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Abstract: Two kernel smooth distribution estimators for a distribution function, F (x) are considered. It is shown that the bandwidth h0 = O(n−1/3 ) is
asymptotically optimal in the sense
h
h
i2
i2
φ̂(x, n, h0 ) − F (x) / inf φ̂(x, n, h) − F (x) → 1
h

in probability as n → ∞, where φ̂(x, n, h) indicates both kernel smooth estimators. To implement the optimal bandwidth selection, a Bayesian bandwidth
is proposed. The computer simulation study shows that the proposed smooth
distribution estimators with Bayesian bandwidth could have mean squared errors that are better than the smooth estimators with the optimal bandwidth
h0 in terms of mean squared errors.
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1. Introduction
Let X1 , ..., Xn be a random sample from the distribution F (x) which has a
density function f (x). Nadaraya [3] proposed smooth
R x estimator for the distribution function F (x), that is defined as Fn (x) = −∞ fn (t)dt, where fn (x) is
1 Pn
the smooth kernel density estimator which is defined as fn (x) = nh
i=1 k((x−
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Xi )/h), and k(x) is some density function. One of the important issue is the
selection of smooth bandwidth parameter h in the estimator. Azzalini [1] investigated Fn (x) and the inverse function of Fn assuming that the kernel density
function has compact support and obtained the asymptotically optimal bandwidth in terms of minimizing the mean squared
R ∞error. Next, the distribution
1
ˆ
function can also be estimated by F˜n (x) = nh
−∞ Fn (t)k((t − x)/h)dt, where
Fˆn (x) is the empirical distribution function and k(x) is some density function.
It is noticed that F˜n (x) is defined differently from Fn (x). For F˜n (x), the empirical distribution is smoothed; however, for Fn (x), the smooth density function is
used. When the kernel function k(.) is symmetric about 0, it can be shown that
F˜n (x) = Fn (x). In this paper, we want to extend the study of bandwidth selection for kernel smooth distribution function estimators with kernel densities
which could have infinite support and develop a data base bandwidth selection
for the smooth estimators via Bayes criterion.

2. Main Results
Assume that the kernel density function k(x) and distribution function K ∗ (x)
satisfies the following:
1. k(x) is symmetric about zero.
2. limx→±∞ |xk(x)| = 0.
R∞
3. x−c ti k(t)K ∗ (t)dt = o(h2 ), for i =1, 2 and x > c.
R ∞h
4. x−c ti k(t)dt = o(h2 ), for i =1, 2 and x > c.
R h
5. t2 k(t)dt = κ > 0.

It is noticed that the conditions given in this section for kernel function are
different from the conditions for kernel functions from those papers mentioned
in Section 1.
2.1. Classic Bandwidth Selection
Definition 1. A bandwidth sequence h̃ is an asymptotically optimal if
[φ̂(x, n, h̃) − φ(x)]2 / inf h [φ̂(x, n, h) − φ(x)]2 → 1 in probability as n → ∞, where
φ(x) is distribution function and φ̂(x, n, h) be the corresponding kernel smooth
estimator.
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Lemma 1. Suppose the density function f (x) has uniformly continuous
second derivative and k(x) is continuous density function which satisfies properties 1. 2. 3. 4. and 5. mentioned above. Then
#
"
E (Fn (x) − F (x))2 = I0 + O(n−1 h2 ) + o(h4 ) ,

(2.1)

where
I0 = n

−1

"

p(1 − p) − 2hf (x)

Z

#

′
κ
uk(u)K (u)du + h4 ( )2 (f (x))2 .
4

∗

R
It can be shown that when uk(u)K ∗ (u)du > 0, I0 is minimized by
#1
"
R
2f (x) uk(u)K ∗ (u)du 3
.
h0 =
′
nκ2 (f (x))2

(2.2)

(2.3)

Let Hn = [n−1+ε , n−ε ] for some ε > 0, we have the following lemma.
Lemma 2. If f (x) is uniform continuous, k(x) satisfies the conditions
mentioned above and W (x, Xi , h) = K ∗ ((x − Xi )/h) − E(K ∗ ((x − Xi )/h)),
then we have the following results
P
1. suph∈Hn [ ni=1 n−2 [W (x, Xi , h)]2 − Var [Fn (x)]]/I0 → 0, with probability
one.
P Pn
−2
2. suph∈Hn [n−2
i<j n [W (x, Xi , h)][W (x, Xj , h)]/I0 → 0, with probability one.
3. suph∈Hn [Fn (x) − E(Fn (x))][E(Fn (x)) − F (x)]/I0 → 0, in probability.

Combining Lemma 1 and Lemma 2 gives the following result.
R

Theorem 1. If, in addition to the conditions of Lemma 1, f (x) > 0,
tk(t)K ∗ (t)dt > 0, and k(x) is Hölder continuous density function, then
[φ̂(x, n, h0 ) − φ(x)]2 / inf [φ̂(x, n, h) − φ(x)]2 → 1

in probability as n → ∞.

h∈Hn

Using Assumptions 3 and 4 for kernel function to take care of both tails in
the integrals and following the same structure of arguments by Lio and Padgett
[2], Lemma 1, Lemma 2 and Theorem 1 can be proved. However, it should
be mentioned that the conditions for Lemma 1, Lemma 2 and Theorem 1 are
different from the ones of Lio and Padgett [4]. Here the kernel function could
have unbounded support. For example, k(x) = √12π exp(−x2 /2) for −∞ < x <
∞ satisfies all the conditions mentioned for kernel function.
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2.2. Bayesian Bandwidth Section

The standard normal kernel function and a h conjugate prior which is defined
as θ(h) = Γ(γ)λγ1h2γ+1 exp(−1/(λh2 )) are used. Then the posterior for h is given
as
~ x) = R Fh (x)θ(h) ,
(2.4)
π̂(h|X,
Fh (x)θ(h)dh
~ is data given. Therefore, π̂(h|X,
~ x) can be presented as
where X
Pn
K ∗ ((x − Xi )/h)θ(h)
~ x) = (1/n)
R Pni=1
π̂(h|X,
.
(2.5)
∗
(1/n)
i=1 K ((x − Xi )/h)θ(h)dh
Let the posterior mean be the local Bayes bandwidth. It can be shown that
the local Bayes bandwidth, h∗ (x), is given by
P Rx
Γ(γ) ni=1 −∞ [ λ[(t−X1i )2 +2] ]γ dt
√ P Rx
h∗ (x) =
.
(2.6)
Γ(γ + 0.5) 2λ ni=1 −∞ [ λ[(t−X1i )2 +2] ]γ+0.5 dt

Hence a kernel estimation can be based on smooth parameter h∗ (x) which does
not contain unknown parameters from distribution.

3. Empirical Studies
In this section, a simulation study will be conducted to compare effects from the
optimal bandwidth selection, h0 (x), with from the Bayes bandwidth, h∗ (x), in
terms of mean squared errors. For each distribution and sample size (n = 100),
the simulation is repeated for 1000 replications to find 1000 kernel estimates
with h0 and 1000 kernel estimates with h∗ (x). Then the ratio of mean squared
errors of both types estimators can be estimated as following:
1000
i2
i2 1000
Xh
Xh
∗
φ̂(x, n, h∗ ) − F (x) , (3.1)
φ̂(x, n, h0 ) − F (x) /
ρ(h0 , h , x) =
1

1

where φ̂(x, n, h0 ) is the kernel estimator based on h0 (x) and φ̂(x, n, h∗ ) is the
kernel estimator based on h∗ (x). Given a true distribution, kernel density
function, sample size and a input x, h0 (x) can be evaluated exactly. However,
h∗ (x), which is based on sample and kernel density, involves two parameters γ
and λ from the prior. In the simulation, the γ parameter is given as 3 and λ
is running from a wide range (from 0.5 to 30) to control the h∗ (x). For saving
space consideration, parts of simulation results to select a better range of λ
which make ρ(h0 , h∗ , x) ≥ 1 or close to 1 for the kernel estimates of distribution
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function with smooth parameter h∗ (x) are reported in Table 1.
λ
F (t) = 0.1 F (t) = 0.25 F (t) = 0.50
Weibull distribution,shape = 0.75 and scale = 1.0
Range
25 < λ
1≥λ
8 < λ < 21
Weibull distribution, shape = 1.0 and scale = 1.0
Range
14 < λ
2 < λ < 11
5 < λ < 13
Weibull distribution, shape = 1.25 and scale = 1.0
Range
8<λ
3 < λ < 12
5<λ<9
Normal distribution,µ = 5.0 and σ = 2.0
Range
1<λ
0.5 < λ ≤ 11
non λ

F (t) = 0.75
3<λ
5 < λ < 12
7 < λ < 16
0.5 < λ ≤ 11

Table 1: The range selection for λ parameter of prior distribution.
Shape parameter for prior γ = 3.0 and sample size n = 100.
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