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Abstract: A proof of the Fredholm alternative, built on the theory of Banach-
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1. Introduction

The Fredholm alternative is a separable Hilbert space analog of the guarantee
that an finite dimensional injective operator is invertible. We present here a
short proof, short only because it rides on the back of the theory of Banach
algebra-valued analytic functions of a complex variable [1], [3].

The crux of the alternative resides in one very special case-degenerate per-
mutations of the identity. The word operator will mean bounded operator.

Proposition. Suppose K is an operator of finite rank on the Banach space

X. If I − K is injective, then it is invertible.
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Proof. Note that the Neumann series of the resolvent of K,

R(λ) = (λ − K)−1 =
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= (1/λ)I + (1/λ)R(λ)K, (1)

represents an analytic function for |λ| > ‖K‖.

Let R0(λ) = (λI0 − K0)
−1 denote the finite dimensional operator resolvent

of K0, where K0 is the operator K cut back to its finite dimensional range
X0 = ranK. R0(λ) is a meromorphic function with its poles at the spectrum
of K0. Use this finite dimensional resolvent to extend the original resolvent (1)
of K by the rule

S(λ)φ = (1/λ)φ + (1/λ)R0(λ)Kφ. (2)

Note that this continuation S of R to each λ not zero and not spectrum of
K0 is a bounded operator on all of X since

‖R0(λ)Kφ‖ ≤ ‖R0(λ)‖0 · ‖Kφ‖0 = ‖R0(λ)‖0 · ‖Kφ‖

≤ ‖R0(λ)‖0 · ‖K‖ · ‖φ‖. (3)

Moreover, this extension S is analytic at such λ, since by the First Resolvent
formula,

R0(λ)K − R0(λ0)K

λ − λ0

= −R0(λ)R0(λ0)K. (4)

Finally, S is indeed an analytic continuation of R since both agree on |λ| >
‖K‖ as can be seen by placing the Neumann series for R0 in (2).

Therefore (2) defines an analytic continuation of R to a meromorphic func-
tion S on the plane, with poles possibly at λ = 0 and exactly at the spectrum
of K0, that continues the relation

R(λ)(λ − K) = I. (5)

Hence R = S.

Assume K has no eigenvector with value λ = 1. Then nor can K0 have such
an eigenvector, for any such eigenvector would belong to X0 = ranK. Thus
R(λ) is analytic at λ = 1, guaranteeing that I−K has a (bounded) inverse.

Corollary A. Suppose that A is an invertible operator and that K is a

operator of finite rank on the Banach space X. If A−K is injective, then it is

also invertible.
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Proof. Note that

A − K = A(I − A−1K) (6)

and that A−1K is of finite rank. But the product of invertible operators is
again invertible.

Corollary B. The Fredholm alternative holds for any translate A − K of

an invertible operator A on any Banach space as long as the perturbation K
can be approximated by operators of finite rank.

Proof. Suppose that K can be approximated by a finite rank operator N ,
so that at the very least, E = K − N has norm less than 1. Because the open
unit ball about any invertible operator consists of invertible operators, A − E
is invertible. But then

A − K = A − E − N = (A − E)(I − (A − E)−1N). (7)

Moreover, simple algebra will reveal that I − (A − E)−1N is injective exactly
when A−K is injective. Thus the Fredholm alternative holds for A−K. That
is, if A − K is injective, then it is invertible.

Theorem. (Classical Fredholm Alternative) Suppose that A is an invertible

operator and that K is a compact operator on the separable Hilbert space X.

Then if A − K is injective, it is invertible.

Proof. Using the Riesz representation theorem, the compact operators be-
long to the closure of the operators of finite rank, see [1].

Unlike traditional proofs [3], [2], the above proof scheme disentangles the
crux of the alternative from Riesz representation.

References

[1] J.B. Conway, A Course in Functional Analysis, Springer-Verlag, New York
(1985).

[2] A.G. Ramm, A simple proof of the Fredholm alternative and a charac-
terization of the Fredholm operators, Amer. Math. Monthly, 108 (2001),
855-860.

[3] M. Reed, B. Simon, Functional Analysis – I, Methods of Mathematical
Physics, Volume 1, Academic Press, San Diego (1980).



382


