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1. Introduction

We live on an endangered planet. Current hot issues like global warming,
melting of the polar ice caps, greenhouse effect, the disturbance to the climate
due to changes in the El Niño periodicity are all related to the exploitation
of the finite natural environment by human activities. It is only since a few
decades that this awareness has reached the large public, but in economics
at the beginning of the nineteenth century, such remark prompted the very
first model ever formulated to analyze the evolution of population dynamics,
namely the Malthus model. The exponential growth or decay predicted by such
equation has been regarded as inconsistent with a finite environment, in which
resources for an unlimited growth are lacking. Thus the model has later on
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been corrected by Verhulst, thus obtaining the logistic equation. Mathematical
biology has seen a quick development in the past century after the works of
Volterra and Lotka on predator-prey systems. Other interacting population
systems, competing and symbiotic have later been taken into consideration.
After that, also food chain models have been studied extensively. These models
generally include substrate, a prey and a predator, and sometimes even a top-
predator. Consequently, the description of the dynamics involves three or more
ordinary differential equations and many parameters.

In this study we want to address the question of a closed ecosystem, in
which several trophic levels are present, including the lowest one, given by the
mineral nutrients on which the plants feed, to determine the possible equilibria
at which the system is sustainable as well as their stability. We assume homoge-
neously mixed populations with three trophic levels, in addition to the mineral
substrate, i.e. vegetation and animals, distinguished among herbivores and car-
nivores, although each one of these levels can be constituted by many different
species. The homogeneous mixing implies that the predation terms are actually
bilinear, proportional to both prey and predator populations. Notice also that
here predator and prey are different populations, but actually each level in the
food chain is a predator for the level below it, and constitutes a prey for the
upper one. For the interactions among plants and minerals, the homogeneous
mixing is still assumed meaning that the growth of plants depends with direct
proportionality on the abundance of the mineral substrate, while the latter is
depleted in a way directly proportional to the plants population. The presence
of the mineral level is important in the modelling process of a closed system,
as it represents the bottom level to which organic matter returns after death.

2. The Model

We consider a closed ecosystem where plants and animals are presented. Their
interactions are modeled by grouping the latter into two basic features, accord-
ing to their nutritional behavior, the herbivores and the carnivores. The bottom
line of the alimentary chain is represented by the mineral state, into which all
organic matter decays after death. Of course each level may be constituted by
several species, and each population may be subject to various types of inter-
actions with the other ones, but the main goal here is the investigation of the
sustainability of the system as a whole. We therefore bypass these distinctions
and concentrate rather on the sizes of each trophic level.

The system is described by the following set of ordinary differential equa-
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tions (1). We denote by M the minerals, the plants by P , the herbivores by
H and the carnivores by C. All the parameters appearing in the equations are
assumed to be nonnegative.

dM

dt
= a1P + a2H + a3C − b1PM , (1)

dP

dt
= b2PM − a1P − c1PH ,

dH

dt
= c2PH − a2H − d1CH ,

dC

dt
= d2CH − a3C .

Starting from the top level, the carnivores eat the herbivores, which eat the
plants, and the plants need the minerals in order to grow. The top predators
convert food into newborns at rate d2, while d1 denotes their predation rate
on herbivores. The latter, with growth rate c2, feed on plants, the grazing
rate being denoted by c1. Finally the minerals’ uptake rate of plants is b1,
while b2 gives the Malthusian growth of the latter. We do not assume logistic
behavior of any species for two reasons. One is technical, to keep the size of
the model manageable, as it already contains nine parameters. Secondly, but
most importantly, because we would like to investigate the system’s behavior
when the latter is assumed to be closed. In such case we believe the possible
carrying capacities would be dictated by the availability of the nutrients for
each level in the chain, and as the sole source of food is the level just below
the one we consider, the assumption of “unlimited” growth is sound, provided
that the lower level continues to support the upper one. This is the case as
long as the lower level is not zero. When and if this value is reached, also the
food supply stops, but that is accounted for in the equations, via the bilinear
terms incorporating what we above called the Malthus growth rate. Finally,
death rates for living organisms are assumed, denoted by a1 for plants, a2

for herbivores and a3 for carnivores. Assuming that all the dead matter is
turned into minerals, applying a kind of conservation of matter law, these terms
reappear in the equation modelling the evolution of the latter. The only caution
should be taken that the decay rates should be much smaller than the other
parameters appearing in the system, as the decay process is much slower than
the other ones.
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Figure 1: Reference figure showing limit cycles for the parameter values
p1 = 1.87, p2 = 0.6, p3 = 0.415, p4 = 4.25, p5 = 0.9, p6 = 0.555,
p7 = 0.9.

3. The Rescaled Model

As formerly remarked, there are nine parameters in the original model. In order
to reduce their number, we adimensionalize the system, by a suitable variable
scaling. Namely, we set M = α̃x1(τ), P = βx2(τ), H = γx3(τ), C = δ̃x4(τ),
t = πτ and substitute into the system (1). Some of the new coefficients are
then chosen to be set equal to unity. This leads to

α̃ =
a1

b2
, β =

a1

b1
, γ =

a2
1

a2b2
, δ̃ =

a2
1

a3b2
, π =

1

a1
.

We can then define new coefficients as follows, in terms of the older ones

p1 =
b2

b1
, p2 =

a1c1

a2b2
, p3 =

c2

b1
, (2)

p4 =
a1d1

a3b2
, p5 =

a2

a1
, p6 =

a1d2

a2b2
, p7 =

a3

a1
.

In view of the assumptions on the original parameter we have here again pi ≥ 0
for all i, while the condition p1 ≡ b2

b1
< 1 seems to be adequate, although in the
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Figure 2: Second reference figure showing limit cycles for the parameter
values p1 = 1.86, p2 = 0.6, p3 = 0.415, p4 = 4.25, p5 = 0.9, p6 = 0.555,
p7 = 0.9.

simulations we will not always satisfy this requirement. Indeed it is reasonable
also to assume that the growth rate of plants may very well exceed this threshold
as indeed the latter is related not only on the minerals’ supply, but also to the
presence and quality of other side conditions like sunlight, water, good climate
and so on. Finally, denoting by a prime the derivative with respect to the
rescaled time τ , we are able to state the simplified model containing only seven
parameters

x′
1 = −x1x2 + p1x2 + x3 + x4 , x′

2 = x2 (x1 − p2x3 − 1) , (3)

x′
3 = x3 (p3x2 − p4x4 − p5) , x′

4 = x4 (p6x3 − p7) .

4. Equilibria

There are four feasible equilibria. The first one is trivial, namely the origin
E1 = (0, 0, 0, 0). The second one is the point E2 = (x̌1, 0, 0, 0) with x̌1 arbitrary.
These first two equilibria are clearly always feasible. Notice also that when p1 =
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Figure 3: Changes in the limit cycles due to setting p1 = 1.85

1, there is also another equilibrium, E0 ≡ (x̂1, x̂2, 0, 0), with x̂1, x̂2 arbitrary
values. However such a case is very sensitive to parameter perturbations, so
that we will not consider it any further in the subsequent analysis.

Then we find the point E3 ≡ (x̄1, x̄2, x̄3, 0) with

x̄1 =
p1p2p5 − p3

p2p5 − p3
, x̄2 =

p5

p3
, x̄3 =

p1p5 − p5

p2p5 − p3
. (4)

The feasibility conditions for E3 require that each component be nonnegative.
Now x̄3 ≥ 0 implies that p1p5−p5

p2p5−p3
≥ 0 and thus either

p1 < 1 <
p3

p2p5
, (5)

or
p1 > 1 >

p3

p2p5
. (6)

In turn these conditions are easily seen to imply x̄1 ≥ 0 and therefore are
sufficient for the feasibility of the boundary equilibrium E3.

We now investigate the inner equilibrium, the most important one as far as
the sustainability of the whole ecosystem is concerned. To simplify the notation,
as a shorthand we let

α ≡ (p2p5 − p3)p7 − (p1 − 1)p5p6, δ ≡ (p1 − 1)p4p6 − p2p4p7 + p3p6.



A SIMPLE FOUR LEVEL TROPHIC CHAIN 289

0 10 20 30 40 50 60 70 80 90 100
0

10

20

30

40

50

60

70

80

90

time

FOODCHAIN MODEL
 with p1= 1.7, p2=0.6, p3=0.415, p4=4.25, p5=0.9, p6=0.555, p7=.9

minerals
plants
herbivores
carnivores

Figure 4: Stable coexistence equilibrium obtained for the value p1 = 1.7
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Figure 5: Stable boundary equilibrium arising for the value p1 = 1.5

Then E4 ≡ (x̃1, x̃2, x̃3, x̃4) has the following components

x̃1 =
p2p7 + p6

p6
, x̃2 =

p5p6 − p4p7

δ
, x̃3 =

p7

p6
, x̃4 =

α

δ
. (7)
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Figure 6: The lifeless equilibrium E2, for p1 = 0.5

The feasibility conditions for E4 require that x̃2 ≥ 0, x̃4 ≥ 0, as the re-
maining components are obviously nonnegative. These conditions reduce to
either

α ≥ 0, δ ≥ 0, p5p6 ≥ p4p7 , (8)

or
α ≤ 0, δ ≤ 0, p5p6 ≤ p4p7 . (9)

5. Stability Analysis

From now on, we denote the variables relative to an arbitrary equilibrium by a
star. The Jacobian matrix of the system (3) is

V =









−x∗
2 p1 − x∗

1 1 1
x∗

2 x∗
1 − p2x

∗
3 − 1 −p2x

∗
2 0

0 p3x
∗
3 p3x

∗
2 − p4x

∗
4 − p5 −p4x

∗
3

0 0 p6x
∗
4 p6x

∗
3 − p7









. (10)

In order to establish the behaviour of the system near each equilibrium point,
we study the position of the roots of the characteristic polynomial, to determine
the sign of the eigenvalues.
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For the first equilibrium E1 we find λ1 = 0, while the other eigenvalues are
λ2 = −1, λ3 = −p5 and λ4 = −p7. It follows that λi ≤ 0, for all i = 1, . . . , 4.
Hence, the origin is a (neutrally) stable equilibrium, the neutral stability being
exhibited along the x1 axis.

For E2 one gets again a vanishing first eigenvalue, λ1 = 0. The other
eigenvalues are λ2 = x̌1 − 1, λ3 = −p5 and λ4 = −p7. Thus if x̌1 ≤ 1 the
equilibrium is stable, else it is unstable.

For E3 the first eigenvalue is p6x̄3 −p7 and the other ones are the roots of a
cubic polynomial. Instead of calculating them explicitly, we recast the problem
as finding the intersection of the cubic C(λ) ≡ λ2(λ + x̄2) and the straight
line ℓ(λ) ≡ (x̄2p1 − x̄1x̄2 − p2p3x̄2x̄3)λ + p3x̄2x̄3(1 − p2x̄2). Notice that C has
a double root at the origin and as λ → ∞, C(λ) ∼ λ3. Now, the slope of ℓ

is x̄2(p1 − x̄1 − p2p3x̄3) and in view of the condition defining the equilibrium
p1x̄2 + x̄3 − x̄1x̄2 = 0, we find ℓ′(λ) = −x̄3(1 + p2p3x̄2) < 0. Thus if ℓ(0) > 0
there is an intersection between C(λ) and ℓ(λ) in the first quadrant, so that the
equilibrium is unstable. Conversely, for ℓ(0) < 0 the real intersection occurs for
negative λ. This condition becomes also sufficient for stability in view of the
Routh Hurwitz conditions applied to the characteristic equation, which reduce
to x̄2x̄3(p2p3x̄2 + 1) > 0 which is trivially satisfied, and p3x̄2x̄3(p2x̄2 − 1) > 0,
which is seen to be equivalent to ℓ(0) < 0 as claimed.

In conclusion E3 is stable if and only if the first eigenvalue is negative,
p6x̄3 < p7 and the further conditions p2p5 > p3 is satisfied. Notice that this
condition renders (5) impossible to satisfy, i.e. we must have feasibility given
by (6), which in turn yields p1 > 1.

For E4 the first two rows of the Jacobian simplify also a little in view of the
existence conditions leading to this equilibrium, namely −x̃1x̃2+p1x̃2+x̃3+x̃4 =
0, x̃1−p2x̃3−1 = 0, p3x̃2−p4x̃4−p5 = 0, p6x̃3−p7 = 0. The rootfinding problem
for the characteristic equation can be recast in the form of the intersection of
the two curves K(λ) = λ3 + λ(p4p6x̃3x̃4 + p2p3x̃2x̃3) and R(λ) ≡ N(λ)

D(λ) , with

N(λ) ≡ x̃2[λ
2(p1 − x̃1) + λp3x̃3 + p3p6x̃3x̃4(1 + p1 − x̃1)] and D(λ) ≡ x̃2 + λ.

Now K has only a real root in the origin and K ′(λ) > 0 for every λ, so that
K(λ) ∼ λ3 as λ → ∞. Instead, R(λ) ∼ x̃2(p1 − x̃1)λ + p3x̃2x̃3 also as λ → ∞.
The function R(λ) has a vertical asymptote located at the zero −x̃2 of D(λ),
and two zeros at

λ± ≡ 1

2(p1 − x̃1)
[−p3x̃3 ±

√

p2
3x̃

2
3 − 4(p1 − x̃1)p3p6x̃3x̃4(1 + p1 − x̃1)],

the roots of N(λ). Now it is easy to verify that λ± < 0 if p1 > x̃1 and
1 + p1 − x̃1 > 0. On the other hand, for p1 < x̃1 and 1 + p1 − x̃1 > 0,
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Figure 7: Stable coexistence equilibrium obtained for the value p2 = 0.7
above the reference value
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Figure 8: Sustained oscillations obtained for p2 = 0.5 below the refer-
ence value
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Figure 9: Change in the limit cycles for p3 = 0.3326
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Figure 10: Another change in the limit cycles for p3 = 0.4

λ+ < 0 < λ−. Finally, for p1 < x̃1 and 1 + p1 − x̃1 < 0, λ± > 0. Also, notice
that R(0) = 1 + p1 − x̃1 ≡ p1 − p2x̃3.
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Figure 11: Initial snapshot of Figure 10 showing that shaded areas in
that figure correspond actually to the oscillations
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Figure 12: Simulations of Figure 10 shown for later times, clearly indi-
cating the limit cycles

Combining the above informations, it is easily seen that in every case but
for the last one, namely p1 < x̃1 and 1 + p1 − x̃1 < 0, there is always an
intersection between K and R, K(λ∗) = R(λ∗) occurring for λ∗ > 0. Thus
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Figure 13: Simulations of the system behavior for p3 = 1
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Figure 14: Changes in the limit cycles setting p4 = 4.0 below its refer-
ence value

in such cases the equilibrium E4 is unstable, giving easy to verify sufficient
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instability conditions. To determine instead necessary and sufficient conditions
for stability, we analyze the Routh Hurwitz conditions. These give the following
inequalities

p6(p3 + p1p4) < p4(p2p7 + 1) , (11)

x̃2[p2p7 + p6(1 − p1)] > p3p7 ,

p6x̃4(x̃2 − p4x̃3) + (1 − p2)[p3x̃3 + x̃2(p1 − x̃1)] > 0 ,

which must all hold to have stability.

To find perhaps easier to verify sufficient conditions leading to stability,
observe that the characteristic equation can be written as

ϕ(λ) =
4

∑

i=0

aiλ
i ,

with coefficients given by

a4 = 1, a3 = x̃2, a2 = −AB + p2p3AD + p4DF , (12)

a1 = −p3AD + p2p3A
2D + p4ADF, a0 = −ADF (p3 + p4B) ,

where

A = x̃2 > 0, B = p1 − x̃1 = p1 − p2x̃3 − 1, D = x̃3, F =
1

p4
[p6p3x̃2 − p5p6],

so that, ϕ being a quartic, ϕ(λ) → +∞ as λ → ±∞. Looking thus at the
curvature ϕ′′(λ) of ϕ(λ), we find that the inflection points ϕ′′(λ±) = 0 are real
if ∆ ≡ 9a2

3−24a4 > 0, in which case it is easily seen that they lie in the negative
left half plane, as their abscissae are

λ± =
1

12
[−3a3 ±

√
∆] ≤ 0. (13)

In such case it is enough to require a0 = ϕ(0) > 0 and a1 = ϕ′(0) > 0 to
ensure that no positive eigenvalue exists. In case (13) is not satisfied instead,
no inflection point exists, but again

a0 = ϕ(0) > 0, a1 = ϕ′(0) > 0 (14)

both satisfied ensure once more the stability.
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Figure 15: Changes in the limit cycles setting p4 = 5.767 above its
reference value

6. Simulations

In the previous sections we have characterized the behavior of the equilibria
of the model. As the interior one is the most interesting one, and its stability
holds under conditional conditions, we would like here to investigate it further
by means of numerical experiments.

In this context, the most interesting feature has been obtained by running
the simulation with the following set of parameters, p1 = 1.87 or p1 = 1.86,
p2 = 0.6, p3 = 0.415, p4 = 4.25, p5 = 0.555, p6 = 0.9, for which limit cycles are
obtained. If Figures 1 and 2 they are clearly seen. Notice that the dark shaded
correspond to limit cycles, the frequency of which is too high for the domain
of integration chosen. The oscillations are too close to show up distinctly, but
they are there, as it will be apparent from subsequent figures, where the range
for the plot has been restricted, compare Figure 10 with Figures 11, 12. We
take both Figures 1 and 2, and in particular their parameter values as reference
for the later investigations.

The basic idea we follow in this section is the following one. Since numer-
ically we have shown that persistent oscillations for suitable sets of parameter
values do arise, we try now to modify each parameter in turn and investigate
the effects of this change.
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Figure 16: Simulations dropping p5 to p5 = 0.1
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Figure 17: Simulations raising p5 to p5 = 5.0

We begin by varying the value of the parameter p1. Notice that even a
small decrease from p1 = 1.87 to p1 = 1.86 changes the values around which
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Figure 18: Numerically evaluated bifurcation value p5 = 8.33122

the oscillations take place, namely from around 250 down to about 90, see
Figures 1 and 2. The further decreasing of this value, has the effect of taking
down the level of the limit cycle as well as its amplitude, compare the former
figures with Figure 3. The final drastic decreases to the level p1 = 0.5 bring a
collapse of the limit cycle first toward the corresponding underlying equilibrium
value E4 found in Figure 4, then to the other equilibrium E3 where only one
population is wiped out, see Figure 5, and finally a further change also of this
other equilibrium, as we find that the trajectories now tend to the equilibrium
E2, Figure 6. Indeed in such case it is easily seen that only one trophic level
“survives” at a nonzero value, the lifeless minerals.

The effect of some changes of p2 from its reference value p2 = 0.6 are seen in
Figures 7 and 8, where for higher values, p2 = 0.7, the oscillations are damped
and thus E4 is retrieved, while for smaller values, p2 = 0.5, one of the species
is seen to grow toward very high values, while still oscillating.

From the value p3 = 0.415 this parameter is then made smaller, still produc-
ing limit cycles, around lower values of the equilibrium, see Figures 10 and 9,
the lower the equilibrium the smaller the value of p3 is. In Figure 11 and 12 we
actually show smaller snapshots of the same simulation of Figure 10, for shorter
time intervals. It is clearly seen that the dark parts of the previous pictures
correspond indeed to cycles, as claimed above. Comparing the time intervals
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Figure 19: Stable boundary coexistence equilibrium without carnivores
obtained for p6 = 0.2
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Figure 20: Sustained oscillations for p6 = 0.807

of Figures 11 and 12 we also see that these are actually persistent oscillations,
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Figure 21: For a smaller value of p7, p7 = 0.758, the oscillations disap-
pear

0 10 20 30 40 50 60 70 80 90 100
−5

0

5

10

15

20

25

30

time

FOODCHAIN MODEL
 with p1= 1.86, p2=0.6, p3=0.415, p4=4.25, p5=0.9, p6=0.555, p7=5

minerals
plants
herbivores
carnivores

Figure 22: Stable equilibrium obtained for p7 = 5.0 above the reference
value



302 P. Keller, E. Venturino

i.e. limit cycles. Increasing the value of p3 to p3 = 1 instead leads to a growth
of at least two trophic levels and the oscillations disappear, confront Figures 10
and 13.

The parameter p4 appears instead to affect much less the model behavior,
at least in this situation. Indeed Figures 15 and 14 report respectively the
results for a value above, p4 = 5.767, and below, p4 = 4.0, the reference value.
The change in the level around which the oscillations occur is evident, but the
two pictures qualitatively seem to indicate indeed a very similar behavior.

Similar considerations hold also for p5, see Figures 16 and 17 but exper-
imenting further we numerically found here also a bifurcation value, namely
p5 = 8.33122, see Figure 18.

The changes related to new values of p6 are shown in Figures 19 and 20,
the latter also suggesting perhaps a possible bifurcation value p6 = 0.807, the
former leading back to the stable equilibrium E3.

Finally Figures 21 and 22 report respectively the system’s behavior under
smaller and larger values than the reference value of p7. In the last case the
stable equilibrium E3 is again retrieved.

7. Interpretation

The model we have presented and wholly analyzed, either analytically or by
numerical means, allow us to draw some conclusions on its expected behavior.
We collect our remarks in what follows.

First of all, observe that the (neutral) stability of the origin found in Section
5 is easily explained by the remark that an empty closed system is “by defini-
tion” empty and remains in such state, as no migrations into it are allowed.

The equilibrium E2 instead represents an ecosystem containing only dead
or inorganic matter at an arbitrary level x̌1, which can bear no life in it in
case it is stable. This happens however only if the amount of the matter is
below a threshold level. Should this be trespassed however, the equilibrium
becomes unstable as plants have enough nutrients for a sustained growth. Seen
in a reverse way, one needs to keep the nutrients at a minimum level, to avoid
collapse of the plants and eventually of the ecosystem as a whole.

The point E3 represents instead an environment in equilibrium in which
plants and herbivores can coexist in absence of carnivores. The analysis however
shows that in this case, the equilibrium is stable and feasible only if p1 > 1.
The opposite case can provide a feasible equilibrium, if (5) is satisfied, but in
such condition the equilibrium appears to be unstable.
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E4 represents a point where the whole ecosystem thrives. The conditions
on its parameters guaranteeing feasibility are given by (8) or (9). Necessary
and sufficient stability conditions are given by (11). The sufficient conditions,
that are easy to be verified, are provided by (14).

The simulations run for various parameter values indicate first of all that
sustained oscillations are certainly possible. On the other hand, by perturbing
the coefficients in the equations, the cycles change and may even disappear,
in some circumstances. This phenomenon leads to the systems trajectories
going toward either the coexistence equilibrium of the whole ecosystem, but
in unfortunate cases the dynamics may be forced toward boundary equilibria,
where some or even all of the trophic level vanish. This corresponds to what
the biologist call loss of biodiversity. The ultimate failure of the system is thus
represented by disappearance of life in some or all its forms.

A study like this one is naturally far too elementary to draw any serious
conclusions on global environmental changes, but it certainly indicates that
sustained oscillations in the ecosystem may be feasible and compatible with
human activities and interferences with the environment. On the other hand
more drastic variations in the model parameters may very well lead from the
stable coexistence equilibrium to catastrophic changes represented by other
boundary equilibria, where at least part of the ecosystems components vanish.
Thus biodiversity would be lost at least partially and in particularly adverse
situations we would even find the disappearance of life. The final conclusion we
can draw is that it would be very important to measure the parameter values,
to assess our present stand, in order to determine where the changes nowadays
occurring on a global scale are leading to and whether the latter are going to
be permanent or are only part of a temporary and thus reversible process.
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