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Abstract: A primitive root is defined as a generator of group (Z/nZ)∗ when
it is cyclic. There are two variables involved in the concept: the primitive root
and the modulus. In the case where the moduli are restricted to primes, if
one fixes one of the two variables and asks how many choices there are for the
other, one leads to Artin’s Conjecture or the distribution of values of function
φ(p− 1)/(p − 1). Carmichael extended the concept to primitive λ-roots, which
are the residue classes with the maximal possible order in (Z/nZ)∗. One can
ask about the same two questions as those above for prime moduli. The lecture
reviews the literature concerning the distribution issues of primitive λ-roots.
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1. Primitive Roots

Let n be a natural number. It is well-known that the multiplicative group
(Z/nZ)∗ is a cyclic group if n = 2, 4, pr or 2pr for any odd prime p and natural
number r. In the case, where the group is cyclic, its generators are called
primitive roots modulo n. An interesting question concerning primitive roots
is about the distribution of primitive roots for prime moduli.

What number a can be a primitive root for infinitely many primes? Let p
be an odd prime. Note that the order of (Z/pZ)∗ is φ(p) = p − 1. If a is a

perfect square, then a
p−1
2 ≡ 1 mod p and its order is at most (p−1)/2. Such an
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integer a cannot be a primitive roots for any odd prime. Obviously, the order of
−1 is 2 if p ≥ 5. In 1927, Artin Conjectured that these are all the exceptional
values that are not primitive roots for infinitely many primes. That is,

Conjecture 1. (Artin’s Conjecture (weak form)) If a 6= −1 or a square of

an integer, then a is a primitive root for infinitely many primes.

Artin actually formulated for an accurate prediction for the number of prime
moduli that have a given integer as a primitive root.

Conjecture 2. (Artin’s Conjecture (strong form)) If a 6= −1 nor a square

of an integer, then

lim
x→∞

Pa(x)

π(x)
= A(a) , (1)

where Pa(x) is the number of primes up to x for which a is a primitive root,

π(x) is the number of primes up to x, and A(a) is a constant depending on a.

Basically the conjecture claims that Pa(x) is proportional to π(x) for in-
tegers a of certain forms. As one can see that Artin’s Conjecture is about
distribution of prime moduli with respect to a fixed primitive root. Although
this conjecture has not been proved unconditionally, many results have been
achieved, favoring the conjecture from various perspectives. For example, Hoo-
ley [4] proved that the conjecture (strong form) is true under assumption of
GRH. Heath-Brown [3] proved that if a are limited to prime numbers, then
there are at most two values of a for which Artin’s Conjecture (weak form)
may fail. However, we do not know a single prime a for which the weak form of
Artin’s Conjecture holds. For a survey of Artin’s Conjecture, the reader may
refer to Murty [12].

Among the unconditional results of Artin’s Conjecture is Stephens’ Theorem
[13] on the average of Pa(x).

Theorem 3. If y > exp(4(ln x ln ln x)1/2) then

1

y

∑

a≤y

Pa(x) = A · π(x) + O

(

x

lnD x

)

, (2)

where A =
∏

prime p(1 − 1
p(p−1)) and D is an arbitrary constant larger than 1.

Note that π(x) is about x
ln x . The error term (2) is good enough to reveal

the main term. However, according to Stephens’ proof, the error term can be

as small as O
(

x · exp
(

−c(ln x)
1
2

))

. This result is relevant to an issue that we

consider below.



ARTIN’S CONJECTURE FOR COMPOSITE MODULI 421

Another way to understand the distribution issue concerning primitive roots
is to fix a modulus p and consider the number of primitive roots modulo p. It is
well-known that the number is φ(p−1). What is not well-known is that function
φ(p − 1) possesses a limiting distribution function in the following sense. First
of all, it is obvious that 0 < φ(p − 1)/(p − 1) ≤ 1

2 for all primes p except p = 2
for which φ(p − 1)/(p − 1) = 1. Let u be any real number between 0 and 1

2 .
Due to a result of Kátai [5], the relative density of the set of primes p for which
φ(p − 1)/(p − 1) ≤ u exists. That is, the limit

D(u) = lim
x→∞

1

π(x)
#

{

p ≤ x |
φ(p − 1)

p − 1
≤ u

}

(3)

exists for each u ∈ [0, 1/2]. Function D(u) is continuous and strictly increasing
on [0, 1/2].

According to this result, as x goes to the infinity there is always a fixed
proportion of primes up to x for which φ(p− 1)/(p− 1) lands in [0, u] and thus
any interval between 0 and 1/2. Let us take an interval of a fixed length and
move it up from the left end of [0, 1/2] to the right end. Since D(u) is continuous
and increasing, the proportion of primes p for which φ(p − 1)/(p − 1) lands in
the interval changes smoothly or continuously. In this sense, we can say that
φ(p − 1)/(p − 1) is distributed in [0, 1/2] evenly and continuously.

The existence of the limits in (1) and (3) is not a simple coincidence. Let
ta(p) = 1 if a is a primitive root modulo p, and ta(p) = 0 otherwise. In the
identity below

∑

a≤y

∑

p≤x

ta(p) =
∑

p≤x

∑

a≤y

ta(p)

the inner sum on the left side is Pa(x), while the inner sum on the right is
φ(p−1)

p y + O(1). According to Theorem 3, the total contribution of the error

O(1) can be as small as O(xy/ lnD x) for any D > 1. Thus, in some sense,
the existence of the limit in (3) is related to the convergence of the limit in (1)
on average, while each individual Pa(x) for certain forms of a follows the same
behavior of the average order, according to the result of Hooley [4] on Artin’s
Conjecture.

2. Primitive λ-Roots and Related Distribution Issues

What would happen if we extend the concept of primitive roots to those for
arbitrary moduli? First, we need to think of how to extend the concept. We def-
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initely cannot talk about generators of (Z/nZ)∗ as it is not cyclic if n 6= 2, 4, pr

or 2pr for any odd prime p and natural number r. However, since the gener-
ators of cyclic groups are also elements with the maximal order. Carmichael
[2] suggested that we call the elements with the maximal order in (Z/nZ)∗ as
primitive λ-roots modulo n. The letter λ refers to Carmichael function λ(n),
the maximal order of elements in (Z/nZ)∗. The function can be evaluated
through the properties: (i) λ(n) = lcmpe ‖n{λ(pe)}, (ii) λ(pe) = φ(pe) for all
prime powers pe, except λ(2e) = φ(2e)/2 = 2e−2 if e ≥ 3.

It may seem that such extension of primitive roots is artificial. In other
words, we put together something that may not belong to each other. However,
in the research of primitive λ-roots, we do find some features shared by both
primitive roots and primitive λ-roots. This might be the reason that some
results concerning distribution of primitive λ-roots can be worked out with the
similar methods [10]. Another connection between the two concepts is that
when n = 2, 4, pr or 2pr for any odd prime p and natural number r, primitive
λ-roots modulo n are also primitive roots modulo n. Thus we simply call
primitive λ-roots as primitive roots if the context is clear.

Study of primitive λ-roots covers various topics (see [1]). But we will focus
on the distribution issues of primitive λ-roots. This issue can be investigated
in two ways: by fixing number a and asking about the density of the moduli
having a as a primitive λ-root, or by fixing a modulus n and asking about
the number of integers a which are primitive λ-roots modulo n. Before we get
into further detail, we should find out what kind of integers a can be primitive
λ-roots for majority of moduli (in a sense to be investigated below). Let us
extend the function ta(p) over arbitrary moduli n. That is, ta(n) = 1 if a is a
primitive λ-root modulo n and 0 if otherwise. Let

Na(x) =
∑

n≤x

ta(n) .

Note that if a is a primitive root modulo p, an odd prime, then either a or
a + p is a primitive root for any powers of p. Thus, for most of integers a, it is
trivial that limx→∞ Na(x) = ∞. What would be interesting is that, for what a,
would we have at least limx→∞ Na(x)/x > 0 if limx→∞ Na(x)/x may not exist?

It is well-known that

(Z/nZ)∗ ≃ (Z/2e
Z)∗ ⊗ (Z/pe1

1 Z)∗ ⊗ · · · ⊗ (Z/per
r Z)∗, (4)

where n = 2e ·pe1
1 · · · per

r and p1, · · · , pr are distinct odd primes. Each (Z/pei

i Z)∗

is cyclic except (Z/2e
Z)∗ is a product of two cyclic subgroups of orders 2 and
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2e−2 when e ≥ 3. Each of the factors in (4) can be further factored as a direct
product of cyclic subgroups of orders of prime powers. For each prime q |φ(n),
the order of (Z/nZ)∗, let qvq be the maximum order within the cyclic factors
whose orders are powers of q, and let ∆q(n) be the number of the cyclic factors
of order qvq . Then

λ(n) =
∏

q |φ(n)

qvq (5)

is the maximum order of elements in (Z/nZ)∗, while the number R(n) of the
primitive λ-roots modulo n is given (see [7]) by

R(n) = φ(n) ·
∏

q |φ(n)

(

1 −
1

q∆q(n)

)

. (6)

As corollary of the above facts, if n has a prime factor p such that odd
prime q is a divisor of p − 1. Then q |φ(n) and q |λ(n). If a = ±bq for some
integer b 6= 0, then

a
λ(n)

q ≡ 1 mod n. (7)

By a result of sieve method [9],

Na(x) ≪
x

(ln x)
1

q−1

. (8)

Similarly, if |a| is a square of an integer or the double of a square of an integer,
then

Na(x) ≪
x

(ln x)
1
4

. (9)

These results suggests that if E denotes the set of all the integers whose absolute
values are powers of integers, or 2 times squares of integers, then we cannot have

lim
x→∞

Na(x)/x > 0

for any a ∈ E . Does Na(x) have a better chance of larger magnitude if a 6∈ E?
The answer is yes.

Theorem 4. (see [11]) Assuming the GRH, there is a positive number A
such that if a is an integer not in set E , then

lim
x→∞

Na(x)/x ≥ Aφ(|a|)/|a|. (10)

On the other hand, we have

Theorem 5. (see [9]) For any integer a,

lim
x→∞

Na(x)/x = 0.
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Therefore, on the contrary to Artin’s Conjecture, we do not have Na(x) ∼
B(a)x for some constant B(a) as x → ∞ even if a 6∈ E . This would be one of the
big differences between the distribution of primitive roots and the distribution
of primitive λ-roots.

Another way to understand the distribution of primitive λ-roots is to fix a
modulus n and find all primitive λ-roots between 1 and n. The number of such
primitive roots is denoted as R(n) with a closed form given in (6). Note that
when n = p, a prime, R(p)/φ(p) = φ(p − 1)/(p − 1) which possesses a limiting
distribution function D(u) defined in (3). What can we say about the values of
R(n)/φ(n)? Would R(n)/φ(n) have similar distributive behavior? To be more
specific, let Ru = {n ∈ N | R(n)/φ(n) ≤ u}. Does Ru have a density, that is
the existence of limx→∞

1
x#{n ≤ x | R(n)/φ(n) ≤ u}? Answer is no again.

Theorem 6. (see [7, 8]) There is a positive numbers δ and u0 with 0 <
u0 < 1 such that

lim
x→∞

1

x
#{n ≤ x | n ∈ Ru} ≥ δ, (11)

while

lim
x→∞

1

x
#{n ≤ x | n ∈ Ru} < δ (12)

for any u ∈ (0, u0).

More information on the oscillation of R(n)/φ(n) can be found in [6].

3. Oscillation of Na(x)/x on Average

The oscillations of Na(x)/x and R(n)/φ(n) are related on average in the fol-
lowing sense

∑

a≤y

∑

n≤x

ta(n) =
∑

n≤x

∑

a≤y

ta(n). (13)

Obviously the inner sum on the left side of (13) is Na(x), while the inner

sum on the right side is R(n)
n y + E. The identity incurs two questions. How

small can the error term E be? And how small can y be with respect to x?
The answer depends on the methods used to work out the inner sum on the
right side of (13). With trivial elementary method [8], one can get

y ≥ x and E ≤ R(n). (14)
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Engaging characters in the sum [10], we can further reduce the bounds above
to

y ≥ exp
(

ln
3
4 x

)

and E = O

(

x · exp

(

−
5

16
ln

1
2 x

))

. (15)

To be more specific, let χ be a Dirichlet character modn. Define

c(χ) =
1

φ(n)

∑

b mod n
tb(n)=1

χ(b). (16)

Then
∑

χ mod n c(χ)χ(a) = ta(n), and (13) becomes

∑

a≤y

Na(x) = y
∑

n≤x

R(n)

n
+

∑

n≤x

∑

a≤y

∑

χ mod n
χ 6=χ0

c(χ)χ(a) + O(x ln x) , (17)

where χ0 is the principle character modulo n. It has been proved [8] that
1
x

∑

n≤x
R(n)

n oscillates between zero and a positive number as x goes to infinity.
What remains to reveal the oscillation of the average order of Na(x) is a careful
estimation of the triple sum above, which can found in [10]. In the derivation of
such estimates, it is found that if c(χ) 6= 0 then the order of χ must be square
free, and a close form for c(χ) is possible [10]. What is unclear is the relation
between c(χ) and c(χ∗), where χ∗ is the primitive character inducing χ.

The oscillation of the average order of Na(x) can be explained relatively
easily from a probabilistic perspective. From formula (6), it can be seen that
the magnitude of R(n)/φ(n) depends on how many prime factors q of φ(n) have
the property ∆q(n) = 1. Let q be a fixed prime. It can be shown [6] that

#{n ≤ x | ∆q(n) = 1} = #{n ≤ x | n satisfies δq} + O
( x

lnǫ x

)

,

where ǫ is a positive constant between 0 and 1, and condition δq means that
n has only one prime factor p for which qv is a divisor of p − 1 and qv ‖ λ(n).
Another equivalent description for δq is that, in the factorization of (Z/nZ)∗

into a direct product of cyclic subgroups with orders of prime powers, there is
only one factor with the maximum order qv for some v > 0 unless qv+1 ‖ n,
where there are two factors with order qv.

The density of the set of positive integers n satisfying condition δq can be
estimated probabilistically as follows. First of all we can sort all the primes
into infinitely many boxes labeled with v = 0, 1, · · · . Box 0 of relative density
1 − 1

q−1 contains all the primes p such that p − 1 6≡ 0 mod q, and box v ≥ 1 of

relative density 1
qv contains all the primes p such that qv ‖ p−1. Then condition

δq can be interpreted as n has exactly one prime factor p which lands in box v,
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while all other prime factors land in boxes k < v. Thus the probability that n
satisfies condition δq is given by

Pq =

∞
∑

v=1

ω(n) ·
1

qv

(

1 −
1

qv(1 − q−1)

)ω(n)−1

,

where ω(n) is the number of distinct prime factors of n. By a well-known result
of Hardy and Ramanujan, ω(n) is about equal to ln lnn or ln ln x for most of
integers n ≤ x. Therefore, the probability Pq is about equal to

∞
∑

v=1

q
−v+

ln3 x

ln q

(

1 −
1

qv(1 − q−1)

)q
ln3 x

ln q −1

, (18)

where ln3 x is the 3-fold iteration of natural logarithm of x. The sum in (18)
has limit

∞
∑

j=−∞

qj+α exp
(

−(1 − q−1)−1qj+α
)

under conditions
{

ln3 x
ln q

}

= α and x → ∞. Here α can be any real number in

[0, 1). It is not hard to see that this is a non-constant function of α. Let q = 2.
When α ≈ 0.139, P2 ≈ 0.72135465. When α ≈ 0.639, P2 ≈ 0.72134039.

A heuristic explanation for the oscillation of
∑

n≤x R(n)/φ(n) could be this.
As x goes to ∞, ln3 x goes to infinity relatively slower. There would be an

unbounded set of x such that each
{

ln3 x
ln q

}

is close to a number α depending on

q (for q = 2, this number seems around 0.639), which yields small probabilities
Pq and thus small values of R(n)/φ(n) for most n ≤ x. Similarly there would be

another unbounded set of x where each
{

ln3 x
ln q

}

is farthest away from α, which

leads to large probabilities Pq and results in that R(n)/φ(n) is bigger than a
positive constant for most n ≤ x.

This lecture is on Artin’s Conjecture for composite moduli. However, the
conjecture has not been formally stated. Actually at the beginning of the study
of primitive λ-roots, it was informally conjectured that Na(x) ∼ B(a)x for some
positive constant B(a) as x goes to infinity, if a 6∈ E . As one can see above,
the question was positively answered at least on average. Based on our present
understanding of Na(x), it may be reasonable to conjecture that for sufficiently
large x and a positive constant c, which may depend on a,

Na(x) ∼ c ·
∑

n≤x

R(n)/φ(n)

if a 6∈ E .
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