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Abstract: In this note we show that for any group covering π : G → G∗,
where G is a connected Lie group and G∗ is a real algebraic group, if the G∗-
conjugacy class of an x∗ ∈ G∗ is compact and x ∈ G maps onto x∗, then so
is the G-conjugacy class of x. It follows that if the G∗-conjugacy class of x∗

has a finite G∗-invariant measure, then the G-conjugacy class of x also has a
finite G-invariant measure. Account has to be taken of both the Zariski and
Euclidean topologies.
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*

The purpose of this note is to prove the following result.

Theorem 1. Let G be a connected Lie group and π : G→ G∗ a covering

map onto a real algebraic group, G∗. If the G∗-conjugacy class of an x∗ ∈ G∗

is compact and x ∈ G maps onto x∗, then so is the G-conjugacy class of x.

Received: June 19, 2008 c© 2008, Academic Publications Ltd.



282 M. Moskowitz

We adopt the following notation. G is a connected Lie group, with Lie
algebra g, center Z(G), adjoint representation Ad and z(g) stands for the center
of g. For x ∈ G, its centralizer and conjugacy class will be denoted by ZG(x)
and OG(x) respectively. By a real algebraic group we mean the real points of an
algebraic group defined over R. So, for example, if G is semisimple, its adjoint
group, Ad(G), is such a group. Finally, H0 is the identity component of the
Lie group H. For general facts concerning Lie groups see e.g., Abbaspour and
Moskowitz [1].

When π is the adjoint represention in Theorem 1, then Z(G) is discrete
and Ad(G) is a real algebraic group. Hence z(g) = (0) and g is an algebraic
Lie algebra. If G is a simply connected Lie group, the converse is true and the
hypotheses of our results are implied by conditions on the Lie algebra alone.
Namely,

Proposition 2. Let g be an algebraic Lie algebra with trivial center. If

G is simply connected, then Ad : G → Ad(G) is a covering map onto a real

algebraic group.

Proof. Since Z(G) is discrete, Ad is a covering. Because g is a real algebraic
Lie algebra, there is a real algebraic group G1 with g as its Lie algebra. Since
G is simply connected there is a covering map φ : G → G1. Then D = Kerφ
is a discrete central subgroup of G and G/D = G1. Letting D1 = Z(G)/D, we
get a sequence of maps

D1 = Z(G)/D → G/D = G1 → G1/D1 = G/Z(G) = Ad(G).

The induced map Ad1 : G1 → Ad(G) is a morphism and since G1 is real
algebraic, so is Ad(G).

We shall first prove Proposition 3 below concerning the way conjugacy
classes map under group coverings.

Proposition 3. Let G be a connected Lie group and π : G → G∗ be a

covering map of G onto a real algebraic group G∗. Then for each x ∈ G the

restriction of π to each conjugacy class is a finite to 1 map OG(x) → OG∗(π(x)).

Thus, although in general a covering map itself will certainly not be finite
sheeted, here its restriction to individual conjugacy classes will be. This applies,
for example, when G is a simply connected, non-compact semisimple group of
Hermitian type and G∗ = Ad(G) where we have an infinite sheeted universal
covering (for example when G is the universal covering of the real symplectic
group, Sp(n,R)).

Since π is a surjective group homomorphism it maps OG(x) onto OG∗(π(x)).
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In order to prove this map on OG(x) is finite to 1 we require two lemmas.

Lemma 4. Let π : G → G∗ be any covering map of Lie groups. Then

π(ZG(x)0) = ZG∗(π(x))0 for each x ∈ G.

Proof. Evidently, π(ZG(x)) ⊆ ZG∗(π(x)) so by continuity π(ZG(x)0) ⊆
ZG∗(π(x))0. Let g∗ ∈ ZG∗(π(x))0. We first suppose g∗ actually lies on a 1-
parameter group of ZG∗(π(x))0 ⊆ G∗. Then g∗ = expG∗(X∗). Since π is a
local isomorphism we can identify the Lie algebras and consider g = g

∗. Under
this identification π expG = expG∗ so g∗ = π expG(X), where X ∈ g. Let gt =
exp(tX). Then for all real t, π(gt) = π(exp(tX)) = expG∗(tX∗) ∈ ZG∗(π(x))0.
It follows that [π(gt), π(x)] = π[gt, x] = 1 identically, so [gt, x] ∈ Kerπ, which
is discrete. Hence [gt, x] is constant. Taking t = 0 tells us this constant is 1
and, in particular, [g1, x] = 1 and since g1 ∈ G lies on a 1-parameter subgroup
of G, it lies in ZG(x)0 and we have π(g1) = g∗. Now let g∗ be a product of
elements each lying on 1-parameter groups of ZG∗(π(x))0. Then g∗ = g∗

1
· · · g∗n

and each g∗
i

= π(gi), where gi ∈ ZG(x)0. Hence π(g1 · · · gn) = π(g1) · · · π(gn) =
g∗
1
· · · g∗n = g∗. Because ZG(x)0 is a group g = g1 · · · gn ∈ ZG(x)0.

From π(ZG(x)) ⊆ ZG∗(π(x)) and π(ZG(x)0) ⊆ ZG∗(π(x))0 we get induced
mappings π1 : G/ZG(x) → G∗/ZG∗(π(x)) and π2 : G/ZG(x)0 → G∗/ZG∗(π(x))0.

Lemma 5. For fixed x ∈ G, π1 is finite to 1.

Since a conjugacy class is equivariantly equivalent to the group modulo the
centralizer, it follows that the orbit map is also finite to 1 completing the proof
of Proposition 3. We now prove Lemma 5.

Proof. These data give rise to vertical maps φ and ψ defined respectively
by gZG(x)0 7→ gZG(x) and g∗ZG∗(x∗)0 7→ g∗ZG∗(x∗) and horizontal maps π1

above and π2 as in the diagram below. In this way we get a G-equivariant
(commutative) diagram, where G acts through G∗ on the right side.

G/ZG(x) → G∗/ZG∗(x∗)
↑ ↑

G/ZG(x)0 → G∗/ZG∗(x∗)0

Because G∗ is a real algebraic group, ZG∗(x∗) a real algebraic subgroup (see
Borel [2]). Hence by Whitney [6] the latter has a finite number of Euclidean
connected components. Since ZG∗(x∗)/ZG∗(x∗)0 is finite it follows that ψ is a
finite sheeted covering. Now φπ−1

2
(ZG∗(x∗)0) = φ({gZG(x)0 : π2(gZG(x)0) =

ZG∗(x∗)0}). But π2(gZG(x)0) = π(g)ZG∗(x∗)0. Thus φπ−1

2
(ZG∗(x∗)0) is equal

to φ({gZG(x)0 : π(g) ∈ ZG∗(x∗)0}.

By Lemma 4 π−1(ZG∗(x∗)0) = ZG(x)0 Kerπ and since π is a covering the
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latter is contained in ZG(x)0Z(G) ⊆ ZG(x). Hence φπ−1

2
(ZG∗(x∗)0) is just the

single point, {ZG(x)}. By G-equivariance and transitivity, φπ−1

2
of each point

of G∗/ZG∗(π(x))0 must also be just a single point. Now suppose there were
infinitely many points of G/ZG(x) maped by π1 to one point of G∗/ZG∗(π(x)).
By surjectivity of φ we may choose elements of G/ZG(x)0 mapping onto these.
Then their images under π2 in G∗/ZG∗(π(x))0 would be a set S for which
φπ−1

2
(S) is infinite. Hence S itself is infinite. But ψ(S) is a single point, a

contradiction.

We now turn to the proof of the theorem.

Proof. Because G∗ is a real algebraic group the theorem of Borel-Serre
(see Zimmer [7] Theorem 3.1.3) tells us the orbit, OG∗(x∗), is locally closed
in the Euclidean topology and therefore is locally compact. By a well known
result on transitive actions (see Abbaspour and Moskowitz [1]), OG∗(x∗) is
G-equivariantly homeomorphic with G∗/Stab∗

G(x∗) and thus is a topological
manifold. Since π is a local homeomorphism carrying OG(x) onto OG∗(x∗) the
same is true of OG(x) and π restricted to OG(x) is a covering map. Finally,
because OG∗(x∗) is compact and each preimage is finite, the compactness of
OG(x) follows from Lemma 3 of Moskowitz [5].

Whereas in general one can always push a finite invariant measure forward
the corollary below shows that here one can pull a finite invariant measure
backward. In what follows B(G) denotes the elements of G whose conjugacy
classes have compact closure. The significance of this (closed characteristic
subgroup of G) is that it is the union of all finite, regular, positive, Int(G)-
invariant measures on G (see Greenleaf et al [3]).

Corollary 6. Let G be a connected Lie group and π : G→ G∗ a covering

map onto a real algebraic group G∗. If for some x∗ ∈ G∗ the homogeneous

space G∗/ZG∗(x∗) has a finite G∗-invariant measure and x ∈ G maps onto x∗,
then G/ZG(x) has a finite G-invariant measure.

Proof. Since G∗/ZG∗(x∗) has a finite G∗-invariant measure, by the main
result of Greenleaf et al [4] G∗/ZG∗(x∗) is actually compact. Hence so is the
OG∗(x∗). By Theorem 1 it follows that OG(x) is also compact. Hence x ∈ B(G).
Therefore there is a finite Int(G)-invariant measure on G whose support is
OG(x). Thus by equivariance G/ZG(x) has a finite G-invariant measure.
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graphs in Mathematics, Boston-Basel-Stuttgart (1984).



286


