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Abstract: In this paper, we consider an age-replacement model with minimal
repair based on a cumulative damage limit for replacement delivery. The failure
of a system can be divided into two types: type I failure (minor) or type II
failure (catastrophic). Each type I failure causes an amount of damage to the
system, and minimal repair is executed when the total damage is less than a
threshold level. Under such a policy, the system is preventively replaced at age
T , or at the k-th type I failure at which the accumulated damage exceeds the
pre-determined limit, or at the first type II failure, whichever occurs first. Long-
run expected cost per unit time is developed, the optimal age for preventive
replacement minimizing that cost is derived, its existence and uniqueness are
shown, and the structural properties are presented. Various special cases are
included, and a numerical example is also provided.
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1. Introduction

System failure avoidance is of great importance during actual operations when
such an event can prove costly and/or dangerous. Therefore, one important
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research area in terms of reliability theory is the study of various maintenance
policies that can reduce operating costs as well as the risk of a catastrophic
breakdown. Consider a system that is subject to shocks: each shock weakens
the system and makes it more expensive to run. Thus, it becomes desirable to
determine a replacement policy for the system.

Barlow and Proschan [5] discussed the traditional approach: replace a sys-
tem at failure or at age T , whichever occurs first; this is referred to as the age-
replacement policy. Several extensions of this policy have been investigated,
such as Cléroux et al [17], Nakagawa and Kowada [29], Bai and Yun [3], Berg
et al [9], Block et al [11], Sheu et al [45], and Chien and Sheu [15]. Boland and
Proschan [13] considered the case of periodic replacement or overhaul at times
T , 2T , · · · (for some T > 0) and minimal repair if the item fails otherwise. This
model has been extended by Nakagawa [27], [28], Boland and Proschan [14],
Boland [12], Nguyen and Murthy [34], A-Hameed [1], Ait Kadi and Cléroux
[2], and Sheu [42], [43], among others. Further, Makabe and Morimura [24],
[25], [26] proposed a new replacement model where a system is replaced at the
n-th failure, and they also discussed the optimum policy. This model has been
generalized by Park [36], [38], Nakagawa [27], [29], Nakagawa and Kowada [31],
Sheu [42], Sheu and Griffith [44] and Sheu et al [45].

A minimal repair restores the system to its functioning condition just prior
to failure. Repair-cost limit policies with minimal repair, which depend on sin-
gle repair cost to determine whether the system should be repaired or replaced,
have been discussed in several articles. In a traditional repair-cost limit policy,
when a failure occurs, the necessary repair cost is estimated. If the cost exceeds
a certain threshold, the system is replaced rather than repaired. Such a repair-
cost limit policy was first studied by Drinkwater and Hastings [21], and several
extensions of this policy have been proposed and investigated; for example, see
Nakagawa and Osaki [32], Cléroux [17], Park [35], [37], Nguyen and Murthy
[33], Beichelt [6], Bai and Yun [3], Berg et al [9], Kapur et al [23], Chung and
Lin [16], and Dohi et al [19], [20]. The main deficiency of the traditional repair-
cost limit policy is that the decision is based solely on the cost of one single
repair. It is clearly more reasonable to base the decision to repair or replace a
system on the entire repair history, thereby avoiding any shortcomings pertain-
ing to insufficient information. Beichelt [7] proposed a cumulative repair-cost
limit replacement policy: the system is replaced as soon as the accumulated
maintenance cost C(t) reaches or exceeds a given limit. However, in that study
C(t) was given exogenously and was not based on the lifetime repair history.

In a typical cumulative damage model, a system suffers damage due to
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shocks, and failure occurs when the total damage exceeds a threshold level. Such
a stochastic model generates a cumulative process (Cox [18]). Some aspects of
damage models and their association with reliability were discussed by Esary
et al [22]. Nakagawa and Kijima [30] applied the periodic replacement with
minimal repair at failure to a cumulative damage model, and obtained optimal
solutions which minimized the expected cost. In Qian et al [39], [40], they
proposed the backup policy and the preventive maintenance policy for a shock
model with a cumulative damage process.

In this paper, a generalized age-replacement policy based on a cumulative
damage limit is presented. This research proposes an approach that combines
a cumulative damage process with a cumulative repair-cost limit replacement
policy. The system experiences either minor failures or catastrophic failures.
Each minor failure causes an amount of damage to a system and is corrected by
minimal repair, whose cost is associated with the damage. It is assumed that
the amount of damage accumulates to the current damage level. The decision
to repair or preventively replace the system at failure depends on the amount
of accumulated damage. Further, the minimum-cost policy time is derived and
discussed. Finally, various special cases are addressed, and a numerical example
is given.

2. General Model

In the age-replacement policy, planned (scheduled) replacements occur when-
ever an operating system reaches age T . We say that a replacement cycle is
exchanged if a replacement occurs, where a replacement cycle is the time inter-
val between the installation of the system and the first replacement or between
consecutive replacements. In this framework, replacement cycles constitute a
regenerative process.

2.1. Preliminaries

Assume that the system has a failure time distribution F (t) with finite mean
µ and a density function f(t). Then the failure rate (or hazard rate) is r(t) =
f(t)/F̄ (t) and the cumulative hazard Λ(t) =

∫ t

0 r(u)du = − ln F̄ (t) is the mean
number of failures that occur in [0, t), where F̄ (t) = 1 − F (t).

The system can experience two types of failure: type I failures (minor fail-
ure) are corrected by a minimal repair, whereas type II failures (catastrophic
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failure) require a replacement. We assume a type I failure occurs with proba-
bility q = (1 − p) and a type II failure occurs with probability p (0 < p ≤ 1).
We further assume that the failure rate r(t) is continuous, monotone increasing,
and remains undisturbed by any minimal repair.

Let Y be the time to the first type II failure. From equation (12) of Beichelt
[7], the survival function of Y is directly obtained:

F̄p(t) = P (Y > t) = e−pΛ(t). (1)

On the other hand, let N1(t) be the random number of minimal repairs in
(0,min(Y, t)). Then, the probability of k type I failures in [0, t] is derived as

pk(t) = P (N1(t) = k) =
[qΛ(t)]ke−qΛ(t)

k!
(2)

(from page 58 of Beichelt [7]).

Moreover, let Sj (j = 1, 2, 3, · · · ) denote the occurrence time of the j-th type
I failure, where S0 = 0; then the distribution function of the random variable
Sj is given by

P (Sj ≤ t) = P (N1(t) ≥ j) =

∞∑

k=j

[qΛ(t)]ke−qΛ(t)

k!
=

∞∑

k=j

pk(t), (3)

and

P (Sj ∈ (t, t + dt)) =

(
dP (Sj ≤ t)

dt

)

dt =
d

dt





∞∑

k=j

[qΛ(t)]ke−qΛ(t)

k!



 dt

=
[qΛ(t)]j−1e−qΛ(t)

(j − 1)!
qr(t)dt.

(4)

Type I failures cause some amount of damage to a system. Suppose that an
amount of damage Wi due to the i-th type I failure has a non-negative identical
and independent distribution function G(x) = P (Wi ≤ x) (i = 1, 2, 3, · · · )
with a finite mean µw, and that damage is additive. Then, the total damage
Zj =

∑j
i=1 Wj until the j-th type I failure has a distribution function

P (Zj ≤ y) = G(j)(y) =







j
︷ ︸︸ ︷

G ∗ G ∗ · · · ∗ G(y), j = 1, 2, 3, · · · ,

1, j = 0,

(5)

which is the n-fold Stieltjes convolution of the distribution G(x) of itself.
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2.2. Replacements

In this replacement model, replacements and repairs take place according to
the following scheme. A planned preventive replacement is carried out at age
T . An unplanned replacement due to a type I failure is executed at the time
of failure when the accumulated damage up to and including this minor failure
exceeds a pre-determined limit L (i.e., it can be regarded as a critical type I
failure replacement). However, if the accumulated damage up to and including
this minor failure is less than L, then a minimal repair is executed immediately
to correct this failure. In comparison, an unplanned replacement due to a type
II failure occurs at the time of failure (i.e., it can be regarded as a type II
failure replacement). In summation, the system is replaced preventively at age
T , or at the k-th type I failure at which the accumulated damage exceeds the
pre-determined limit L, or at the first type II failure, whichever occurs first.

To be more precise, we define the following three mutually exclusive and
exhaustive states between successive replacements. The corresponding proba-
bilities of these three states are also derived.

State 1. Corrective replacement due to a critical type I failure. This case
occurs when a critical type I failure precedes time T , and no type II failure has
occurred. The probability of this replacement state is given by

∞∑

j=1

∫ T

0
P (Zj−1 < L ≤ Zj)F̄p(t)P (Sj ∈ (t, t + dt))

=
∞∑

j=0

[

G(j)(L) − G(j+1)(L)
] ∫ T

0
F̄p(t)qr(t)pj(t)dt. (6)

State 2. Corrective replacement due to a type II failure. This case occurs
when a type II failure precedes time T , and the accumulated damage is less
than L. The probability of this replacement state is given by

∞∑

j=0

∫ T

0
P (N1(t) = j)P (Zj < L)dFp(t)

=
∞∑

j=0

G(j)(L)

∫ T

0
F̄p(t)pr(t)pj(t)dt. (7)

State 3. Preventive replacement at age T . This case occurs when the
predetermined age-replacement time T precedes a type II failure, and the ac-
cumulated damage is less than L. The probability of this replacement state is
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given by

∞∑

j=0

P (Y > t,N1(t) = j, Zj < L) =

∞∑

j=0

P (Y > T )P (N1(t) = j)P (Zj < L)

= F̄p(T )
∞∑

j=0

G(j)(L)pj(T ). (8)

We define the following various costs:

1. The cost of preventive replacement at age T is c0. The cost of critical
type I failure replacement is c1, and the cost of type II failure replacement is
c2.

2. Suppose that the minimal repair cost is CWi (= ch·Wi) for i = 1, 2, 3, · · · ,
where ch is the unit cost for a minimal repair due to damage. These repair
costs are non-negative i.i.d. (s-independent and identically distributed) random
variables with a finite mean cw (= ch · µw).

Moreover, we also require the following assumptions:

1. The system is monitored continuously and failures are detected immedi-
ately.

2. Repairs and replacements are completed instantaneously.

3. Replacements are made perfectly and do not affect the system charac-
teristics. After a replacement, the procedure is repeated, following which the
shock process and the damage process are reset at 0.

4. Costs for replacement are ordered c0 < c1 ≤ c2.

(a) c1 > c0 signifies that the corrective replacement cost is greater than
the preventive replacement cost.

(b) c2 ≥ c1 means that a catastrophic failure is more costly than a
minor failure. In other words, c2 includes additional system restoration costs.

5. We assume that the minor and catastrophic failures are mutually inde-
pendent and are also independent of the event {Zj < L}.

2.3. Formulation

For our model, let Ui denote the length of the successive replacement cycle for
i = 1, 2, 3, · · · ; and let Vi denote the operational cost over the renewal interval
Ui. Thus {Ui, Vi} constitutes a renewal reward process. If D(t) denotes the
expected cost of operating the system over the time interval [0, t], then it is
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well-known that

lim
t→∞

D(t)

t
=

E[V1]

E[U1]
(9)

(see e.g., Ross [41] p. 52). We denote the right-hand side of (9) by C(T ).

Let Y1, Y2, · · · be independent copies of Y . According to the replacement
scheme that was described in the Subsection 2.2, the length of first replacement
cycle U1 can be expressed as

U1 =







Sj, if Zj−1 < L ≤ Zj, and Y1 > Sj, j = 1, 2, 3, · · · ,

Y1, if Y1 < T,N1(Y1) = j, and Zj < L, j = 0, 1, 2, · · · ,

T, if T ≤ Y1, N1(T ) = j, and Zj < L, j = 0, 1, 2, · · · ,

(10)

and the expected length of a replacement cycle is

E[U1] =

∞∑

j=1

∫ T

0
t · F̄p(t)P (Sj ∈ (t, t + dt))P (Zj−1 < L ≤ Zj)

+
∞∑

j=0

∫ T

0
t · P (N1(t) = j)P (Zj < L)dFp(t)

+

∞∑

j=0

{
T · F̄p(T )P (N1(T ) = j)P (Zj < L)

}

=

∞∑

j=0

G(j)(L)

∫ T

0
F̄p(t)pj(t)dt. (11)

Similarly, the operating cost over the first replacement cycle can be expressed
as

V1 =






c1 +
∑j−1

i=1 CWi, if Zj−1 < L ≤ Zj , and Y1 > Sj , j = 1, 2, 3, · · · ,

c2 +
∑N1(Y1)

i=1 CWi, if Y1 < T,N1(Y1) = j, and Zj < L, j = 0, 1, 2, · · · ,

c0 +
∑N1(T )

i=1 CWi, if T ≤ Y1, N1(T ) = j, and Zj < L, j = 0, 1, 2, · · · ,

(12)

so the expected operating cost in a replacement cycle is given by

E[V1] =
∞∑

j=1

∫ T

0
F̄p(t)

{

c1 + E

[
j−1
∑

i=1

CWi

]}

P (Sj ∈ (t, t+dt))P (Zj−1 < L ≤ Zj)

+

∞∑

j=0

∫ T

0
P (N1(t) = j)

{

c2 + E

[
j

∑

i=1

CWi

]}

P (Zj < L)dFp(t)



576 S.-H. Sheu, C.-C. Chang

+
∞∑

j=0

{

c0 + E

[
j

∑

i=1

CWi

]}

F̄p(T )P (N1(T ) = j)P (Zj < L)

= c1 − (c1 − c0)F̄p(t)

∞∑

j=0

G(j)(L)pj(T ) + (c2 − c1)

∞∑

j=0

G(j)(L)

∫ T

0
pj(t)dFp(t)

+ cw

∞∑

j=0

G(j+1)(L)

∫ T

0
F̄p(t)qr(t)pj(t)dt, (13)

where cw = E[CWi].

Therefore, the long-run expected cost per unit time for operating the system
is given by

C(T ) =
E[V1]

E[U1]
. (14)

2.4. Optimization

A necessary condition that a finite T ∗ minimizes C(T ) can be obtained by
differentiating C(T ) with respect to T and setting it equal to zero. Therefore,
we have dC(T )/dT = 0 if and only if

η(T ) ×
∞∑

j=0

G(j)(L)

∫ T

0
F̄p(t)pj(t)dt + (c1 − c0)F̄p(T )

∞∑

j=0

G(j)(L)pj(T )

− (c2 − c1)

∞∑

j=0

G(j)(L)

∫ T

0
pj(t)dFp(t) − cw

∞∑

j=0

G(j+1)(L)

∫ T

0
F̄p(t)qr(t)pj(t)dt

= c1, (15)

where

η(T ) = {(c1 − c0) + (c2 − c1)p + [cw − (c1 − c0)]q τ(T )} · r(T ), (16)

and

τ(T ) =

∑∞
j=0 G(j+1)(L)pj(T )

∑∞
j=0 G(j)(L)pj(T )

. (17)

Further, let Q(T ) be the left-hand side of (15), and let

ϑ =

(

c1 + (c2 − c1)

∞∑

j=0

G(j)(L)

∫ ∞

0
pj(t)dFp(t) + cw

∞∑

j=0

G(j+1)(L)

∫ ∞

0
F̄p(t)
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× qr(t)pj(t)dt

)( ∞∑

j=0

G(j)(L)

∫ ∞

0
F̄p(t)pj(t)dt

)−1

, (18)

then, the structural properties of the optimal T ∗ that minimize C(T ) are sum-
marized below.

Theorem 1. Suppose that the failure rate r(t) is continuous and mono-
tonically increasing; c0 < c1 < c2; and the function η(t) that defined in (16) is
continuous and strictly increasing in t. Then, if η(∞) > ϑ, there exists a finite
and unique T ∗ which minimizes C(T ), and

C(T ∗) = {(c1 − c0) + (c2 − c1)p + [cw − (c1 − c0)]qτ(T ∗)} · r(T ∗)

= η(T ∗). (19)

Otherwise, the optimum replacement policy is T ∗ = ∞; i.e., no planned re-
placement.

Proof. By the assumptions given in the theorem, Q(T ) is strictly increasing

since that Q′(T ) > 0 is given by η′(T )
∑∞

j=0 G(j)(L)
∫ T

0 F̄p(t)pj(t)dt > 0 and
η(t) is strictly increasing. Further, Q(0) = 0 and

Q(∞) = η(∞)







∞∑

j=0

G(j)(L)

∫ ∞

0
F̄p(t)pj(t)dt







− (c2 − c1)







∞∑

j=0

G(j)(L)

∫ ∞

0
pj(t)dFp(t)







− cw







∞∑

j=0

G(j+1)(L)

∫ ∞

0
F̄p(t)qr(t)pj(t)dt






. (20)

If η(∞) > ϑ, then Q(0) < c1 and Q(∞) > c1. Thus, from the strictly
increasing property of Q(T ), there exists a unique and finite T ∗ (0 < T ∗ < ∞)
satisfies (15), which minimizes C(T ). If T ∗ is the solution, then from (14),
C(T ∗) = η(T ∗). Otherwise, Q(∞) ≤ c1 for any finite T , which implies C ′(T ) <
0 for any finite T , that is T ∗ = ∞ .

The η(t) can be regarded as the s-expected marginal cost of this policy at
age t. The s-expected marginal cost of this policy at age t is expressed in a
manner similar to that used by Berg and Cléroux [10] – as a linear combination
of some of its component policies: age-replacement and minimal repair. The
T ∗ which minimizes C(T ) has to satisfy

C(T ) = η(T ), (21)
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following a well-known principle in economics. To compute T ∗, draw the func-
tions C(T ) and η(T ) on the same graph and explore the intersection point with
high precision. This is easily done in practice. If η(T ) is continuous and strictly
increasing, then there exists a unique intersection point.

3. Special Cases

If the total damage limit L = ∞; that is, all type I failures can be rectified
through minimal repairs, then the cost rate function in our model becomes

C(T ) =
c0F̄p(T ) + c2

∫ T

0 pr(t)F̄p(t)dt + cw

∫ T

0 qr(t)F̄p(t)dt
∫ T

0 F̄p(t)dt
. (22)

Some special cases pertaining to our model are summarized as follows.

Case1. L = ∞, p = 1 and CWk = 0 for k = 0, 1, 2, · · · .

This is the classical age-replacement policy considered by Barlow and Hunter
[4], where the system is replaced at the time of failure or at age T , whichever
comes first. In this case, if we put L = ∞, p = 1 and cW = 0 in (22), then

C(T ) =
c0 + (c2 − c0)

[
1 − e−Λ(T )

]

∫ T

0 e−Λ(t)dt
, (23)

as obtained by Barlow and Hunter [4].

Case 2. L = ∞, p = 0 and CWk = c for k = 0, 1, 2, · · · .

This is the case considered by Barlow and Hunter [4], which is the classical
periodic replacement policy with minimal repair at failure. In this case, if
L = ∞, p = 0 and cW = c in (22), then

C(T ) =
c0 + c · Λ(T )

T
, (24)

as obtained by Barlow and Hunter [4].

Case 3. L = ∞, p = 0 and CWk = ck for k = 0, 1, 2, · · · .

This is the case considered by Boland and Proschan [13]. In particular, they
considered the cost structure ck = a + kc. In this case, if L = ∞, p = 0 and
cw = ck for k = 0, 1, 2, · · · in (22), then we obtain the following result, identical
to that obtained by Boland and Proschan [13]:

C(T ) =
c0 +

∑∞
k=1 c∗k

e−Λ(T )Λ(T )k

k!

T
, (25)

where c∗k =
∑k

i=1 ci.



OPTIMAL AGE-REPLACEMENT MODEL WITH MINIMAL... 579

Case 4. L = ∞ and CWk = C for k = 0, 1, 2, · · · .

This is the case considered by Cléroux et al [17]. Here, we consider that C is

a truncated random variable with pdf v(x)/q for 0 ≤ x ≤ ξ and q =
∫ ξ

0 v(x)dx.

In this case, if L = ∞ and cw = E[C] = (1/q)
∫ ξ

0 x · v(x)dx in (22), then we
obtain the following result, equivalent to that obtained by Cléroux et al [17]:

C(T ) =
c0 +

[

(c2 − c0 + (
∫ ξ

0 x · v(x)dx/p)
]

(1 − e−pΛ(T ))
∫ T

0 e−pΛ(t)dt
, (26)

where p = 1 − q.

4. Numerical Example

In this numerical example, we consider a system with a Weibull distribution
one of the most commonly used systems in reliability studies. The Weibull
failure rate (or the hazard rate) function is given by

r(t) = αtβ−1, α > 0, β > 0, (27)

and the cumulative hazard function is Λ(t) =
∫ t

0 r(u)du = (α/β)tβ . We assume
that the shape parameter is set at β = 2, and that r(t) = αt is an increasing
function of t. Suppose that the amount of damage due to the i-th type I failure
has a normal distribution with mean µw = 10 and standard deviation σw = 2.5
for i = 1, 2, 3, · · · (the probability of a negative damage amount is negligible).

According to the information above, we present the algorithm that can be
used to numerically compute the optimal T ∗.

Algorithm.

Input: c0, c1, c2, ch, L, r(·),Λ(·), G(·), q
Step 1. Compute F̄p(t), pk(t),τ(t) as defined by (1), (2),(17), respectively.
Step 2. Find the unique solution T ∗ of (15) (i.e., Q(T∗) = c1).
Step 3. Compute C(T ∗) as defined by (14).
Output: T ∗= optimal replacement age, C(T ∗)= minimum expected cost per
unit time.
Stop.

For the purpose of easy computation, we consider the following cost case:

c0 = 1000, c1 = c2 = 1500, ch = 5, L = 500, Wi ∼ N(10, 2.5).

The parameter α affects the slope of r(t) = αt; hence α can be interpreted
as the failure parameter in this study. When the failure parameter is lower,
the failure rate decreases, and the probability that the shocks occur is lower.
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α = 0.5 α = 1.0 α = 1.5 α = 2.0
q T ∗ C(T ∗) T ∗ C(T ∗) T ∗ C(T ∗) T ∗ C(T ∗)

0.9 5.4320 350.94 3.8410 496.30 3.3161 607.84 2.7160 701.87
0.8 5.3782 427.41 3.8030 604.45 3.1050 740.25 2.6891 854.82
0.7 5.1751 496.85 3.6594 702.65 2.9879 860.57 2.8576 903.70
0.6 4.8340 559.37 3.4182 791.06 2.7909 968.85 2.4170 1118.73
0.5 4.4770 615.97 3.1657 871.11 2.5848 1066.89 2.2385 1231.94

Table 1: Optimal T ∗ and C(T ∗) based on cumulative repair cost limit
L. c0 = 1000, c1 = c2 = 1500, ch = 5, L = 500,Wi ∼ N(10, 2.5), r(t) =
αt, α = 0.5, 1, 1.5, 2.

The parameters α and q were varied to witness their influence in terms of the
optimal solution. The results are given in Table 1.

From Table 1, we can derive the following remarks:

— The minimum expected cost per unit time will be reduced, when the
probability of minimal repair (type failure) is greater or the failure parameter
is lower.

— The optimal replacement age will be extended, when the probability of
minimal repair is greater or the failure parameter is lower.

— It is verified that if the optimal replacement age T ∗ is longer, then the
minimum expected cost per unit time C(T ∗) will be reduced.

5. Conclusions

In this paper, an age-replacement model with minimal repair based on a cu-
mulative damage limit is proposed and analyzed. The long-run expected cost
per unit time of operating the system is developed, incorporating costs due to
minimal repair and different forms of replacement state. The optimal preven-
tive replacement age T ∗ that minimizes the cost rate function under a fixed
cumulative damage limit L is derived, its existence and uniqueness is shown,
and structural properties are summarized. Various special cases are included,
and a numerical example is demonstrated.

In some practice situations, it would seem more practical to consider the
concept of imperfect repairs or a multi-unit system, for example. Taking these
realistic factors into consideration in the proposed policy can serve as one di-
rection for future research.
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