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Abstract: This paper demonstrates the dramatic decrease in solution time re-
quired by the algebraic multigrid algorithm, SAMG, in numerically solving lin-
ear systems formulated from highly heterogeneous finite element method (FEM)
models of the human head. The paper demonstrates the dramatic improvement
in time to solution and robustness of SAMG over the existing FEM solver that
utilizes Jacobi preconditioned conjugate gradient and successive overrelaxation.
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1. Introduction

Electric and magnetic fields of the brain, nowadays, can be measured nonin-
vasively with a cm spatial resolution using a multichannel (256-304) cryogenic
SQUID system (VSM Medtech, Vancouver, B.C.) or multichannel (128-256)
EEG systems by Neuroscan. The computational task demands numerically
solving the bioelectric and biomagnetic forward and inverse problem, recon-
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Figure 1: A segmented slice, marked as slice number 30, used in the
FEM model. This is the 30-th slice starting from the left side of the
subject and is located 1.7 cm to the right from the midline of the brain

structing images of the 3-D current distribution, and displaying the image on
a graphic workstation. Such problems result from highly heterogeneous finite
element method (FEM) models of the human head (see [6, 7, 5]). Such models
have recently become increasingly popular for EEG (electroencephalography)
simulations and inverse reconstructions of the electrical sources in the cortex.
Recent work (see [6]) has studied how the FEM models influence the forward
and inverse simulations. For more information, (see [3, 5, 2]).

If 3-D current distribution can be computed and visualized within an hour,
clinical applications become possible. If it can be done in real time, clinical
utility is ensured. This demands that reconstruction and display should be
done within a reasonable real time frame. A reasonable real time frame could
be of the order of 1-3 minutes while the patient is in an operating room such
that a surgeon sees modeling results and a clinical procedure is prescribed. This
requires on-line collection of the data, simultaneous solution of the forward and
inverse problem, and display of the data. Doing this in a 1-3 min real time
frame is a large but realizable computational challenge. This can be achieved
by faster solution of the associated finite element models.

This paper demonstrates the effective role multigrid methods can play in
such simulations. The sparse matrix equations of interest result from a FEM
model of the head that are then solved for the electric potentials and fluxes.
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Figure 2: A three dimensional view of the head model superimposed
with 145 EEG electrode positions

Our model building details have been described earlier (see [5, 6, 7]). For
the sake of completeness in the model, a summary is provided here. The T1
weighted sagittal MRI slices of an adult male subject with 3.2 mm thickness
were collected with a 1.5 Tesla GE Signa scanner. The original MR slices
were of 256 × 256 resolution with 1.0 mm size pixels (see [4, 6, 7]). A total
of 51 contiguous slices was used. The MR images were segmented using a
semiautomatic tissue classification program. The identified tissues were: scalp,
fat, muscle, hard skull bone, soft skull bone, gray matter, white matter, eyes,
spinal cord and cerebellum, cerebrospinal fluid (CSF) and soft tissue. A detailed
structure of the ears, eye sockets, sinus and oral cavities, and occipital hole was
also included in the segmentation. One of the segmented slices, marked as slice
number 30 is shown in Figure 1. This is the 30-th slice starting from the left
side of the subject. It is 1.7 cm to the right from the midline of the brain. A
3-D view of the model and the coordinate system is given in Figure 2.

Such a FEM model results in a sparse matrix equation that involves over 1.5
million variables. The goal of this paper is to compare the existing FEM solver
and the SAMG multigrid algorithm, which is an algebraic multigrid package
produced by the Fraunhofer-Institute for Algorithms and Scientific Computing
(see [9, 10]). SAMG and algebraic multigrid are known as fast iterative solvers
for linear systems stemming from elliptic equations (see [8, 1]). The following
section shows the effectiveness in using SAMG for such numerical simulations.
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Figure 3: A dipole as seen for slice 30

2. Numerical Results

The whole head model had a 1 × 1 × 3.2 mm voxel resolution. The voxels
were hexahedral, i.e., brick-shaped elements with linear basis functions. There
were 3,342,336 hexahedral voxels and 3,434,548 nodes in the whole head model.
The tissue resistivity values used in the model have been used by us before
in our head modeling studies (see [6, 7]). The current and fluxes in the head
model were computed using a uniform mesh finite element solver. Then later
on these quantities were computed using the SAMG solver. In the FEM solver
we used Jacobi preconditioned conjugate gradient (JCG) and successive over-
relaxation (SOR). The stopping criterion was that the Euclidean norm of the
global residual fell below a tolerance of 0.0002.

We studied three cases. In each case one dipole was placed in the cortex
as seen for slice 30 in Figure 3. The electric potentials and flux densities were
computed in the whole head model. The location of the dipoles is given in
Table 1. The dipole 3 is a shallow cortical dipole confined within the slice 31 of
the model at z = 9.92 cm. Note the slice thickness is 3.2 mm. The y coordinate
is for the depth. The dipole 3 is between the slice 30 and slice 31. The dipole
1 is in the left side of the brain. Runtime for each dipole location is different.

The following numerical results were run on a PC equipped with a 2.16GHz
processor with 3 GB of RAM. Tests were run with until the Euclidean norm of
the global residual vector was less than 0.0002.

2.1. Results of Existing Method

The existing FEM numerical method that solves the resulting linear systems
uses Jacobi preconditioned conjugate gradient (JCG) followed by iterations of
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(x, y, z) in cm Voltage

Dipole 1 (11.7, 8.1, 4.80) +100
(15.9, 9.2, 4.80) −100

Dipole 2 (15.6, 9.0, 9.60) +100
(15.6, 9.0, 9.92) −100

Dipole 3 (7.9, 6.7, 9.92) +100
(7.1, 7.2, 9.92) −100

Table 1: Location of the dipoles for the numerical experiments

Problem JCG SOR Total Time (s) SAMG Total Time (s)

1 710 1601 1128 6 16.9

2 98 1999 — 3 13.2

3 665 167 377 5 15.7

Table 2: Numerical results of solving linear systems of three test prob-
lems. The columns for JCG, SOR and SAMG list the iterations of
each corresponding method. Recall JCG and SOR combine to create
the FEM solver. Each SAMG iteration combines CG with the SAMG
V-cycle as a preconditioner

successive overrelaxation (SOR). In the numerical tests to follow, JCG was run
initially until the Euclidean norm of the global residual fell below a tolerance
of 0.0005. Then SOR was run until the Euclidean norm of the global residual
vector was less than 0.0002.

Table 2 gives the results for three test problems. We see from these results
that this method is sensitive to the placement of the dipoles. Notice that
problem 1 takes almost three times as long as problem 3. Note, the program
aborts from the SOR algorithm when the number of iterations reaches 1,999.
Therefore, the program did not converge for problem 2. It is helpful to note that
at the time the FEM solver terminated the norm of the residual was 0.000490382
which is over 2.4 times the desired stopping tolerance.

2.2. Results of SAMG

SAMG provided dramatic improvement in efficiency and robustness as an iter-
ative solver for such linear systems. SAMG was run with aggressive coarsening
(to shorten the setup phase) and as a preconditioner for CG. For means of com-
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parison, convergence occurred when the Euclidean norm of the global residual
dropped below 0.0002.

Table 2 gives the results for three test problems. Note that the total time
includes the setup time for the algebraic multigrid method. The aggressive
coarsening available in SAMG speeds this portion of the algebraic multigrid
algorithm and complements the low number of iterations needed in the algo-
rithm. From these results, we see two important results: 1) SAMG is relatively
insensitive to the underlying linear system produced by the FEM model and 2)
SAMG is a clear choice in terms of efficiency.

From Table 2, we see that SAMG converges for all three problems. Further,
SAMG produced relatively little variance in the time to solution. In contrast,
recall that the time for the FEM solver for problem 1 was over three times that
needed for problem 3. Even more troublesome is the fact that the FEM solver
did not converge for problem 2. Again, SAMG converges for all three problems.

Table 2 also demonstrates the efficiency of SAMG over the FEM solver.
For problem 1, the SAMG algorithm runs over 66 times faster than the FEM
solver. Again, SAMG converges for problem 2 unlike the results of the FEM
solver. Of the three test problems, the smallest gap in efficiency occurred for
problem 3 in which SAMG performs over 24 times faster than the FEM solver.

In Figure 4, we see a plot of the residual for each problem type. To demon-
strate the efficiency of this method for a stricter convergence tolerance, SAMG
was run with a stopping criterion of 10−8. Note the steady decline in the
residual as would be expected from a method producing such low number of
iterations to convergence. We also see a steady slope in each problem after
the first iterate. We would expect the slope of this line to be the asymptotic
convergence factor of the iterative method.

These results demonstrate the key role algebraic multigrid algorithms can
play in numerically solving the bioelectric and biomagnetic forward and inverse
problems. As such, multigrid can dramatically decrease the computational time
required to reconstruct images of the associated 3-D current distribution and
leave substantial portions of computing time for the tasks of on-line collection
of the data and display of the data.

3. Conclusions

This paper demonstrates the dramatic decrease in solution time required by the
SAMG algorithm in numerically solving a linear system formulated from highly
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Figure 4: Plots of residual (log) versus iteration of three test prob-
lems using SAMG, where the SAMG algorithm converged when the
Euclidean norm of the residual fell beneath 10−8

heterogeneous finite element method (FEM) models of the human head. The
SAMG algorithm shows great promise in decreasing the computation time re-
quired to numerically determine the 3-D current distribution. Such a reduction
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reflects great promise in allowing 3-D current distribution to be computed and
visualized within an hour or possibly within 1-3 minutes. Future research could
include testing a larger body of test problems to further explore the robustness
of SAMG. Further work should include integrating SAMG into the existing
FEM software so that overall time required for such electroencephalography
simulations could be determined. Whatever the next step may be, this paper
demonstrates the key role algebraic multigrid methods, in particular SAMG,
can play in such work.
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