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Abstract: In Aeronautics and in Automotive Design one is in particular
interested in the force which is exerted by a fluid on a moving solid body.
Traditionally, the drag is measured in wind tunnels.

A possibility of prediction of the drag based on statistical evaluation of
molecular-kinetic simulation experiments imitating the motion of a solid body
through a fluid is discussed. A drag estimator is introduced which can be
applied to data sampled during the simulated process. The proposed drag
estimator turns out to be strongly consistent under mild conditions on the
molecular collision process. We report on computer experiments in which the
dependence of the drag on velocity and on thermodynamic conditions of the
fluid has been statistically determined for a benchmark problem.
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1. Introduction

The determination of the drag of a solid body moving through a fluid is an im-
portant problem in Fluid Mechanics having relevance for various applications.
The measurement of the drag requires a sophisticated experimental device (wind
tunnel) such that the prediction of the measurement based on computer exper-
iments is desirable.
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In the present contribution the idea of application of a molecular-kinetic
fluid model to the design of computer experiments whose statistical evaluation
enables us to predict measurements in wind tunnels is taken up. The arrange-
ment of a computer experiment of this kind is presented in Section 2. The drag
can be microscopically explained by absorption of molecular momentum by a
solid body; therefore, a natural and physically plausible possibility of quantify-
ing the drag is the determination of the time average of momentum absorption.
From statistical viewpoint this possibility can be interpreted as an estimator
which is introduced in Section 3 where also its consistency is studied. Since the
number of micro-constituents of a fluid involved in a computer experiment is
limited by computational resources, we explain in Section 4 the Reynolds invari-
ance which justifies the extrapolation of drag estimates obtained for mesoscopic
solid bodies to objects of macroscopic size. In Section 5 we consider a meso-
scopic hard disk moving through a fluid and illustrate the proposed method
of estimation of the drag. It turns out that this method yields realistic drag
estimates in the range 100 − 1015 of the Reynolds number which is relevant for
application to macroscopic objects like aerodynamic profiles.

2. A Solid Body Moving through a Fluid

Let us consider a 2-dimensional pipe Π of radius b and length L:

Π = [0, L] × [−b, b].

The pipe is filled with a fluid consisting of N micro-constituents that are mod-
elled as disks of radius r and mass m. The initial positions of the disks are
generated according to the uniform distribution on Π subject to the condition
of mutual non-overlapping; the initial velocities are generated according to the
2-dimensional normal distribution N(0, σ2I2) with mean vector 0 ∈ R

2 and the
covariance matrix σ2I2 (I2 denotes the 2× 2-identity matrix); the parameter σ
has the thermodynamic interpretation

σ2 =
kB · T

m
, (2.1)

where T denotes the temperature of the fluid and kB the Boltzmann con-
stant. This initial microstate complies with Maxwell hypothesis (cf. Moeschlin,
Grycko [3], Chapter 1).

Let a solid body be initially described by a path-connected subset B ⊂ R
2

with smooth boundary; B is injected into Π. For t ≥ 0 let ft : R
2 → R

2 be
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defined by:

ft(x1, x2) := (x1 + tv, x2)

where v denotes the velocity of the solid body in the horizontal direction. The
trajectory of the solid body is given by (ft(B))t≥0.

Newtonian dynamics is imposed on the system of the micro-constituents of
the fluid (cf. Moeschlin, Grycko [3] for conceptual and algorithmic details).

Let the position and velocity of disk j be described by x(j) : R+ → Π and
v(j) : R+ → R

2, respectively, j = 1, . . . , N . If disk j approaches the boundary
∂ft(B) of the solid body at time t, then its velocity v after the collision is given
by:

v = v(j)(t) − 2· < v(j)(t) −
(

v

0

)

, n > n ,

where n denotes the unit vector orthogonal to ∂ft(B) at x(j)(t) and <,> the
standard scalar product on R

2. During this collision the momentum

u = m · (v(j)(t) − v)

is absorbed by the solid body. During the computational process imitating
the motion of a solid body through an atomistically modelled fluid a sequence
u(1), u(2), . . . of absorbed momenta and a sequence s1, s2, . . . of collision time
points can be sampled. This data can be utilized for the estimation of the drag.

3. The Drag Estimator

Let us number the collisions between the solid body and the molecules of the
fluid in their chronological order. Let the time points of the collisions be de-
scribed by a sequence (Si) of random variables; consequently, the sequence of
inter-collision times (Ti) is defined by

T1 := S1, Ti+1 := Si+1 − Si (i = 1, 2, . . .).

We describe the momentum absorbed by the solid body during the i-th collision
by a random vector U (i), i = 1, 2, . . .. We assume that:

(A1) (Ti) is i.i.d. and

0 < E(Ti) < ∞ (i = 1, 2, . . .) .

(A2) The horizontal components (U
(i)
1 ) of (U (i)) are i.i.d. and

E(|U (i)
1 |) < ∞ (i = 1, 2, . . .).

A natural estimator of the force exerted by the fluid on the solid body based
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on the first n collisions is given by

∆n :=

∑n
i=1 U

(i)
1

∑n
i=1 Ti

(n = 1, 2, . . .).

Lemma 3.1. Under the assumptions (A1) and (A2) the sequence (∆n) of
drag estimators is strongly consistent:

∆n → E(U
(1)
1 )

E(T1)
P − a.s.

Proof. Observe that

∆n =
1
n · ∑n

i=1 U
(i)
1

1
n · ∑n

i=1 Ti
.

The assertion follows from the standard strong law of large numbers (cf. Bauer
[1], Theorem 12.1).

4. The Drag Coefficient and the Reynolds Number

A typical upper bound for the number N of micro-constituents of a fluid in-
volved in an experiment on a today’s computer is 106. Therefore it is impossible
to compute directly the drag of a solid body B ⊂ R

2 of macroscopic size. It is,
however, possible to consider a solid body B of mesoscopic size and to extrap-
olate the results by application of the so-called Reynolds invariance.

Let

h(B) := sup
(x1,x2)∈B

x2 − inf
(x1,x2)∈B

x2

denote the height of solid body B moving in horizontal direction with velocity
v. We shall distinguish between the particle density of the fluid,

̺ :=
N

2bL
,

its relative density

̺r := 2
√

3r2̺

and the mass density ̺ := m · ̺, where r and m denote the radius and the
mass of a micro-constituent of the fluid, respectively. The Reynolds number Re
associated with the movement of B through pipe Π filled with a fluid (cf. Section
2) is given by

Re :=
̺ · v · h(B)

η
, (4.1)
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where η denotes the viscosity of the fluid. A further important non-dimensional
quantity is the drag coefficient

CD :=
D

1/2 · ̺ · v2 · h(B)
, (4.2)

where D denotes the drag. From Fluid Mechanics it is known that the depen-
dence between Re and CD is universal (cf. Tritton [4]), which means that for a
given shape of the solid body, it suffices to explore the dependence between Re
and CD for one instance of the height h(B).

5. The Drag Coefficients for Hard Disk

A benchmark problem from Fluid Mechanics is the determination of the drag
coefficient as a function of the Reynolds number for solid body B being a disk.

In our computer experiment N = 2 · 104 hard disks of radius r = 10−10m
and mass m = N−1

A has been injected into a pipe according to Section 2 (NA =
6.02 ·1026kg−1 denotes the modified Avogadro number). The parameters L and
b of pipe Π have been implicitely defined by

L = 16b and
N

2bL
=

̺r

2
√

3 · r2
,

where the relative density ̺r of the fluid has been set equal to 1/400; the
temperature T has been set equal to 300K. The solid body B has been chosen
to be a disk of radius R = 0.25 · b whose velocity v has been varied with the
intention to cover the range 100 − 1015 for the Reynolds number; viscosity η in
(4.1) has been approximated according to

η = exp(α · ̺r + β) · (m · kB · T )1/2

r
,

where

α = 52.71 and β = −2.06

(cf. Grycko and Rentmeister [2]). For each choice of velocity v the drag coeffi-
cient has been estimated applying estimator ∆n from Section 3 and (4.2).

In Figure 1 the logarithmically scaled horizontal axis corresponds to Reyno-
lds numbers of the flow and the vertical axis to the measured drag coefficients.
For Re≥ 102 the drag coefficient stabilizes at the value CD = 2.1 which can be
interpreted as a confirmation of the fact that the flow becomes turbulent and
that the drag is proportional to the squared velocity of the solid body.
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Figure 1: Drag coefficient as function of the Reynolds number
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