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Abstract: We consider the problem of linear independence of translations of
functions in L2(G) for particular locally compact groups. We show how this
is related to the existence of non-trivial solutions f ∈ L2(R) to time-frequency

equations of the form
K∑

k=1

ck exp(iakh(t))f(bk + t) for suitable functions h.
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1. Introduction

We consider a locally compact Hausdorff group G with left invariant Haar
measure λG. Choose a function in Lp(G) = Lp(G,λG) for some fixed p with
1 ≤ p < ∞. For g ∈ G, we define the left regular representation R(g) by
R(g)f(x) = f(g−1x) for all x ∈ G. Then R : G → B(Lp(G)), where B(Lp(G))
is the bounded linear operators on Lp(G). Indeed, R(g) is always an isometry
too and hence unitary when p = 2. We are interested in understanding under
what circumstances there can be a non-zero function f ∈ Lp(G), and some
non-zero constants ck and distinct elements gk ∈ G, where k = 1, . . . ,K, such
that

K∑

k=1

ckR(gk)f = 0.

In particular, we want to know when this never happens for functions in L2(G);
that is, left regular translations of functions in L2(G) are always linear inde-
pendent.
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If the group has non-trivial elements of finite order, then this fails to be the
case. For example, suppose g is an element of order n ≥ 1. Let B be a compact

subset of G with positive measure λG(B). Then the function
n∑

k=1

R(gk)1B has

the property that R(g)f = f . So the left regular translations of f are not
independent. Hence, in a group like the motion group of the plane, R

2 ×η T,
which contains many elements of finite order, the linear independence of left
regular translations fails for very simple functions.

This type of example is closely related to the open problem of characterizing
when the group ring [G] has non-trivial zero divisors. It does if the group has
non-trivial elements of finite order, but it is not known if this characterizes this
phenomenon. This problem originated with G. Higman in 1940 (see Linnell [6]
for a good partial result in this direction, also Heil [4]). Also, if the group is
a locally compact Abelian group, in particular one of the Euclidean spaces R

d,
then the linear independence behavior is fairly well understood (see Edgar and
Rosenblatt [1] and Rosenblatt [10]). In this case, the values of p for which
one gets linear independence of the regular left translations depends on the
dimension d. More is known about this problem, but not nearly enough. For
example, see Linnell and Puls [8] for results when the group is a non-Abelian
free group that show how the value of p matters here too, but in a different way
than for Euclidean spaces.

It is worthwhile making a general point here. There is clearly some tie be-
tween the linear independence of translations for the regular representation and
the linear independence of translations for an irreducible representation of the
group. In the case of R, the irreducible representations are one-dimensional and
there is complete failure of the linear independence. It requires the aggregate
behavior of these irreducible representations to reveal the possibility of having
linear independent translations on the group. On the other hand, it might be
possible to have the linear dependence fail for a given infinite dimensional ir-
reducible representation, but not have this carry over to the whole group too.
It would carry over if the irreducible representation were a direct summand of
the regular representation, but it typically is not.

Thus, we arrive at focusing on certain locally compact groups, among them
certain well known Lie groups, to understand these phenomena better. The
basic general issue that comes into play in these cases is whether there can
be non-trivial time-frequency equations of various types. That is, we seek to
understand the nature of the non-zero functions f ∈ Lp(R) that can be solutions
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to a non-trivial time-frequency equation of the form
K∑

k=1

ck exp(iakh(t))f(bk + t) = 0 (1.1)

for constants ak, bk ∈ R and a non-trivial function h : R → R.

Below we describe what happens with the question of linear independence
of translations on the Heisenberg group. By considering a particular irreducible
representation of this group, one ends up with a specific time-frequency analysis
problem that arose in the context of Gabor analysis. In this case, the time-
frequency equation with h(t) = t is the one to consider. We also look at
another special case, the affine group, i.e. the ax + b group, where the linear
independence fails despite the group having no elements of finite order. In the
process of seeing this, we again look at particular irreducible representations of
the group. We see that then a different time-frequency equation is important,
one where h(t) = exp(t). Finally, in order to better frame the differences
between the time-frequency analysis questions for the Heisenberg group and
the affine group, we consider what can be said about finding other functions h
for which the time-frequency analysis can be solved.

2. The Heisenberg Group

The Heisenberg group H is the group of 3 × 3 upper triangular matrices with
1 at each diagonal element. That is, it can be identified with R

3 with the
multiplication (a, b, c)(x, y, z) = (a+x, b+y, z+c+ay) for all (a, b, c), (x, y, z) ∈
R

3. This group is a two step nilpotent group. The center Z is {(0, 0, c) : c ∈ R}.
So H/Z = R

2 under addition. There is a particular representation of it called
the Schrödinger representation. It is the unitary representation on L2(R) given
by U(x, y, z)f(t) = eizeiytf(t + x). This is an infinite dimensional irreducible
representation of H. Because the factor eiz is not a function of t the problem of
linear independence for this representation becomes the time-frequency question
considered by Heil, Ramanathan, and Topiwala [3]. That is, given distinct
pairs (x1, y1), . . . , (xK , yK) ∈ R

2, can there by nonzero constants c1, . . . , cK

and a nonzero f ∈ L2(R) such that for almost every t,
K∑

k=1

ck exp(iykt)f(t + xk) = 0 ? (2.1)

The associated question is whether or not there are functions in L2(H) which are
linearly independent under translations. The structure of the irreducible uni-
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tary representations of H is completely known, they are either one-dimensional
or infinite-dimensional like the Schrödinger representation which arises in the
time-frequency problem. So one might hope that if there are non-trivial de-
pendence relations for the time-frequency equation, then there would be one
for the regular representation of H on L2(H). On the other hand, if we show
that there are no non-trivial solutions to equation (2.1), then a direct integral
argument would show that there are no non-trivial dependence relations for the
regular representation of H either.

The time-frequency question here is indifferent to taking a Fourier transform
of the equation. Taking the Fourier transform of the equation worked well when
the only factors in front of the translations are constants. But now the Fourier
transform of the equation is of the same type, with the translations during into
frequency multipliers and the frequency multipliers turning into translations.
The best, and only general, result so far is the one by Linnell [7] that shows
that if the subgroup generated by the vectors (xk, yk), k = 1, . . . ,K is discrete,
then there are no non-trivial solutions to equation (2.1). One can also get
particular nice classes among which there cannot be a solution by observing
that a solution cannot have compact support. Hence also a function in L2(R)
whose Fourier transform has compact support cannot be a non-trivial solution
of this time-frequency equation.

In trying to understand what can be said about this problem that would
give more insights we have suggested replacing the function t by some more
general function h(t) and seeing how this affects the basic functional equation
question. This led to the observations in the next two sections, but it has not
contributed any new insights into the Heisenberg time-frequency question. In
addition, although the result is of a different character, the article by Ludwig,
Masse, and Molitor-Braun [9] is very interesting.

3. The Affine Group

The affine group, often called the ax + b group, is the semidirect product G1 =
R ×η R given by the multiplication

(x, a)(y, b) = (x + eay, a + b)

for all x, y, a, b ∈ R. Isomorphically, it is the semidirect product G2 = R×η R
+

given by the multiplication

(x, α)(y, β) = (x + αy, αβ)
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for all x, y ∈ R and α, β ∈ R
+. An isomorphism between these two presentations

of the affine group is φ : G1 → G2 given by φ(x, a) = (x, ea) for all x, a ∈ R.

Depending on which presentation one uses, a left invariant Haar measure
appears in a somewhat different form. For G1, a left invariant Haar mea-
sure is dλ1(x, a) = e−adx da. That is, for f ∈ Lp(G1, dλ1) we have the Haar

integral given by
∫

f(x, a)dλ1(x, a) =
∞∫

−∞

∞∫
−∞

f(x, a)e−adx da. On the other

hand, for G2, a left invariant Haar measure is dλ(x, α) = α−2dx dα. That
is, for f ∈ Lp(G2, λ2), we have a Haar integral given by

∫
f(x, α)dλ2(x, α) =

∞∫
∞

∞∫
0

f(x, α)α−2dx dα.

For each σ ∈ R, the affine group G1 has a unitary representation Uσ on the
L2(R) given by Uσ(x, a)f(r) = e−a/2f(e−ar + σe−ax). It is easy to check that
these are indeed unitary representations of G1. All Uσ with σ > 0 are unitarily
equivalent to U1; all Uσ with σ < 0 are unitarily equivalent to U−1.

These representations can be used to get the following result.

Proposition 3.1. There exists a non-trivial smooth, rapidly vanishing

solution F to a time-frequency equation of the form

CF (t) = F (t − log 2) + exp(− i

2
et)F (t − log 2) , (3.1)

where C is a constant.

Proof. Start with the affine identity

1[0,1) = 1[0,1)(2x) + 1[0,1)(2x − 1). (3.2)

That is,

1[0,1) =
1√
2
U−1(0,− log 2)1[0,1) +

1√
2
U−1(

1

2
,− log 2)1[0,1). (3.3)

Apply a Fourier transform to equation (3.1). With F1(s) being the Fourier
transform of 1[0,1], we obtain

F1(s) =
1

2
F1(

s

2
) +

1

2
e−i s

2 F1(
s

2
). (3.4)

After substituting s = exp(t) = et, this gives

F1 ◦ exp(t) =
1

2
F1 ◦ exp(log(

et

2
)) +

1

2
e−i e

t

2 F1 ◦ exp(log(
et

2
)).

But then with F2 = F1 ◦ exp we have a solution to equation (3.1) with C = 2.
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It is easy to see that

F2(t) =

1∫

0

exp(−iret) dr = ie−t(exp(−iet) − 1).

The function F2(t) is bounded as t → −∞ and rapidly vanishing as t → ∞.
It is in L2(R, exp(t)dt). But it is not in L2(R, dt). So we adjust the weights.
Let F3(t) = exp(t/2)F2(t). That is, we take the function

F3(t) = i exp(−t/2)(exp(−iet) − 1).

This function F3 ∈ L2(R, dt) and it solves equation (3.1) with C =
√

2. Also,
F3(t) is rapidly vanishing as |t| → ∞.

We can view the computation in Proposition 3.1 in a way that makes it
less ad hoc. We need to consider two other families of unitary representations
of G1. They help interpret what is happening in the above calculation. First,
for any σ ∈ R, consider the unitary representation of G1 on L2(R) given by
Iσ(x, a)f(t) = exp(σixet)f(a + t). Second, for any σ ∈ R, consider the unitary
representation of G1 on L2(R

+) given by Jσ(x, a)f(s) = ea/2 exp(σixs)f(eas).
These are actually unitarily equivalent; so the specific forms here are just for
convenience. Indeed, define L : L2(R) → L2(R

+) by LH(s) = s−1/2H ◦ log(s).
Also, define E : L2(R

+) → L2(R) by EG(t) = et/2G ◦ exp(t). These are isome-
tries and inverses of one another. But also for all x, a ∈ R, L(Iσ(x, a)H)(s) =
Jσ(x, a)(LH)(s). That is, for all x, a ∈ R, E ◦ Jσ(x, a) ◦ L = Iσ(x, a).

Also, we can compute the Fourier transform FT (Uσ(x, a)f) of Uσ(z, a)f
and see that it gives Jσ(x, a)f̂ . Indeed,

FT (Uσ(x, a)f)(s) =

∞∫

−∞

e−a/2f(e−ar + σe−ax)e−irs dr

=

∞∫

−∞

ea/2f(r + σe−ax)e−iears dr =

∞∫

−∞

ea/2f(r)e−iea(r−σe−ax)s dr

= ea/2eσixsf̂(eas) = Jσ(x, a)f̂ (s).

So with f = 1[0,1] in the above and F1 = 1̂[0,1], we see that equation (3.3)
becomes

F1(s) =
1√
2
J−1(0,− log 2)F1(s) +

1√
2
J−1(

1

2
,− log 2)F1(s). (3.5)
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Then since F3 = E(F1), applying E to equation (3.5) gives

F3(t) = E(F1)(t)

=
1√
2
EJ−1(0,− log 2)LF3(t) +

1√
2
EJ−1(

1

2
,− log 2)LF3(t)

=
1√
2
I−1(0,− log 2)F3(t) +

1√
2
I−1(

1

2
,− log 2)F3(t).

This again is equation (3.1) with C =
√

2. This shows how the ad hoc calcu-
lation above was actually just a reinterpretation of the affine identity equation
(3.2), where the unitary representation U−1 is replaced by an equivalent one,
but one that appears to be very different.

It is worth noting that all of the unitary representations above are irre-
ducible. There are only two of them up to unitary equivalence, I1 and I−1.
These are also up to unitary equivalence the only two infinite-dimensional ir-
reducible representations of the affine group. The other irreducible unitary
representations are one dimensional. See the classical article by Gelfand and
Neumark [2].

Proposition 3.1 suggests that there is some chance for there to be non-
trivial dependence relations for translations of suitable functions f ∈ L2(G1).
Indeed, we have seen that equation (3.1) gives a linear dependence relation in
the context of one of the infinite-dimensional irreducible representations. But
it is not immediately clear that this will persist for the regular representation
of G1 itself. Without having a clear general principle that covers this situation,
we have to look at each case individually. For example, it is not so clear if the
existence of non-trivial solutions f ∈ L2(R) to equation (2.1) is equivalent to
there being non-zero functions f ∈ L2(H) with non-trivial dependence relations
among their translations. However, in the case of the affine group, it turns out
that we can use the existence of non-trivial solutions to equation (3.1) as a
guide to obtaining the following result.

Proposition 3.2. There exists a function f ∈ L2(G1) which has a non-

trivial linear dependence relation among its translates.

Proof. It is more convenient to use J−1(x, a)f(s) = ea/2 exp(−ixs)f(eas)
in this proof. We saw equation (3.2) gave a non-trivial equation (3.4), which
is just equation (3.5). This suggests looking for a linear dependence in L2(G1)
with respect to the regular representation R of G1 of the form

Cf(x, a) = R(0,− log 2)f(x, a) + R(
1

2
,− log 2)f(x, a) , (3.6)
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for some f(x, a) ∈ L2(G1) and some constant C.

Equation (3.6) is

Cf(x, a) = f((0,− log 2)−1(x, a)) + f((
1

2
,− log 2)−1(x, a))

= f((0, log 2)(x, a))+f((−1, log 2)(x, a)) = f(2x, log 2+a)+f(2x−1, log 2+a).

So equation (3.6) is just equation (3.2) in the first variable with an associ-
ated translation in the second variable. It is notationally worth switching to the
presentation G2 of the affine group, but with f(x, α) identified with f(x, ea).
Then equation (3.6) becomes

Cf(x, ea) = f(2x, 2ea) + f(2x − 1, 2ea). (3.7)

Again, this is like equation (3.2) in the first variable but with a doubling in the
second variable. Now we want to have f(x, ea) in L2(G1), so the formula for a
left invariant Haar measure on G1 tells us that f(x, ea)e−a/2 is in L2(R

2,m),
where m is Lebesgue measure. Hence, if there were such a solution we could
take the Fourier transform in variables s and t of equation (3.7). Then we would
have, with F (s, t) being the Fourier transform of f(x, ea)e−a/2,

CF (s, t) = C

∫ ∫
f(x, ea)e−a/2e−ixse−iatdx da

=

∫ ∫
f(2x, 2ea)e−a/2e−ixse−iatdx da+

∫ ∫
f(2x−1, 2ea)e−a/2e−ixse−iatdx da

=
1√
2
eit log 2F (

s

2
, t) +

1√
2
eit log 2e−i s

2 F (
s

2
, t).

That is, we are trying to find a constant C such that

CF (s, t) = eit log 2F (
s

2
, t) + eit log 2e−i s

2 F (
s

2
, t). (3.8)

This is really just equation (3.4) up to constants, except for the additional
factor eit log 2 in front of the terms on the right hand side of the equation.
This suggests trying Fo(s, t) = eit log |s|F1(s) for a possible solution. This does
work with C = 2 by equation (3.4), but it is not in L2(R

2). So we add in an
additional factor and take instead Fo(s, t) = eit log |s|k(t)F1(s) for any function
k in L2(R).

Remark 3.3. We may want to compute an explicit solution fo ∈ L2(G1)
to equation (3.6). We have to compute a function fo with the property that
the usual Fourier transform of fo(x, ea)e−a/2 is a solution Fo(s, t) of equation
(3.8). We should be able to do this if we take explicit choices in line with the
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construction above. But it is not clear how to carry this out in such a way
as to arrive at a reasonable closed expression for such a solution. Also, partly
connected with the difficulty of getting an explicit solution here, it is not clear
for which values of p we can get solutions non-trivial in Lp(G1).

4. Frequency Modulations of Translations

The examples for the affine group above can be thought of as asking about
solutions to time-frequency equations with a more general phase than the one
from Gabor analysis. That is, what can we say about functions h and non-trivial

solutions to
K∑

k=1

ck exp(iakh(t))f(bm + t)? We would be especially interested in

the case, where f ∈ L2(R).

We understand the case of h being a constant; then there are no such
solutions in any Lp(R) when 1 ≤ p < ∞. The open problem coming from the
Heisenberg group is with h(t) = t. Here we have worked out the case that arises
from the infinite dimensional irreducible representations of the affine group. In
this case h(t) = exp(t) and there are fairly simple non-trivial solutions. So the
zero set above can include a graph of the form {(t, exp(t)) : t ∈ R}.

It is worthwhile to make also this general observation. If we have a mean-
zero, real-valued, almost periodic function p(r), then there must be a syndetic
(i.e. bounded gaps) set of points ro, where p(ro) = 0 and p(r) changes sign as
r varies from less than ro to more than ro. That is, the zeros are in standard

position. Hence, if we have a linear combination S(t) =
K∑

k=1

ckpk(r), where the

constants ck are real-valued and the functions pk are mean-zero, real-valued,
almost periodic, then again we have a mean-zero, real-valued, almost periodic
function. So S has a syndetic set of zeros in R in standard position. So, if we

consider a sum S(t, r) =
K∑

k=1

ckf(bk + t) exp(iakr), we can impose some general

conditions to be in the above situation for each fixed t. This does not have
much to do with the fact that the coefficients of exp(iakr) are translations, but
it will serve to illustrate the point.

Assume that the constants ck real-valued and the function f is real-valued
and continuous. Assume that for each fixed to the sum S(to, r) is a mean-zero,
real-valued, almost periodic function of r. This can occur in several ways, but
it can easily be achieved by grouping terms with the same value for bk so that
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the frequencies ak in the exponential terms can be appropriately chosen. For
example, take a linear combination such as

7(cos(r) + cos(πr))f(2 + t) − 3(sin(
√

2r) + cos(πr))f(e + t).

We can then choose r(to) which is a root of S(to, r) in general position. But
then by continuity and the fact that the zero is in general position, in an
interval around to we can choose h continuously so that for each t in the interval
S(t, h(t)) = 0. One can use compactness to cover each closed bounded interval
in R with open intervals U of this type. This shows the following

Proposition 4.1. Given a real-valued continuous f ∈ L2(R), real num-

bers bk, k = 1, . . . ,K, and mean-zero, real-valued trigonometric polynomials

pk(t), k = 1, . . . ,K, there is a piecewise continuous function h(t) such that we

have a time-frequency equation of the form
K∑

k=1

pk(h(t))f(bk + t) = 0 for all

t ∈ R.

We can also have the graph of h be unbounded. But it is not clear what
more can be said in this situation about the structure of h. In particular, it is
not at all clear if h can be chosen to be piecewise linear.

Therefore, we can give non-trivial solutions to time-frequency equations of
the form of equation (1.1) just from facts about zeros of almost periodic func-
tions. This gives some evidence that it is going to be difficult to characterize the
geometric structure of the set of zeros (t, r) for a general linear combination of

the form
K∑

k=1

ck exp(iakr)f(bk + t). In some sense, this is what is needed to solve

the question of whether or not functions in L2(H) have linearly independent
translates.
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pour les groupes de Lie nilpotents, C.R. Acad. Sci Paris, Ser. I, 342 (2006),
399-404.

[10] J. Rosenblatt, Linear independence of translations, Journal of the Aus-
tralian Math. Society, 59 (1995), 131-133.



474


