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Abstract: A heat kernel map is defined from a complete Riemannian manifold
(X,h) into the space P(X) of probabilities on X whose density function is
positive. By pulling back, by this heat kernel map, the Fisher information
metric on it, we assert that this induced metric is homothetic to the original
metric of X, provided (X,h) is a rank one symmetric space of non-compact
type and, also discuss monotonicity of the homothety constant in time.
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1. Introduction

Let (Xn, h) be an oriented connected complete Riemannian manifold of dimen-
sion n. Then we can consider the set of all probability measures on X with
positive density function, denoted by P(X) which is regarded as an infinite
dimensional manifold. P(X) carries a Riemannian metric gF called the Fisher
information metric which is a natural extension of the Fisher matrix on finite
dimensional statistical models [1].
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In case that (X,h) is simply-connected and of strictly negative curvature,
the first and third authors define a map from X to P(∂X) using the Poisson
kernel on X. Here ∂X is the ideal boundary of X, which is a compact manifold
identified with (n − 1)-dimensional sphere. Moreover, they show that if (X,h)
is a rank one symmetric space of non-compact type, this map is a homothetic
and minimal embedding.

In this article, we define analogously the map ϕt : X → P(X) parametrized
with t > 0 by using the heat kernel on X and show the following fact.

Theorem. If (Xn, h) is an Euclidean space or a rank one symmetric

space, then the heat kernel map ϕt is a homothetic immersion, i.e. there exists

a constant C(t) such that

ϕ∗
t gF = C(t)h. (1)

2. The Space of Probability Measures with Positive Density
Function and the Fisher Information Metric

Let (X,h) be an oriented connected complete Riemannian manifold and dvh

the canonical volume form of (X,h). For a fixed natural number k, we consider
the space of probability measures whose density function is in L2

k(X, dvh) and
positive everywhere:

Pk(X) =

{

µ = p(x) dvh(x)

∣

∣

∣

∣

p ∈ L2
k(X, dvh), p > 0,

∫

X
µ = 1

}

,

where L2
k(X, dvh) is the Sobolev space of functions on X of finite L2

k-norm with
respect to dvh.

P(X) carries the structure of infinite dimensional manifold whose tangent
space to P(X) at µ is

TµP(X) =

{

τ = q(x) dvh(x)

∣

∣

∣

∣

dτ

dµ
∈ L2

k(X,µ),

∫

X
τ = 0

}

.

Here dτ/dµ is the density function of τ with respect to µ, i.e. if µ = p dvh and
τ = q dvh, then

dτ

dµ
=
q

p
.

The Fisher information metric gF is a Riemannian metric on P(X) defined
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by

gF (τ1, τ2) =

∫

X

dτ1
dµ

dτ2
dµ

µ

at µ ∈ P(X), τ1, τ2 ∈ TµP(X). It is known that the Riemannian manifold
(P(X), gF ) has the following geometrical properties (see [4]):

(1) The sectional curvature of gF is constant and equals 1/4.

(2) Diff+(X) acts isometrically on (P(X), gF ). Here Diff+(X) is the group
of all orientation preserving diffeomorphisms of X. If X is compact, then this
action is transitive. However,

(3) (P(X), gF ) is not geodesically complete.

3. The Heat Kernel Map

Let (X,h) be an oriented connected complete Riemannian manifold and ∆ the
Laplace operator on X defined by

∆f = −
∑

i,j

hij∇i∇jf.

Here ∇ is the Levi-Civita connection of h and (hij) = (hij)
−1. The heat equation

is the partial differential equation

∂

∂t
u(t, x) + ∆xu(t, x) = 0

with initial condition u(x, 0) = f(x). This is solved

u(x, t) =

∫

y∈X
k(t, x, y) f(y) dvh(y)

in terms of heat kernel k(t, x, y). Here the heat kernel k(t, x, y) is a smooth
function on (0,∞) ×X ×X having the following properties:

(i) symmetry and positivity; k(t, x, y) = k(t, y, x) > 0.

(ii) It is a solution to the heat equation ∂
∂tk(t, x, y) + ∆xk(t, x, y) = 0.

(iii) For every x ∈ X, k(t, x, y) dvh(y) converges to the Dirac measure δx(y)
as t→ +0.

(iv) the Markov property (semi-group property)
∫

z∈X
k(t, x, z) k(s, z, y) dvh(z) = k(t+ s, x, y).

In addition, if X is a Riemannian homogeneous space G/K, then the heat
kernel is G-invariant (see [2]):



350 M. Itoh, H. Satoh, Y. Shishido

(v) k(t, gx, gy) = k(t, x, y) for any g ∈ G.

From these properties k(t, x, y) dvh(y) yields probability measures on X
with positive density for any x ∈ X, t > 0.

Definition. We define the map

ϕt : X → P(X), ϕt(x) = k(t, x, y) dvh(y).

We call {ϕt | t > 0} the heat kernel map on X.

4. Proof of Theorem

In case of an n-dimensional Euclidean space, the heat kernel is explicitly given
by

k(t, x, y) = (4πt)−n/2 exp

(

−|x− y|2
4t

)

.

Now we compute ϕ∗
t gF

(

∂
∂xi ,

∂
∂xj

)

. Here
∫

y∈Rn

∂ log k(t, x, y)

∂xi

∂ log k(t, x, y)

∂xj
k(t, x, y) dvh(y)

=
1

4t2(4πt)n/2

∫

y∈Rn

(xi − yi)(xj − yj)e−|x−y|2/4tdy1 ∧ · · · ∧ dyn

=
1

4t2(4πt)n/2

∫

z∈Rn

zizje−|z|2/4tdz1 ∧ · · · ∧ dzn

=
δij

4t2(4πt)n/2

(
∫ ∞

−∞
z2e−z2/4tdz

)(
∫ ∞

−∞
e−z2/4tdz

)n−1

.

An easy computation shows that
∫ ∞

−∞
e−z2/4tdz = (4πt)1/2,

∫ ∞

−∞
z2e−z2/4tdz = 2t(4πt)1/2.

Hence we have

ϕ∗
t gF

(

∂

∂xi
,
∂

∂xj

)

=
1

2t
δij ,

i.e. we have ϕ∗
t gF = 1

2th.

In case of rank one symmetric spaces, to calculate ϕ∗
t gF we utilize the

ampleness of isometries. First, we define an action of Isom+(X,h), which is
the group of orientation preserving isometries on X, on P(X) as follows: for
ψ ∈ Isom+(X,h), µ ∈ P(X), we define ψ ·µ =

(

ψ−1
)∗
µ. Notice that this action
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is isometric with respect to gF . From the property (v), we have

ψ · (k(t;x, · ) dvh) =
(

ψ−1
)∗

(k(t;x, · ) dvh)

= k(t;x, ψ−1( · ))
(

ψ−1
)∗

(dvh)

= k(t;ψ(x), · ) dvh,

i.e.

ψ ◦ ϕt = ϕt ◦ ψ (2)

which means that Isom+(X,h) acts on (X,ϕ∗
t gF ) isometrically.

We choose any unit tangent vector v0 ∈ Tx0
X and set C(t) = ϕ∗

t gF (v0, v0).
Since (X,h) is a rank one symmetric space, there exists for any unit tangent
vector v ∈ TxX an isometry ψ such that x = ψ(x0) and v = dψ(v0) (see [5,
Theorem 6.2, pp. 246]). Hence, from (2), we have

ϕ∗
t gF (v, v) = ϕ∗

t gF (dψ(v0), dψ(v0)) = ϕ∗
t gF (v0, v0) = C(t) ,

from which we have ϕ∗
t gF = C(t)h.

Remark. Let (X,h) be a rank one symmetric space.

Assume that there exists a positive function f(x, y) on X ×X such that:

(1)
∫

y∈X f(x, y) dvh(y) = 1 for any x ∈ X,

(2) ϕf : X → P(X) defined by ϕf (x) = f(x, y) dvh(y) is immersion, and

(3) f(ψ(x), ψ(y)) = f(x, y) for any ψ ∈ Isom+(X,h).

Then we can assert by a similar argument that the map ϕf is a homothetic
immersion.

5. A Remark on Monotonicity of the Homothety Constant C(t)

In the Euclidean case, the homothety constant C(t) in (1) equals 1

2t which is a
monotone decreasing function. As mentioned in the proof of Theorem, in case of
rank one symmetric spaces, it is not easy to find the homothety constant C(t).
However, if (X,h) is non-compact type, using the argument by G. Besson et al
in [3] we can assert that C(t) is monotone decreasing.

They consider the unit sphere S∞(X) in L2(X, dvh) with respect to the
L2-norm ‖ · ‖L2 :

S∞(X) :=

{

f ∈ L2(X, dvh) ; ‖f‖2
L2 =

∫

X
f2dv = 1

}

.

We can regard S∞ as an infinite dimensional Riemannian manifold whose tan-
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gent space at f ∈ S∞(X) is

TfS
∞(X) ≃

{

h ∈ L2(X, dvh) ; 〈h, f〉L2 =

∫

X
hf dv = 0

}

with a Riemannian metric gL2 naturally induced from 〈 · · 〉L2 defined by

gL2(h1, h2) = 〈h1, h2〉L2 =

∫

X
h1h2 dvh.

Let Φ be a smooth positive function on X ×X satisfying that
∫

y∈X
Φ2(x, y) dvh(y) = 1.

Moreover, using above function Φ(x, y) and the heat kernel k(t;x, y) they define
the function Φt(x, y) by

Φt(x, y) =

(
∫

z∈X
Φ2(x, z) k(t; z, y) dvh(z)

)1/2

.

We find that Φt defines a map X ∋ x 7→ Φt(x, · ) ∈ S∞(X). Besson et al assert
that

∀u ∈ TxX , gΦt
(u, u) ≤ gΦt′

(u, u) if t ≥ t′ , (3)

where gΦt
is the pull-back metric of gL2 by Φt (see [3, pp. 744]).

Proposition. Let (X,h) be a rank one symmetric space of non-compact

type. Assume the statement (3) for any Φ. Then the homothety constant C(t)
satisfies that

C(t) ≤ C(t′), if t ≥ t′. (4)

Proof. First we claim that the Fisher information metric is essentially iden-
tical to gL2 . We can define a map Ψ : P(X) → S∞(X) by

Φ(µ) =
√
p

for µ = p dvh ∈ P(X). Then, from a simple calculation we have

Ψ∗gL2 =
1

4
gF . (5)

Set Φ(x, y) = k(s;x, y). Then from the Markov property we have Φt(x, y) =
k(t+ s;x, y)1/2. Hence we have

Φt = Ψ ◦ ϕt+s. (6)

From (3), (5) and (6), we obtain (4).
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