore,(G1 ⊗G2)̂ ≃MS1(G1, G2).

Remark. By Moscowitz [5, Proposition 4.2], if G1,G2 are locally compact
Abelian groups and G an arbitrary Abelian topological group, thenMG(G1, G2)
is isomorphic with Hom c(G1,Hom c(G2, G)) as a topological group.

The following result shows that if G1, G2 are compact, then MS1(G1, G2)
is discrete.

Theorem 3.3. If G1, G2 are compact, then MS1(G1, G2) is discrete.

Proof. By Moscowitz [5, Proposition 4.2], MS1(G1, G2) is isomorphic with
Hom c(G1, Ĝ2). Now by the Duality Theorem, Pontryagin [6, Theorem 39], Ĝ2

is discrete. The set (G1, χ), where χ ∈ Ĝ2 is an open set in Hom c(G1, Ĝ2),
because Ĝ2 is discrete and G1 is compact. Let f ∈ (G1, χ) and f(x) 6= 0 for
some x ∈ G1. Then f(G1) is a nontrivial homomorphic image of G1 and is
continuous in χ. But χ is just one point and contains no subgroup. Therefore,
(G1, χ) = 0 and Hom (G1, Ĝ2) is discrete. Hence, MS1(G1, G2) is discrete.

Theorem 3.4. Let G1, G2 be compact Abelian topological groups. The

map f : G1 ⊗G2 → (G1 ⊗G2

ˆ̂
) defined by f(x)χ = χ(x) for each x ∈ G1 ⊗G2,

χ ∈ (G1⊗G2)̂ is continuous. If (G1⊗G2)̂ contains an open one to one character,

then f is open, one to one to its image.

Proof. By Corollary 3.2, MS1(G1, G2) is discrete and isomorphic with (G1⊗

G2)̂. Hence the compact subsets of (G1⊗G2)̂ are finite. Therefore, the compact

open topology on (G1 ⊗G2

ˆ̂
) will be the same as the piont open topology. Let

(χ,U) be an open set in (G1 ⊗ G2

ˆ̂
), where χ ∈ (G1 ⊗ G2)̂ and U open in S1.

Now χ−1(U) is open in G1 ⊗G2 and by the definition of f , f(χ−1(U) ⊂ (χ,U).

Hence f is continuous. Now we show that if (G1 ⊗G2)̂ contains an open one to
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one chracter, then f is open onto its image. Let V be an open set in G1 ⊗G2

and χ1 an open one to one map in (G1 ⊗G2)̂. Hence χ(V ) is open in S1 and

(χ1, χ1(V )) is an open set in (G1⊗G2

ˆ̂
). We show that f(v) = (χ1, U1)(v)∩Im f .

Let h ∈ (χ1, U1)(v)∩Im f . Then h(x) ⊂ χ1(V ), i.e. h(x) = χ(x) for some x ∈ V
and h = f(y) for some y ∈ G1⊗G2. Therefore, χ1(x) = f(y)(χ) = χ1(y). Since
χ is one to one, x = y, i.e. h ∈ f(V ). On the other hand, f(V )χ1 = χ1(V ), i.e.
f(V ) ⊂ (χ1, χ1(V )). Clearly f(V ) = (χ1, χ(V )) ∩ Im f . Suppose that f(x) = 0
for x ∈ G1 ⊗ G2. By the definition, f(x)χ = χ(x) = 0 for all x ∈ G1 ⊗ G2.
Hence, χ1(x) = 0. This implies that x = 0 because χ1 is one to one. So f is
one to one.

Now we have the main result.
Theorem 3.6. Let G be a compact Abelian topological group. If (G⊗G)̂

contains an open one to one map, then the Schur multiplier, M(G), is compact.

Proof. By Theorem 3.5, f : G ⊗ G → f(G ⊗ G) is a homeomorphism.

By the duality theorem (G ⊗ G
ˆ̂
) is compact. The set f(G ⊗ G) is a subgroup

of (G ⊗ G
ˆ̂
). Hence f(G ⊗ G) is compact. Therefore, G ⊗ G is compact. By

Alperin [1, Proposition 2.2], for an Abelian group, the Schur multiplier of G is
a quotient of G⊗G. Hence M(G) is compact.
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