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Abstract: In this paper, we propose a mathematical model concerning con-
tinuous harvesting of a single species fishery. It is assumed that a reasonable
catch-rate function and a suitable tax per unit biomass of landed fish imposed
by an external agency. The steady state is determined and its stability is dis-
cussed. Moreover, the optimal harvesting policy is studied from the view point
of continuous time optimal control theory. Finally, numerical simulations and
a brief discussion are given.
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1. Introduction

Bioeconomic modelling is concerned with scientific management strategies for
the exploitation of renewable resources like fisheries and forestries. The basic
ideas related to this field of study were first provided by Clark [5], who further
extended and consolidated these findings in his second book [7]. The optimal
management of renewable resources has been extensively studied by a variety
of authors such as Chaudhuri [4], Purohit and Chaudhuri [16], Pradhan and
Chaudhuri [15], Song and Chen [17], Dubey et al [9], Kar [12], Clark [6], Alvarez
and Shepp [1], Fan et al [13], Zhang et al [20], Ganguly et al., [10] and Xiao et
al [19].
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On the other hand, problems of law enforcement are intricately associated
to the management of renewable resources. Various aspects of law enforcement
in regulating fisheries have received much attention for a long time, see [10],
[2], [18]. Taxation, licence fees, seasonal harvesting etc. are usually considered
as possibly efficient governing instruments in fishery regulation. From the view
point of economists, taxation is superior, at least in theory, to other control
policies due to its flexibility. Among the above-mentioned references, Ganguly
and Chaudhuri [10] studied a single species fishery, with taxing regulation,
modelled by the logistic law of growth.

The main purpose of this paper is to construct a realistic model of a bioe-
conomic system for fishery resources management, investigate its dynamics and
discuss the optimal harvesting policy. The present paper is organized as fol-
lows. In Section 2, our continuous model is constructed and discussed by using
a reasonable catch-rate function. It is assumed that a suitable tax per unit
biomass of landed fish is imposed. The fishing effort is considered as a variable
depending on the capital invested in the fishery. In Section 3, the positive equi-
librium is determined and its stability is discussed. In Section 4, the optimal
harvesting policy is studied from the view point of continuous time optimal
control theory. Finally, numerical simulations and a brief discussion are given.

2. Model Formulation

The population dynamics of the fishery is modelled by the equation

dx

dt
= F (x) − h(t), (1)

where x(t) represents the density of the fish population at time t and F (x)
models the famous Gompertz law of growth, that is,

F (x) = rx ln(
K

x
), (2)

in which r > 0 is called the intrinsic growth rate and K > 0 denotes the
environment carrying capacity, or saturation level. In the present paper, we
have considered the Gompertz law of growth because of its superiority over the
logistic law of growth, as discussed in detail by Pradhan and Chaudhuri [15].
Here, the harvesting rate is of the following form

h(t) =
qE(t)x(t)

aE(t) + bx(t)
, (3)
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where a and b are positive constants, q is the catchability coefficient and E is
the harvesting effort.

Generally, the catch-rate function used in the fishery models is governed
by the equation h = qEx. This is based on the CPUE (catch-per-unit-effort)
hypothesis, see [5]. Although it is easy to be calculated for various bioeconomic
models, this function has several limitations as follows: (i) fish are randomly
searched for, (ii) each fish has an equal likelihood of being captured, (iii) the
quantity of fish harvested per E (or per x) is unlimited as x (or E) increases
to infinity. These unrealistic features are largely removed in (3). In equation
(3), h → (q/a)x as E → ∞ for a fixed value of x, and h → (q/b)E as x → ∞
for a fixed value of E. Thus the catch-rate function (3) describes saturation
effects with respect to the effort level as well as stock abundance. In view of
the features of the realistic function, one may note that the parameter a is
proportional to the ratio of the stock level to the catch-rate at higher levels of
harvesting effort and the parameter b is proportional to the ratio of the effort
level to the catch-rate at higher stock levels.

Recalling equation (3), one notes that the harvest effort E is considered to
be a dynamic variable and it is assumed to be proportional to the instantaneous
amount of capital invested. Then its model equations can be written as

E(t) = αΦ(t), 0 ≤ α ≤ 1 , (4)

and
dΦ(t)

dt
= I(t) − γΦ(t), Φ(0) = Φ0, (5)

in which I(t) is the gross investment rate at time t, Φ(t) is the amount of
capital invested in the fishery at time t and γ represents the rate of depreciation
of capital. For example, Φ(t) may denote the number of standardized fishing
vessels available to the fishery at time t. Obviously, the case α = 0 indicates
that no fishing effort is expended although vessels may be usable. However,
when α = 1 the number of available vessels equals the maximum effort capacity
and in view of severe depletion of fishery resources, the fishing vessels must be
kept inoperative. These are the justifications in support of models (4) and (5)
possible adjustments to the level of capital.

A regulatory agency controls exploitation of the fishery resources by impos-
ing a tax τ > 0. However, the case τ < 0 is also possible, indicating that the
fishermen are given subsidies.

The net economic revenue to the fisherman is

Π1 =
(p − τ)qxE

aE + bx
− cE, (6)



24 T. Peng

where p is the constant price per unit biomass of the species x and c is the
constant cost per unit effort.

Obviously, the net economic revenue to the society is

Π2 =
pqxE

aE + bx
− cE =

(p − τ)qxE

aE + bx
− cE +

τqxE

aE + bx
. (7)

The gross rate of investment of capital is given by

I = β[
(p − τ)qxE

aE + bx
− cE], 0 ≤ β ≤ 1. (8)

Equation (8) asserts that the maximum investment rate at any time equals the
perceived rent (for β = 1) at that time. The case β = 0 may be used only in
the situation of negative perceived rent, when disinvestment of capital asserts
is not feasible, see [8]. If the fishery becomes a source of losses and the capital
stocks are perfectly “malleable”, continuous disinvestment of capital assets can
be allowed for the sole owner of the fishery. In this case, I < 0 and β > 0 since
negative investment means disinvestment. In consideration of (8), models (4)
and (5) yield the result (see [10])

dE

dt
= {αβ[

(p − τ)qx

aE + bx
− c] − γ}E. (9)

3. The Steady State

The nontrivial steady-state point (x,E) obtained by simultaneously solving the
equations

rx ln(
K

x
) −

qEx

aE + bx
= 0, {αβ[

(p − τ)qx

aE + bx
− c] − γ}E = 0 , (10)

is given by

x =
K

e
[ q
ra

−
(αβc+γ)b

raαβ(p−τ)
]
, E = K

αβ(p−τ)q
a(αβc+γ) −

b
a

e
[ q
ra

−
(αβc+γ)b

raαβ(p−τ)
]
.

From now on, for obvious biological reasons, it is natural to assume that

q

r
>

(αβc + γ)b

rαβ(p − τ)
. (11)

In the case of taxation (τ > 0), one assumes that p > τ > 0. Then the value
of x satisifies the natural biological constraints (i.e. 0 < x < K) if and only

if the condition (11) (i.e. r
q

< rαβ(p−τ)
(αβc+γ)b ) holds, where r

q
is defined as the BTP

(biotechnical productivity) of an exploited population by Clark [5]. Also, E > 0
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provided

0 < τ < p −
b(αβc + γ)

αβq
. (12)

When the fish population is on the verge of extinction, protective tactics, which
opt for a tax-rate higher than the price p, are commonly used such that the
fishermen are discouraged from excessive fishing. One may consider this case
by taking τ > p > 0. However, E is always negative.

Obviously, if subsidies are given (i.e. τ < 0 and p − τ > 0), x > 0, E > 0 if
and only if

τ < min{p −
b(αβc + γ)

αβq
, 0}. (13)

3.1. Local Stability

The variational matrix of

(

ẋ

Ė

)

at (x,E) is given by

M =





bqEx

(aE+bx)2
− r − bqx2

(aE+bx)2

aαβ(p−τ)qE
2

(aE+bx)2
−aαβ(p−τ)qEx

(aE+bx)2



 .

After a simple calculation, we find that

Det M =
arαβ(p − τ)qEx

(aE + bx)2

and

Trace M =
[b − aαβ(p − τ)]qEx

(aE + bx)2
− r .

Considering the fact that x, E are to be taken positive for all cases, DetM > 0
always holds. TraceM is always negative if

τ < p −
1

aαβ
(b −

r(aE + bx)2

qEx
) .

Then the steady-state point (x,E) is either a stable node or a stable focus if

τ < min{p −
1

aαβ
(b −

r(aE + bx)2

qEx
), p −

b(αβc + γ)

αβq
}. (14)

Under the following constraint

p −
1

aαβ
(b −

r(aE + bx)2

qEx
) < τ < p, (15)

the steady state becomes either an unstable node or an unstable focus.
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3.2. Global Stability

In the following we are ready to study the boundedness of the following system

ẋ = rx ln(
K

x
) −

qEx

aE + bx
, Ė = {αβ[

(p − τ)qx

aE + bx
− c] − γ}E. (16)

It is easy to obtain the following result.

Lemma 3.1. All solutions of (16) which initiate in R2
+ are uniformly

bounded.

Proof. We define the function

W = x +
1

αβ(p − τ)
E .

Therefore
dW

dt
+ (αβc + γ)W = rx ln

K

x
+ (αβc + γ)x .

Thus
dW

dt
+ (αβc + γ)W ≤ rKe

αβc+γ−r
r .

By applying known differential inequality estimations, see [3], we obtain

0 < W (x,E) <
rKe

αβc+γ−r
r

αβc + γ
(1 − e−(αβc+γ)t) + W (x(0), E(0))e−(αβc+γ)t

and letting t → ∞ yields

0 < W <
rKe

αβc+γ−r
r

αβc + γ
.

So we have Ω = {(x,E) ∈ R2
+ : W = rKe

αβc+γ−r
r

αβc+γ
+ǫ, for any ǫ > 0}, where Ω is

a finite region in which all solutions of (16) which start in R2
+ are confined.

Next we will prove that the interior equilibrium (x,E) is globally asymp-
totically stable in the region Ω.

We construct the following Lyapunov function

V (x,E) = x − x − x ln
x

x
+ (

bx

αβ(p − τ)aE
)(E − E − E ln

E

E
) when p − τ > 0 .

After a simple calculations, we derive

V̇
∣

∣

(16)
= −r(x − x) ln

x

x
+

bqE(x − x)2

(aE + bx)(aE + bx)
−

ad(p − τ)qαβx(E − E)2

(aE + bx)(aE + bx)
.
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Hence V̇ ≤ 0 if

r
ln x − ln x

(x − x)
>

bqE

(aE + bx)(aE + bx)
or

|x − x| <

√

ad(p − τ)αβ

bE
|E − E| .

The set {(x,E) ∈ Ω∩IntR2
+ : V (x,E) = 0} = {(x,E) ∈IntR2

+ : x = x,E =

E}. Hence the largest invariant at which V̇ = 0 is the interior equilibrium
(x,E). By virtue of Lasalle’s invariance principle, see [11], that point is globally
asymptotically stable if

(ln x − ln x)(aE + bx)

(x − x)
> M1,

where M1
.
= bqE

r(aE+bx)
, or

|x − x| < M2|E − E|,

where M2
.
=

√

ad(p−τ)αβ

bE
and τ satisfies (14). From the above analysis, we have

the following result

Theorem 3.2. Suppose that (ln x−lnx)(aE+bx)
(x−x) > M1 or |x−x|

|E−E|
< M2 for

∀(x,E) ∈ Ω∩IntR2
+. Then the unique interior equilibrium (x,E) is globally

asymptotically stable.

4. Optimal Continuous Harvesting Policy

To determine an optimal harvesting policy, we consider a continuous time
stream of revenues

J1 =

∫ t

0
π(x,E, t)e−δtdt,

where δ describes the instantaneous annual rate of discount, see [5], π(x,E, t) =
pqxE

aE+bx
− cE. Also, t is finite and unconstrained.

Our problem is to maximize the total discounted net revenues by invoking
Pontryagin’s maximal principle, see [14]. The control variable τ = τ(t) is
subject to the constraints

τmin ≤ τ(t) ≤ τmax,

where τmax(τmin) stands for a feasible upper (lower) limit of the tax policy.
The optimal control will be a combination of bang-bang and singular controls
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between τmin and τmax. In the case of subsidy, τmin may be negative. Obviously,
this policy will accelerate the development of the fishery.

The Hamiltonian of the problem is given by

H = e−δt(
pqxE

aE + bx
− cE) + λ1(t)(rx ln(

K

x
) −

qEx

aE + bx
)

+ λ2(t)({αβ[
(p − τ)qx

aE + bx
− c] − γ}E), (17)

in which λ1 and λ2 are the adjoint variables. Equating the coefficient of τ in
(17) to zero, we derive

λ2(t)αβqx(t)E(t)

aE(t) + bx(t)
= 0 .

Since x(t) > 0 and E(t) > 0 for all t ≥ 0, we have λ2(t) ≡ 0. From the adjoint
equation for λ2(t), we get

λ1(t) = e−δt[p −
b(aE(t) + bx(t))2

cqx2
]. (18)

Then the usual shadow price u(t) along the single path is given by

u(t) = λ1(t)e
δt = [p −

b(aE(t) + bx(t))2

cqx2
]. (19)

In the following we are ready to find the equation of the singular path. In view
of (16) and λ2(t) ≡ 0, the adjoint equation for λ1(t) yields the result

δ[p −
c(aE + bx)2

bqx2
] −

2acEẋ

bqx3
+

2acxĖ

bqx3

= (
F (x)

x
− r)[p −

c(aE + bx)2

bqx2
] +

acE2

bx2
. (20)

After a little simplification, we have

(
F (x)

x
− r − δ)[p −

bcqx2

(qx − aF (x))2
] +

abcF 2(x)

(qx − aF (x))2
= 0. (21)

Then for a given tax level, the optimal equilibrium values are

x = x∗,

E = E∗ =
bx∗F (x∗)

qx∗ − aF (x∗)

and

τ = τ∗ = p −
(c + γ)(aE∗ + bx∗)

qαβx∗
,

where x = x∗ is the unique positive root of (21).
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Figure 1:

x E τ

Steady state 628.5007929 4305.690310 2.8

Optimal equilibrium 618.5177.79 4970.356740 -3.34602876

Table 1:

5. Numerical Simulation and Discussion

In model (16), let r = 1.5, K = 1000, q = 0.9, a = 1, b = 2, α = 0.5, β =
0.75, τ = 2.8, p = 14, c = 0.25, γ = 1/3. Using these parameter values, we
then have a unique interior equilibrium (x,E) and a unique optimal equilibrium
(x∗, E∗) (see Table 1, δ = 0). Figure 1 shows that (x,E) is a globally stable
node. Hence

J1 =

∫ 365

0
e−δt(

pqx∗E∗

aE∗ + bx∗
− cE∗)dt = 1824141.32874.

In this paper, we first discuss a continuous harvesting problem of a single
species with Gompertz law of growth and a reasonable catch-rate function in-
stead of the usual CPUE hypothesis. The steady state is determined and its
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stability is discussed. Subsequently, we obtain the maximum total discounted
net revenues when taking the tax τ as the control variable.
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