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Abstract: Let p be a prime such that p ≡ 1 mod 8 and i =
√
−1. Let

k = Q(
√

2p, i) and k∗ be the genus field of k. Our goal is to study the problem
of the capitulation of 2-ideal classes of k in k∗.
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1. Introduction

Let k be a number field of finite degree over Q and Clk (resp. Clk, 2) be the
class (resp. 2-class) group of k. Let K be an unramified extension of k of finite
degree and let OK be its ring of integers. We say that an ideal a (or the class
ideal of a) of k capitulates in K if it becomes principal in K (i.e., if aOK is

principal in K). The Hilbert class (resp. 2-class) field k(1) (resp. k
(1)
2 ) of k

is the maximal Abelian unramified extension (resp. 2-extension) of k. If k/F
is an arbitrary finite extension of number fields, the genus field (k/F)∗ of k is
defined to be the maximal field of type Lk such that L/F is Abelian and Lk/k
is unramified. By F. Terada (cf. [11]) we know that if k/F is cyclic extension,
then the ambiguous ideal classes of k/F capitulate already in (k/F)∗.

Received: November 15, 2006 c© 2007, Academic Publications Ltd.

§Correspondence author



480 A. Azizi, M. Taous

In this paper, we suppose that k = Q(
√

2p, i), where p is a prime such
that p ≡ 1 mod 8 and i =

√
−1, then (k/Q)∗ := k∗ = Q(

√
2,

√
p, i) and

rank Clk, 2 = 2. In particular, [(k/Q(i))∗ : k] = 4 and (k/Q(i))∗ is quadratic
unramified extension of k∗. Our goal is to study the problem of the capitulation
of 2-classes of k in k∗ and to give the condition so that the ambiguous ideal
classes of k/Q(i) capitulate in k∗.

2. The Number of 2-Ideal Classes that Capitulate from k to k∗

Let p be a prime such that p ≡ 1 mod 8 and k∗ be the genus field of k =
Q(

√
2p, i). We designate by h(m) the 2-class number of Q(

√
m) and by h(K)

the 2-class number of any number field K. If K be a biquadratic number field,
we denote by QK the unit index of K. We state the following well known result:
if K/k is a cyclic unramified extension of prime power degree, the number of
ideal classes that capitulate from k to K is equal to [K : k][Ek : NK/k(EK)]
where Ek (resp. EK) is the unit group of k (resp. K) and NK/k is the norm

of K/k (cf. [5]). Since the genus field of k is k∗ = Q(
√

2,
√

p, i), we seek a

fundamental system of units (F.S.U.) of k0 = Q(
√

2,
√

p) to find a F.S.U. of k∗

(for more details on this method, see [1]).

Lemma 1. Let p be a prime such that p ≡ 1 mod 8 and k0 = Q(
√

2,
√

p).
Then the unit index Qk0

is equal to 2.

Proof. From [12] it follows that

h(k0) =
Qk0

h(2)h(p)h(2p)

4
=

Qk0
h(2p)

4
.

Since k0 is quadratic unramified extension of Q(
√

2p) and the 2-class group of

Q(
√

2p) is cyclic, then h(k0) = h(2p)
2 . Therefore, we have the unit index Qk0

is
equal to 2.

Lemma 2. Let p be a prime such that p ≡ 1 mod 8, k∗ the be genus

field of k = Q(
√

2p, i). Let ε1, ε2 and ε3 be the fundamental units of Q(
√

p),

Q(
√

2) and Q(
√

2p) respectively. Then:

⋆ If the norm of ε3 is equal to −1, then {√ε1ε2ε3, ε2, ε3} is a F.S.U. of k0.

⋆ If the norm of ε3 is equal to 1, then {ε1, ε2,
√

ε3} is a F.S.U. of k0.

In both cases a F.S.U. of k0 is a F.S.U. of k∗.

Proof. Since the unit index Qk0
of k0 = Q(

√
2,

√
p) is equal to 2 and the

norms of the two fundamental units ε1 and ε2 are equal to −1, then by Kuroda
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(cf. [7]) we know that {√ε1ε2ε3, ε2, ε3} or {ε1, ε2,
√

ε3} is a F.S.U. of k0

whether the norm of ε3 is equal to −1 or 1. If the norm of ε3 is equal to −1,
then by [1], {√ε1ε2ε3, ε2, ε3} is F.S.U. of k∗ if and only if there are no integers

α, β, γ ∈ {0, 1}, such that (2+
√

2)
√

ε1ε2ε3
αεβ

2εγ
3 is a square in k0. We suppose

that (2 +
√

2)
√

ε1ε2ε3
αεβ

2 εγ
3 = X2 with X ∈ k0 and the preceding conditions.

Let ̺ the Q-automorphism defined by
√

2 7−→ −
√

2 and
√

p 7−→ √
p, then

(X̺(X))2 = 2εα
1 (−1)β(−1)γ = 2εα

1 (−1)β+γ = ±2εα
1 . It follows that 2 is a

square in Q(
√

p) or 2ε1 is a square in Q(
√

p). And this is not the case. If the
norm of ε3 is equal to 1, we take again the same demonstration and we find
contradictions.

Theorem 1. Let p be a prime such that p ≡ 1 mod 8 and k∗ be the genus

field of k = Q(
√

2p, i). Then the number of 2-ideal classes that capitulate from

k to k∗ is equal to 2 or 4 if the norm of ε3 is equal to −1 or 1 respectively.

Proof. Let ε1, ε2 and ε3 be the fundamental units of Q(
√

p), Q(
√

2) and
Q(

√
2p) respectively. Let Nk∗/k denote the norm of k∗/k. If the norm of ε3

is equal to −1, we have that Ek∗ is generated by {ζ8,
√

ε1ε2ε3, ε2, ε3} ( ζ8

is the 8-th root of the unit), and we have also that Ek and Nk∗/k(Ek∗) are
generated by {i, ε3}. We conclude that two 2-ideal classes that capitulate from
k to k∗. In the same way, if the norm of ε3 is equal to 1, we find that Ek∗ ,
Ek and Nk∗/k(Ek∗) are generated by {ζ8, ε1, ε2,

√
ε3}, {i, √iε3} and {i, ε3}

respectively. Then [Ek : Nk∗/k(Ek∗)] = 2 and we have four 2-ideal classes that
capitulate from k to k∗.

3. The 2-Ideal Classes of k which Capitulate in k∗

Let L/K be a quadratic extension of number fields with the Galois group gen-
erated by σ. An ideal a of L is called ambiguous (with respect to K) if it is fixed
by σ: σ(a) = a. An ideal class [a] of L is called ambiguous (with respect to K)
if it is fixed by σ: σ([a]) = [a]. The group of ambiguous ideal classes is denoted
by Am (L/K). An ideal class [a] of L is called strongly ambiguous (with respect
to K) if it contains an ambiguous ideal. The group of strongly ambiguous ideal
classes is denoted by Am s(L/K). Clearly, Am s(L/K) ⊆ Am (L/K). More-
over; if the number of classes of K is equal to 1, then by the ambiguous class
number formula we have |Am (L/K)| = 2r and rank ClL, 2 = r.
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Lemma 3. Let p be a prime such that p ≡ 1 mod 8 and k = Q(
√

2p, i).
Then |Am (k/Q(i))| = 4. Moreover, |Am s(k/Q(i))| = 2 or |Am s(k/Q(i))| = 4
if the norm of the fundamental unit of Q(

√
2p) is equal to −1 or 1 respectively.

Proof. Since we have 3 primes of Q(i) which ramify in k, then by the
ambiguous class number formula we have rank Clk,2 = 2− e such that 2e is the
number of the units of k consisting of norms from k to Q(i) of elements of k×

(multiplicative group of k). Since p ≡ 1 mod 8, then from Lemma 1 of [8] we
have e = 0, which proves that |Am (k/Q(i))| = 4. It is easy to see that every
unit of Q(i) which is a relative norm of a number of k is a relative norm of a unit
of k if and only if the norm of the fundamental unit of Q(

√
2p) is equal to 1.

The the ambiguous class number formula:|Am (k/Q(i))| = |Am s(k/Q(i))|[Ek∩
Nk/Q(i)(k

×) : Nk/Q(i)(Ek)] and this remark finishes the proof.

Proposition 1. Let p be a prime such that p ≡ 1 mod 8 and k =
Q(

√
2p, i). Let H be the prime ideal of k above 1 + i. Then the class of H in

k is of order 2. Moreover, H capitulates in the genus field of k.

Proof. Suppose by contradiction that H = (α) for certain α in k which is
equivalent to H2 = (α2) = (1 + i). Consequently, there exists a unit ε of k
such that (1 + i)ε = α2 and ε = im

√

irεs
3
n
, where ε3 is the fundamental unit

of Q(
√

2p) and r = s = 1 (resp. r = 0 and s = 2) if the norm of ε3 is equal
to 1 (resp. -1). If we take the norm of α in k/Q(

√−2p), we obtain that 2
is square in Q(

√−2p), which leads to a contradiction. Let ε2 = 1 +
√

2 the
fundamental unit of Q(

√
2) and k∗ = Q(

√
2,

√
p, i) be the genus field of k. It

is easy to prove that (1 + i)ε2 = ( ε2√
2

+ i√
2
)2, thus (1 + i)ε2 is square in k∗ and

((1 + i)ε2) = H2 = (( ε2√
2

+ i√
2
)2), then H = ( ε2√

2
+ i√

2
) in k∗. This means that

H capitulates in k∗.

Proposition 2. Let p be a prime such that p = a2 + 16b2 ≡ 1 mod 8 and

k = Q(
√

2p, i). Let P a prime ideal of k above a + 4bi. Then the class of P in

k is of order 2. Moreover, P capitulates in the genus field of k.

Proof. Suppose by contradiction that H = (α) for certain α in k, which is
equivalent to P2 = (α2) = (a + 4bi). Consequently, there exists a unit ε of k
such that (π)ε = α2 and ε = im

√

irεs
3
n
, where ε3 is the fundamental unit of

Q(
√

2p) and r = s = 1 (resp. r = 0 and s = 2) if the norm of ε3 is equal
to 1 (resp. -1). If we take the norm of α in k/Q(

√−2p), we obtain that p is
square in Q(

√−2p), which leads to a contradiction. Let ε1 = 1
2j (x + y

√
p) the

fundamental unit of Q(
√

2p), where j = 0 or 1. Since the norm of ε1 is equal
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to −1, then (x − 2ji)(x + 2ji) = py2. By the uniqueness of the decomposition
in Q(i), we obtain

x − 2ji = πy2
1 , x + 2ji = π′y2

2,

with π = a + 4bi or i(a + 4bi), where π′ is the complex conjugate of π and
y = y1y2. These conditions imply that there exists an integer k = 0 or 1 such

that (a + 4bi)ε1 = (1
2(y1

√
2
1−j

ik(a + 4bi) + y2

√
2
1−j

(−i)k
√

p))2, hence P2 is

generated by a square in Q(
√

2,
√

p, i). This proves that P capitulates in the
genus field of k.

Theorem 2. Let p be a prime such that p ≡ 1 mod 8 and k = Q(
√

2p, i).
Then the strongly ambiguous ideal classes capitulate in the genus field of k.

Proof. If the norm of ε3 is equal to −1, then by Lemma 3 the group of
strongly ambiguous ideal classes is generated by the classes of H, and we have
that H capitulates in the genus field of k. If the norm of ε3 is equal to 1, Lemma
3 implies that the group of strongly ambiguous ideal classes is generated by the
classes of H and P. Using the same proof of Proposition 1, we show that the
class of PH in k is of order 2. By Proposition 1 and Proposition 2 our theorem
is established.

Theorem 3. Let p be a prime such that p ≡ 1 mod 8 and k = Q(
√

2p, i).

Let k
(1)
2 be the Hilbert 2-class field of k and k

(2)
2 that of k

(1)
2 . Then k

(1)
2 6= k

(2)
2

if and only if p = x2 + 32y2.

Proof. We use the same notions of the previous section. From [12] it follows
that

h(k∗) =
q(k∗/Q)

25
h(2)h(p)h(−1)h(−2)h(−p)h(2p)h(−2p).

Since h(2) = h(p) = h(−1) = h(−2) = 1, and h(k) = h(2p)h(−2p)
2Ok

, then h(k∗) =
q(k∗/Q)h(−p)h(k)

24Ok

, where q(k∗/Q) = [Ek∗ :< i, ǫ1, ǫ2, ǫ3 >], with ε1, ε2 and ε3

the fundamental units of Q(
√

p), Q(
√

2) and Q(
√

2p) respectively. In both
cases of the norm of ǫ3, it is easy to see that q(k∗/Q) = 4. Since k∗ be
an unramified extension of k and rank Clk, 2 = 2, then according to [4] we

have k
(1)
2 = k

(2)
2 ⇔ h(k∗) = h(k)/2 ⇔ h(−p) = 2Qk which is equivalent to

(h(−p) = 4 and Qk = 2) or (h(−p) = 2 and Qk = 1). However, if h(−p) = 4,
thus h(2p) = 2 (cf. [6]), then the norm of ǫ3 is equal to 1 (cf. [10]). Hence,
Ok = 2 (cf. [2]). In addition, P. Barruccand and H. Cohn showed in [3] that
h(−p) ≡ 0 mod 4 if and only if p ≡ 1 mod 8. More precisely h(−p) = 4 if and

only if p 6= x2+32y2. In other words k
(1)
2 6= k

(2)
2 if and only if p = x2+32y2.
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