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Abstract: We consider the arrival process of diffusing particle from a con-
tinuum to an absorbing boundary. The present paper extends previous results
on this problem confined to independent Brownian particles arriving at an ab-
sorbing sphere. The result of this paper applies to the stream of new ions that
arrive from the continuum bath into the discrete simulation region.
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1. Introduction

We study of the arrival process of diffusing particles from a continuum to an
absorbing boundary started at earliest stages of the probabilistic theory of
the diffusion. The time to the arrival of the first Brownian particle from an
equilibrated continuum bath to an absorbing sphere was shown in [2] to be
exponentially distributed with the rate equal to the flux. This result was applied
to the theory of defect relaxation in dielectrics. The existence of a stationary
flux, which represents the average number of absorbed particles per unit time,
does not imply in general that the first arrival time or any other interarrival
times are exponentially distributed. The flux and the exponential rate coincide
only for Poisson processes [4], [3]. In [1] we see two common treatments of the
boundaries of the simulation region are to define them as reflecting or periodic.
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In this paper we give another approach and extend the results obtained in
[5] for one dimensional case for steady state three dimensional diffusion. We
also calculate the probability law of all subsequent interararrival times.

2. Three-Dimensional Model of a Continuum Bath

To compute the first arrival time for the steady state three dimensional diffu-
sion we consider independently diffusing particles outside an arbitrary bounded
domain Ω with a smooth boundary ∂Ω. The particles in this three dimensional
bath are subjected to a potential field −∇U(r) such that a steady state density
p(r) exists in the bath R3 − Ω. It satisfies that differential equation

Lp(r) = ∇ · (∇p(r) + p(r)∇U(r)) = −∇ · J (r) = 0, r ∈ R3 − Ω, (1)

where J (r) is the flux density vector.

We assume that ∇U(r) vanishes fast enough as |r| → ∞, so that the station-
ary density is uniform at infinity. We also assume that a part of ∂Ω, denoted
∂Ω1, is absorbing, and the remaining part, ∂Ω − ∂Ω1, is reflecting. Thus, the
boundary condition for the steady state density are an average density ρ at
infinity,

lim
|r|→∞

p(r) = ρ, (2)

absorption on ∂Ω1,

p(r) |
∂Ω1

= 0, (3)

and no flux boundary conditions on the reflecting part of the boundary, ∂Ω −
∂Ω1,

J · ν|∂Ω−∂Ω1
= − (∇p + p∇U) · ν|

∂Ω−∂Ω1
= 0, (4)

where ν is the unit outer normal at the boundary.

We start from a large ball of radius R denoted ΩR, centered at the origin,
such that Ω ⊂ ΩR. We place in ΩR − Ω a finite number of particles N(R),
initially located according to the steady state density p(r) normalized to the
ball ΩR,

Pr{ri ∈ r + dr} =
p(r)dr

∫

ΩR−Ω
p(y)dy

. (5)

As in the one-dimensional case, the total number of particles N(R) is a Poisson
distributed random variable with average

E[N(R)] =

∫

ΩR−Ω
p(y)dy. (6)
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The first arrival time from the continuum bath to the absorbing boundary ∂Ω1

is given by

Pr{τ > t} = lim
R→∞

exp {−E[N(R)] (1 − Pr{τ1 > t})} , (7)

where τ1 denotes the first arrival time of a single particle from the ball ΩR to
the absorbing boundary.

Now, denote by

G(r, t) = Pr{τ1 > t|r(0) = r}

the probability that a diffusing particle will arrive at ∂Ω1 after tine t, starting
from an initial position r at time t = 0. Then, G(r, t) satisfies the evolution
equation

∂G(r, t)

∂t
= L∗G(r, t) = ∇ · ∇G(r, t) −∇G(r, t) · ∇U, (8)

where L∗ is the backward operator (the formal adjoint to L in (1)). The bound-
ary conditions for G(r, t) are

G(r, t)|
∂Ω1

= 0,

and

∇G(r, t) · ν|∂Ω−∂Ω1
= 0.

The initial condition is

G(r, 0) = 1, for r ∈ R3 − Ω.

The quality of interest, the probability law of τ1, is given by

Pr{τ1 > t} =

∫

ΩR−Ω
p(r)G(r, t)dr

∫

ΩR−Ω
p(r)

. (9)

Repeating the same steps as in one-dimensional case gives the following result

Pr{τ > t} = lim
R→∞

exp{−

∫

ΩR−Ω
p(r)(1−G(r, t))dr} = lim

R→∞
exp{FR(t)}. (10)

Differentiating FR(t) with respect to t and using (8) gives

dFR

dt
=

∫

ΩR−Ω
p(r)L∗G(r, t)dr. (11)

Since Lp(r) = 0, we can write

dFR

dt
=

∫

ΩR−Ω
[pL∗G − GLp] dr. (12)

Inserting the expressions for the operators L and L∗ from (1) and (8) respec-
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tively, into (12) yields
∫

ΩR−Ω
[pL∗G − GLp] dr

=

∫

ΩR−Ω
[p△G − G△p] dr−

∫

ΩR−Ω
∇ · [Gp∇U ] dr. (13)

Now applying Green’s second identity to the first integral and the divergent
theorem to the second integral, we obtain

dFR

dt
=

∮

∂[ΩR−Ω]
[p∇G − G∇p − Gp∇U ] · dS

=

∮

∂[ΩR−Ω]
[p∇G + JG] · dS, (14)

where dS is a surface differential multiplied by a unit vector in the direction
normal to the surface.

First, we consider the contribution from the boundary ∂Ω. On the absorb-
ing boundary ∂Ω1, both G(r, t) and p(r) vanish, so there is no contribution to
the surface integral from this region. On the remaining part, ∂Ω − ∂Ω1, the
boundary conditions are ∇G = 0 and J = 0, so once again there is no contri-
bution to the surface integral. Thus, we retain only the contribution from the
far boundary ∂ΩR. On this boundary, at any time t,

lim
R→∞

G(r, t) ||r|=R= 1, lim
R→∞

∇G(r, t) ||r|=R= 0, (15)

and the convergence is exponentially fast. Thus, combining (15) with (14), the
contribution from the boundary∂ΩR can be approximated by

dFR

dt
=

∫

∂ΩR

J · dS + o(1) , for R ≫ 1. (16)

Recall from (1) that ∇ · J (r) = 0. Thus, using the divergence theorem we
obtain

0 =

∫

∂ΩR−Ω
∇ · J (r)dr =

∮

∂ΩR

J · dS−

∮

∂Ω
J · dS (17)

or equivalently,
∮

∂ΩR

J · dS =

∮

∂Ω
J · dS = J, (18)

where J denotes the total continuum flux on the boundary ∂Ω. Combining (18)
and (16) and integrating with respect to t give

lim
R→∞

FR(t) = Jt. (19)

Equations (19) and (10) mean that the first arrival time from the bath to
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the absorbing boundary is exponentially distributed with a rate that equals the
continuum flux predicted from the steady state solution of the Planck equation.
Note that the total flux J is negative due to the fact that particles are exiting
from the bath and entering the absorbing boundary of ∂Ω.

3. The Next Arrival Times

Theorem 1. All arrival times are exponentially distributed with the same

rate.

Proof. First, we consider a bath with N(R) particles initially distributed
in the domain ΩR −Ω, calculate the probability density function (PDF) of the
second arrival time, and after that let R → ∞. We denote by t1(R) and t2(R)
the first and second arrival times into ∂Ω1 from the finite system, and by t1 and
t2 the corresponding arrival times from the infinite continuum bath. Obviously,
for t > s

Pr{t2 > t|t1 = s} = lim
R→∞

Pr{t2(R) > t|t1(R) = s}.

For a bath with a finite number of particles, we obtain

Pr{t2(R) > t|t1(R) = s}

=
∞

∑

k=1

Pr {{t2(R) > t|t1(R) = s} |N(R) = k}Pr {N(R) = k}

=
∞
∑

k=1

Pr{t2(R) > t ∩ t1(R) = s |N(R) = k }

Pr{t1(R) = s |N(R) = k}
Pr {N(R) = k} .

Since all diffusing particles are independent,

Pr{t2(R) > t ∩ t1(R) = s|N(R) = k} =

(

k

1

)

Pr{τ1 = s}Pr{τ1 > t}k−1,

which means that there are k possibilities from which to choose the specific
particle that arrives first, at time s, and then remaining k − 1 particles must
arrive later that time t. Similarly,

Pr{t1(R) = s|N(R) = k} =

(

k

1

)

Pr{τ1 = s}Pr{τ1 > s}k−1.

Combining the last three formulas gives

Pr{t2(R) > t|t1(R) = s} =

∞
∑

k=1

Pr{τ1 > t}k−1

Pr{τ1 > s}k−1
Pr{N(R) = k}. (20)
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Inserting the Poisson distribution of N(R) into (20) simplifies the right-hand
side to

Pr{t2(R) > t|t1(R) = s} =
Pr{τ1 > s}

Pr{τ1 > t}

∞
∑

k=1

(

E[N(R)]Pr{τ1 > t}

Pr{τ1 > s}

)k
e−E[N(R)]

k!

=
Pr{τ1 > s}

Pr{τ1 > t}
e−E[N(R)]

(

exp

{

E[N(R)]Pr{τ1 > t}

Pr{τ1 > s}

}

− 1

)

. (21)

According to (10) and (7) we obtain

FR(t) = E[N(R)]Pr{τ1 < t}, (22)

which further simplifies the right-hand side of (21) to

Pr{τ1 > s}

Pr{τ1 > t}

{

exp

(

FR(s) − FR(t)

Pr{τ1 > s}

)

− exp (−E[N(R)])

}

. (23)

Now we calculate the limit as R → ∞. According to (9), the distribution of
FPT of a single particle is

lim
R→∞

Pr{t1 > t} = lim
R→∞

∫

∂ΩR−Ω
p(r)G(r, t)dr

∫

∂ΩR−Ω
p(r)

.

According to (15), for any finite time t, as |r| → ∞, R(r, t) → 1. Also, according
to (2), p(r) → ρ as |r| → ∞. Therefore,

lim
R→∞

Pr{τ1 > t} = 1.

Obviously for R → ∞, E[N(R)] → ∞, so the last term in (23) vanishes. Finally,
according to (19), FR(t) → Jt as R → ∞. Therefore,

Pr{t2 > t|t1 = s} = exp (J(t − s)) . �

That is, the interarrival time between the first and second particle depends
only on the elapsed time t−s since the first arrival at time s, and is independent
of the first arrival time s. Moreover, this interarrival time is exponentially
distributed with the same rate λ = −J .

In a similar way, one can show that all interarrival tomes are exponentially
distributed, rendering the arrival a memoryless Poisson process.
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