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Abstract: This paper introduces simple variance estimators based on a
collapsed-stratum approach. The collapse procedure is intended to ensure that
the newly paired primary sampling units do not share a common interviewer,
and the modified standard replicate-based variance estimators are expected to
take into account both sampling error and interviewer level measurement error.
Expanded collapsing procedure is considered to incorporate similar population
characteristics. Specific matching algorithms are developed and applied to data
from the U.S. Consumer Expenditure Interview Survey.
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1. Introduction: Variance Estimation for the U.S. Consumer

Expenditure Interview Survey

The Consumer Expenditure (CE) Survey uses a stratified multistage probability

Received: August 25, 2007 c© 2007, Academic Publications Ltd.

§Correspondence author



400 M.J. Cho, J. Eltinge, E. Cho

sample of households which represents the total U.S. civilian noninstitutional
population. For some general background on the CE Interview Survey and
variance estimation therein, see Chapter 16 of the BLS Handbook [2] .

To select a representative sample of the population, the CE Survey divides
the nation into many areas and then selects some of these areas, and the selected
areas are called “Primary Sampling Units” (PSUs). The PSUs are groups of
counties, or independent cities, and are selected with unequal probabilities.
There are self-representing PSUs and non self-representing PSUs. The self-
representing PSUs are the ones which are selected with probability=1 and are
from metropolitan areas. Within each selected PSU, a given sample consumer
unit (CU), roughly equivalent to a household, is randomly assigned to one of
two modes of data collection: interview or diary. This paper will consider only
data from the CE Interview Survey.

The set of sample PSUs used for the survey consists of 101 areas, and there
are 105 PSUs in the CE interview data of the Year 2000. The CE Interview
Survey collapsed 105 PSUs to form 80 variance PSUs and then assigned two
variance PSUs to each variance stratum. Variance estimates are obtained by
the balanced repeated replication (BRR) method. For some general background
on the replicate-based variance estimations, see Wolter [21]. Under a standard
design of BRR, two PSUs are selected with replacement from each stratum and
then one PSU is selected from each stratum in a balanced manner to form a set
of half samples. These half samples are used to compute the resulting variance
estimator.

In the traditional sampling literature, justification for this approach uses the
(approximate) independence of sample selection across strata and PSUs, and
focuses only on the sampling error component of survey error. However, in the
CE Interview Survey, we often need to have variance estimators that account for
both sampling and measurement error. In addition, interviewers often collect
data in more than one PSU. For some variables, the interviewer-level component
of measurement error may be nontrivial. Consequently, one must consider the
modification of standard replicate-based variance estimators that will account
appropriately for the correlation across strata and PSUs induced by interviewer
level measurement error. This paper considers some simple variance estimators
based on a collapsed-stratum approach. The collapsing procedure is intended to
ensure that the newly paired variance-PSUs do not share a common interviewer
but have similar population characteristics. Specific matching algorithms are
developed and applied to data from the CE Interview Survey. These algorithms
arise from optimality criteria and use stratum and primary-unit level variables
such as population size.



OPTIMAL PAIRING FOR STRATUM COLLAPSE METHODS... 401

2. Optimal Pairing

2.1. Pairing of Objects

In this section, a general problem of matching n objects into n/2 pairs according
to a given compatibility criterion is considered.

Let X = {a1, . . . , an}, and c be a real valued function on X×X with values
between 0 and 1 measuring compatibility of pairs. c (ai, aj) = 0 indicates ai and
aj are absolutely incompatible, and c (ai, aj) = 1 means ai and aj are perfectly
compatible. For a simplified version of the CE application, each ai is a PSU,
containing several interviewers. The pairing algorithm will be constructed to
minimize the extent to which the paired PSUs share the same interviewers.

We are interested in finding an optimal pairing, which, by definition, is a
set P of disjoint n/2 pairings of n objects such that the sum

∑

(ai,aj)∈P

c (ai, aj) is

maximal, i.e., the set which achieves a maximal total compatibility. Obviously,
an exhaustive search for an optimal pairing is infeasible; the number of all

possible ways of pairing n objects is n!/
(

2n/2(n/2)!
)

= Π
n/2
i=1(2i − 1). For

example, for n = 20, the number of all possible pairings is 654, 729, 075. We
propose an efficient algorithm for finding a pairing. The proposed pairing is
in practice, optimal in terms of the number of iterations it takes to achieve
optimal pairing criteria, the number of remaining pairs after the final iteration,
and the total processing time. We note that this algorithm found an optimal
solution in all simple cases for which we could check exhaustively.

Algorithm:

1. Construct a matrix M with mij = c (ai, aj).

2. Construct a row vector S with entries equal to the column sums of M ,
i.e., Sj =

∑

i
mij .

3. Find i such that Si ≤ Sj for all j.

4. Find j such that mj,i ≥ mk,i for all k, i.e., aj is maximally compatible
with ai.

5. Pair off ai with aj .

6. Remove i-th and j-th rows and columns from M , i-th and j-th elements
from S.

7. Repeat until M becomes empty.
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At each iteration, the algorithm picks one element, say ai, that is least
compatible to the rest of the objects, and then ai is paired with an element
that is most compatible to ai. The algorithm assumes that n is even. If n is
odd, one object, say ai, for which Si is minimal, i.e., the one that is minimally
compatible to others, is removed from X = {a1, . . . , an}.

The optimal pairing problem, in general, does not have unique solution. An
extreme example is when X = {a1, . . . , an} and

c (ai, aj) = 0, if i = j , (1)

= 1, otherwise , (2)

in which case any set of complete pairings is optimal.

If the pairing criterion is to pair the sets which are disjoint, then an op-
timal pairing is achieved when all paired sets are disjoint. For example, if
X = {{1, 2} , {1, 3} , {3, 4} , {2, 4}}, then { [{1, 2}, {3, 4}] , [{1, 3}, {2, 4}] } is the
optimal pairing.

If the pairing criterion is to pair the sets of similar sizes (cardinality) that
share no or very few elements in common, then following function c that incor-
porates this criterion

c (ai, aj) =
|ai∆aj|

2max(|ai|, |aj |)
, (3)

where |a| is the number of elements in a, ai∆aj = (ai − aj) ∪ (aj − ai), the
symmetric difference of ai and aj . For example, if A = {1, 2}, B = {2, 3},
C = {3, 4} and D = {4, 5} then c(A,A) = 0, c(A,B) = 1

2 , c(A,C) = 1,
c(A,D) = 1, etc., and {[A,C] , [B,D]} is an optimal pairing.

In practice, there are several characteristics that determine the compatibil-
ity between objects. In those cases, the following c given as a weighted sum
can be used

c (a, b) =
∑

γk ck (a, b) , (4)

where ck is a measure of compatibility based on k-th characteristics of objects,
γk are nonnegative weights and

∑

γk = 1.

2.2. Pairing in a Metric Space

The pairing algorithm can be extended to any abstract space equipped with
a metric. The points are not necessarily numbers or vectors, but sets, figures,
names, or objects with complex structures.
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A metric space X is a set with a metric d, a nonnegative valued function
on X × X satisfying nontriviality, symmetry, and the triangle inequality, see
[18].

Suppose T is a set of n points in a metric space X. T = {x1, . . . , xn}. A
function c measuring the compatibility between the elements can be defined in
terms of d. Roughly speaking, shorter distance between points would corre-
spond to higher compatibility. Such a function c can be defined in many ways,
here we propose a simple algebraic form

c (a, b) = 0 , ∀a = b ∈ X , (5)

=
1

1 + d (a, b)
, ∀a 6= b ∈ X . (6)

That c (a, a) = 0 indicates, obviously, we do not want to pair an object with
itself.

For example, the set of four vertices vi’s of a regular tetrahedron (the
standard 3-simplex) satisfies d (vi, vj) =

√
2 thus c (vi, vj) = 1/(1 +

√
2) for

i 6= j. And the three possible pairings {[v1, v2] , [v3, v4]}, {[v1, v3] , [v2, v4]},
and {[v1, v4] , [v2, v3]}, are all optimal. For another example, the set of four
vertices vi’s of a square can be optimally paired by {[v1, v2] , [v3, v4]} or by
{[v1, v4] , [v2, v3]}.

Since a positive linear combination of metrics is also a metric, d (a, b) =
∑

γk dk (a, b) is a new metric, where γk are positive and
∑

γk = 1.

It can incorporate measurements of various aspects of objects.

3. Variance Estimators Based on Standard and Modified Pairings of

Variance PSUs

Consider a survey variable Yhij for CU j in design PSU i in design stratum h
and define the population total

Y =

L
∑

h=1

Yh ,

where Yh =
Nh
∑

i=1
Yhi, Yhi =

Mhi
∑

j=1
Yhij , L is the number of design strata, Nh is

the number of design PSUs in design stratum h, and Mhi is the number of
CUs in design PSU i in design stratum h. Given probability weights whij and
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a two-PSU-per-stratum design, a simple estimator of Y is Ŷ =
L
∑

h=1

Ŷh, where

Ŷh = Ŷh1 + Ŷh2 and Ŷhi =
∑

j∈Shi

whij Ŷhij. A data analysts often wishes to

estimate the variance

V (ŷ) = E
[

{ŷ − E(ŷ)}2
]

,

where the expectation operator involves integration with respect to both the
sample design and the model associated with measurement errors including
interviewer effects. In addition, a simple estimator of the variance of Ŷ is

V̂ (Ŷ ) =

L
∑

h=1

V̂ (Ŷh) , (7)

where

V̂ (Ŷh) =
(

Ŷh1 − Ŷh2

)2
. (8)

Under the assumption that sampling and interviewing are independent
across strata and that design PSUs are selected with replacement, V̂ (Ŷ ) is
unbiased for the design variance of Ŷ .

Under the conditions described in Section 1, the estimator (7) may have a
negative bias if a given interviewer collects data in both PSUs selected from a
given stratum h. Consequently, one may wish to replace the variance estimator
(7) with

V̂ ∗(Ŷ ) =
G

∑

g=1

V̂ ∗(Ŷg) , (9)

where the {2 × L} design PSUs are partitioned into G groups called “variance
strata”; variance stratum g contains n(g) design PSUs; these n(g) design PSUs
are placed into two groups called “variance PSUs” s(g1) and s(g2) such that

no interviewer collects data in both s(g1) and s(g2); Ŷ(g) = Ŷ(g1) + Ŷ(g2) and

V̂ ∗(Ŷ(g)) =
(

Ŷ(g1) − Ŷ(g2)

)2
. Under the assumption that the expectations of

Ŷ(g1) and Ŷ(g2) are equal and additional regularity conditions, V̂ ∗(Ŷ ) will be

approximately unbiased or conservative for the combined variance of Ŷ .

We applied optimal pairing algorithm to the CE Interview Survey data.
Using the notation in Section 2.1, X = {s(11), s(12), s(21), s(22), . . . , s(G1), s(G2)},
and our optimality criterion was that no variance PSUs of the variance stratum
shared the common interviewers.
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For this application, we used the weighted function

c (a, b) = γ1c1 (a, b) + γ2c2 (a, b) , (10)

where γ1 ∈ [0, 1], γ2 = 1 − γ1, c1 = 0 if any overwrapping, c1 = 1 if purely
disjoint, and

c2(a, b) = 1 −
[

max(|a|, |b|) − min(|a|, |b|)
max(|a|, |b|)

]

. (11)

Moreover, we define the column sums

S1j =

n
∑

i=1

c1 (ai, aj) , S2j =

n
∑

i=1

c2 (ai, aj) ,

and

Sj = γ1S1j + γ2S2j .

Note that if γ1 = 1, the algorithm will be driven entirely by the pattern of
interviewer overlap across PSUs. Conversely, if γ1 = 0, the algorithm will be
driven entirely by the pattern of relative sizes of PSUs.

The remainder of this paper presents numerical results from the newly
paired variance PSUs and variance strata with γ1 = 1 in the CE application.

4. Applications to the U.S. Consumer Expenditure Survey

The CE Survey uses two modes of data collection: diary and interview. The
principal reason for this use of multiple collection modes is that some expendi-
tures (generally small or frequently purchased items) are believed to be more
readily captured through a diary, while other items (generally purchases that
are larger, less frequent, or more salient) are more readily captured through
a periodic in-person interview. Expenditures are reported at a relatively fine
level of aggregation known as the six digit Universal Classification Code (UCC)
level, see [4].

We considered only the components of the mean monthly expenditure of
the CE Interview Survey that contribute to current CE production estimates.
In particular, we exclude interview data collected for UCCs that are published
on the basis of diary data only. Consequently, the “Overall Mean” entries
are based on data from the 432 UCCs for which publication is based on the
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Estimate securrent seproposed

Overall 2106.49 20.460 48.605

Apparel⋆ 36.65 0.894 1.951

Home 103.48 2.666 3.518
Furnishing

Travel⋆ 3.97 0.324 0.338

Utilities 227.54 1.944 3.634

Table 1: Monthly mean expenditure estimates

interview reports. In addition, the entries for “Apparel” are based on apparel
UCCs that are published from interview data; similarly for home furnishings;
travel and utilities.

The data used for this analysis were generated from the monthly expendi-
tures files, and the CU characteristics and income files of the Phase 3 databases.
For computing the mean monthly expenditure, we used the UCCs collected in
the interview survey and used for publishing quarterly expenditures. We did
not include pension and social security expenditures.

We computed the mean monthly expenditure for the selected subgroups of
CE expenditure data. Some examples of subgroups are house furnishing, ap-
parel, travel, and utility. We chose those subgroups based on the frequency
of purchase and the saliency of the expenditure. Table 1 presents item cat-
egories, monthly mean expenditure estimates, standard error estimates using
the current method and standard error estimates using the proposed method.
Note that asterisk in the table indicates the published expenditure estimate is
mainly from diary survey. We observed that for overall expenditure, apparel
and utilities, standard error estimates using the proposed method are about
twice as large as the ones using the current method.

A misspecification effect is one measure of the bias of a variance estimator
computed from data collected through a complex sample design. For general
background on misspecification effects, see Skinner [20]. Define a univariate
misspecification effect,

∆ = E(V̂proposed) /E(V̂current) , (12)

where V̂proposed is a variance estimator computed through our new pairing of

variance PSUs within variance strata using our optimality criterion, and V̂current

is a variance estimator currently used in production, and E(·) represents expec-
tation evaluated with respect to both the sample design and the nonsampling
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∆̂ r̂

Overall 5.644 0.123

Apparel 4.764 0.100

Home Furnishing 1.740 0.020

Travel 1.090 0.002

Utilities 3.495 0.066

Table 2: Within-Interviewer correlation

error model. If V̂proposed is unbiased for the true variance of our point esti-

mator, and if the bias in V̂current is attributable only to the clustering effects
associated with our interviewers, then we may use ∆ to approximate the effect
of clustering in terms of the measure of homogeneity, see [13]:

(12) = 1 + (b̄ − 1)r , (13)

where b̄ is an average workload of interviewers, and r is a within-interviewer
correlation. Table 2 presents item categories, univariate misspecification effect
estimates and within-interviewer correlation estimates. We observed that for
overall expenditure, apparel and utilities, within-interviewer correlation esti-
mate is greater than or equal to 10%.

We compared correlation structure between variance estimators of two meth-
ods. We computed a correlation coefficient matrix, ρ, using following formula:

ρ = D− 1

2 V D− 1

2 , (14)

where D− 1

2 is an inverse square root diagonal matrix of variance and V is
a variance-covariance matrix. We then obtained confidence intervals using
the Fisher z transformation and the Bonferroni inequality. Fisher showed the
transformation applied to correlation coefficients produced quantities that were
asymptotically normally distributed [15]

z =
1

2
ln

(

1 + r

1 − r

)

= tanh−1r ,

with mean 1
2 ln

(

1+ρ
1−ρ

)

and variance s = 1
n−3 , where n = df + 1, and df is a

value of degrees of freedom. The (1−α)% Bonferroni confidence interval [10] of
r is r ± tn−1, α∗

2

√
s with α∗ = α

p and p the number of correlation coefficients we

were interested in. Table 3 presents the Bonferroni simultaneous 50% confidence
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Table 3: Selected simultaneous 50% confidence intervals

Method i j Lower ρ̂i,j Upper

Current Overall Apparel -0.15 0.18 0.48

Proposed Overall Apparel 0.64 0.80 0.89

Current Utilities Apparel -0.30 0.02 0.34

Proposed Utilities Apparel 0.35 0.61 0.78

intervals for correlations between mean estimators for selected expenditure cat-
egories. We observed the confidence intervals of correlation estimators from the
two methods did not overlap for these cases.

5. Discussion

To implement the variance PSU matching algorithm in Section 2, it was neces-
sary to conduct all possible pairwise comparisons among variance PSUs, and see
whether two variance PSUs share common interviewers. Note that the number
of interviewers within a variance PSU may differ from the number of interview-
ers within other variance PSU. See Cho and Eltinge [3] for the discussion on
the use of commercial software and Maple program code to re-group PSUs into
new variance strata and PSUs.

Depending on the algorithms, it is sometimes necessary to run a number of
iterations to assign variance PSUs which do not share the interviewers to each
variance stratum for all variance strata. The algorithm presented in Section 2.1
showed the separability (No-Common-Interviewers) through one iteration.

It is possible to incorporate various optimality criteria in the objective func-
tion matrix used to construct a given set of variance PSUs and strata. For ex-
ample, one may match pairs on the basis of the number of interviewers assigned
to a variance PSU, or on the basis of the number of interviewers that a given
variance PSU shared with other variance PSUs, or on the basis of population
characteristic variables in variance PSU pairing. When including more than
one variables in the optimal criteria, we found that results were sensitive to
how we weighed components. Therefore one issue is how much weight we want
to assign on each variable considered in this case.
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