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1. Introduction

Let M be a submanifold in a semi-Riemannian manifold (M̄, ḡ). If the induced
metric g = ḡ|M is degenerate, then (M,g) is called a lightlike submanifold, and
many different situations appear compared with the non-degenerate case (cf.
[2]). In this case, the tangent bundle TM and the normal bundle TM⊥ have a
non-trivial intersection, which is called the radical distribution and denoted by
Rad(TM). Then we may choose a (non-unique) semi-Riemannian complemen-
tary distribution of Rad(TM) in TM , which is called the screen distribution
and denoted by S(TM).

In particular, in the case of lightlike hypersurfaces, the normal bundle TM⊥

coincides with the radical distribution Rad(TM), and there exists a canoni-
cal transversal vector bundle tr(TM) corresponding to the screen distribution
S(TM) which is called the lightlike transversal vector bundle.
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Recently, Bejan and Duggal [1] introduced the notion of minimal lightlike
submanifolds. In the previous paper [4], we give the necessary and sufficient
condition for a lightlike hypersurface with integrable screen distribution in the
4-dimensional semi-Euclidean space R4

2 of index 2 to be minimal. Also, using
the condition, we give a class of minimal lightlike hypersurfaces in R4

2 which
are not totally geodesic.

In this paper, we discuss minimal lightlike hypersurfaces in Lorentzian space
forms. The result is stated as follows:

Theorem. Let (M,g, S(TM)) be a lightlike hypersurface with integrable

screen distribution S(TM) in a Lorentzian space form. Then M is minimal if

and only if M is totally geodesic.

For a lightlike hypersurface in the Minkowski space, there always exists an
integrable screen distribution which is called the canonical screen distribution
(cf. [2, p. 117]). So we may have the following corollary.

Corollary. Let (M,g) be a lightlike hypersurface in the Minkowski space.

Then M is minimal if and only if M is totally geodesic.

These are nonexistence results for minimal lightlike hypersurfaces which are
not totally geodesic, that should be compared with [4].

2. Preliminaries

In this section, following [2, Chapter 4] and [1], we recall some basic facts on
lightlike hypersurfaces.

Let M̄ be a semi-Riemannian manifold with metric ḡ and Levi-Civita con-
nection ∇̄. Let M be a lightlike hypersurface in M̄ , that is, the induced metric
g = ḡ|M is degenerate. In this case, the normal bundle TM⊥ coincides with
the radical distribution Rad(TM), gived by

Rad(TxM) = {ξ ∈ TxM |g(ξ,X) = 0, X ∈ TxM},

where dim(Rad(TxM)) = 1. There exists a screen distribution S(TM) which
is a semi-Riemannian complementary distribution of Rad(TM) in TM , so that

TM = S(TM) ⊥ Rad(TM) = S(TM) ⊥ TM⊥.

We note that if M̄ is of index q, then S(TM) is of index q − 1.

By [2, p. 79], we know that for a screen distribution S(TM), there exists a
unique vector bundle tr(TM) of rank 1 such that, for any non-zero local section
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ξ of TM⊥ on U there is a unique section N of tr(TM)|U satisfying

ḡ(ξ,N) = 1, ḡ(N,N) = ḡ(N,W ) = 0

for any W ∈ Γ(S(TM)|U ). This vector bundle tr(TM) is called the lightlike
transversal vector bundle with respect to S(TM), and we have the decomposi-
tion

TM̄ |M = TM ⊕ tr(TM).

Now we choose a non-zero local section ξ of Rad(TM). According to the
above decomposition, we have the Gauss formula

∇̄XY = ∇XY + b(X,Y ),

where X,Y ∈ Γ(TM). Then ∇ is a torsion-free linear connnection on M , and
b is a symmetric C∞(M)-bilinear form on Γ(TM) with values in Γ(tr(TM)).
The form b is called the second fundamental form of M . Locally on U , we may
write b(X,Y ) = B(X,Y )N . The form B is called the local second fundamental
form of M , which is independent of the choice of S(TM). When B = 0, M is
called totally geodesic.

From Definition 2 of [1] in the case of lightlike hypersurfaces, M is called
minimal if trace(B) = 0, where the trace is written with respect to g restricted
to S(TM). Noting that B(ξ,X) = 0 for any X ∈ Γ(TM |U ) (cf. [2, p. 84]), we
can see that the above condition is independent of the choice of S(TM) and ξ.

An integral curve of Rad(TM) is a null geodesic in M̄ (cf. [2, p. 86]).
If S(TM) is integrable, then M is locally a product L × d, where d is a null
geodesic in M̄ as an integral curve of Rad(TM) and L is a semi-Riemannian
submanifold in M̄ as a leaf of S(TM).

3. Proof of Results

Proof of Theorem. Let Nn
1 (c) denote the standard n-dimensional Lorentzian

space form of constant curvature c, given as follows. When c = 0, Nn
1 (0) is the

n-dimensional Minkowski space Rn
1 . When c > 0, Nn

1 (c) is the n-dimensional
de Sitter space Sn

1 (c) given by

Sn
1 (c) = {(x1, · · · , xn+1} ∈ Rn+1

1 |x2
1 + · · · + x2

n − x2
n+1 = 1/c},

where Rn+1
1 is the (n+1)-dimensional Minkowski space of signature (+, · · · ,+,

−). When c < 0, Nn
1 (c) is the n-dimensional anti de Sitter space Hn

1 (c) given
by

Hn
1 (c) = {(x1, · · · , xn+1} ∈ Rn+1

2 |x2
1 + · · · + x2

n−1 − x2
n − x2

n+1 = 1/c},
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where Rn+1
2 is the (n+1)-dimensional semi-Euclidean space of signature (+, · · · ,

+,−,−).

Let (M,g, S(TM)) be a lightlike hypersurface with integrable screen distri-
bution S(TM) in Nm+2

1 (c). Then M is locally a product L × d, where d is an
open set of a null geodesic in Nm+2

1 (c) as an integral curve of Rad(TM) and L
is an m-dimensional Riemannian submanifold in Nm+2

1 (c) as a leaf of S(TM).

Let L be an arbitrary leaf of S(TM), and f : L → Nm+2
1 (c) be the in-

clusion map. Along L, we choose a local frame field {e1, · · · , em} so that
{f∗e1, · · · , f∗em} is orthonormal, and a local normal orthonormal frame field
{em+1, em+2} with signature (+,−). Then we may assume that the inclusion
map F : M → Nm+2

1 (c) is given by

F (p, t) = f(p) + t(em+1(p) + em+2(p)), p ∈ L, t ∈ (−ε, ε)

(cf. [3, p. 112]). Here we regard f(p), em+1, em+2 as vectors in Rm+2
1 when

c = 0, vectors in Rm+3
1 when c > 0, and vectors in Rm+3

2 when c < 0.

We shall use the following ranges of indices:

1 ≤ A,B, ... ≤ m + 2, 1 ≤ i, j, ... ≤ m, m + 1 ≤ α, β, ... ≤ m + 2.

Let ωB
A be the connection forms which satisfy

d(f∗ei) =

m∑

j=1

ωj
i f∗ej +

m+2∑

α=m+1

ωα
i eα,

deα =

m∑

i=1

ωi
αf∗ei +

m+2∑

β=m+1

ωβ
αeβ.

We note that ωm+2
A = ωA

m+2 if A 6= m + 2, and ωB
A = −ωA

B otherwise. Then

dem+1 =

m∑

i=1

ωi
m+1f∗ei + ωm+2

m+1em+2 = −

m∑

i=1

ωm+1
i f∗ei + ωm+1

m+2em+2,

dem+2 =

m∑

i=1

ωi
m+2f∗ei + ωm+1

m+2em+1 =

m∑

i=1

ωm+2
i f∗ei + ωm+1

m+2em+1.

Let hα
ij denote the components of the second fundamental form h of L, so that

ωα
i =

m∑

j=1

hα
ijω

j,

where {ωj} is the coframe field dual to {ei}.

Set

ẽi(p, t) = (ei(p), 0) ∈ T(p,t)M = TpL × Ttd.
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Then {ẽ1, · · · , ẽm, ∂t} is a local frame field on M = L × d, and we obtain

F∗ẽj = f∗ej − t

m∑

i=1

Aijf∗ei + tωm+1
m+2(ej)(em+1 + em+2),

F∗∂t = em+1 + em+2 =: ξ,

where we set

Aij = hm+1
ij − hm+2

ij .

The induced metric g is given by

g(X,Y ) = ḡ(F∗X,F∗Y ), X, Y ∈ Γ(TM),

where ḡ is the metric of Nm+2
1 (c). So we have the components of g by

g(ẽj , ẽk) = δjk − 2tAjk + t2
m∑

i=1

AijAik,

g(ẽj , ∂t) = g(∂t, ∂t) = 0.

Thus, for sufficiently small t, M is a lightlike hypersurface, and ξ is a non-zero
local section of the radical distribution Rad(TM).

We may choose the screen distribution S(TM) which is spanned by {F∗ẽj}.
Then, for each t, the map Ft : L → Nm+2

1 (c) defined by Ft(p) = F (p, t) becomes
an inclusion map of a leaf of S(TM). Let tr(TM) be the lightlike transversal
vector bundle corresponding to S(TM), and N be the local section of tr(TM)
which corresponds to ξ as in Section 2. Then Aij are the components of the
second fundamental form h of L in the direction N .

With respect to the local second fundamental form B of M , we may obtain

B(ẽj , ẽk) = ḡ(∇̄F∗ẽk
F∗ẽj , ξ) = Ajk − t

m∑

i=1

AijAik,

where ∇̄ is the Levi-Civita connection on Nm+2
1 (c). Let A = (Ajk) be the

m × m symmetric matirx with components Ajk, and I = (δjk) be the m × m
identity matrix. Then, restriced to S(TM), we have

ĝ := g|S(TM) = I − 2tA + t2A2 = (I − tA)2,

and

B̂ := B|S(TM) = A − tA2 = A(I − tA).

Assume that M is minimal. Then, by the definition, trace(B) = 0 where
the trace is written with respect to g restricted to S(TM). This is equivalent
to that

trace(B̂ĝ−1) = trace(A(I − tA)−1) = 0. (1)
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Differentiating (I − tA)(I − tA)−1 = I by t at t = 0, we have

−A +
d

dt
(I − tA)−1|t=0 = 0.

So, differentiating the equation (1) by t at t = 0, we obtain trace(A2) = 0. As
A is symmetric, this implies that A = 0, and B = 0 on S(TM). Also we have
B(ξ,X) = 0 for any tangent vector X (cf. [2, p. 84]). Hence B = 0, and M is
totally geodesic. Thus we get the conclusion.

Proof of Corollary. Let (M,g) be a lightlike hypersurface in Rm+2
1 . Then

there always exists an integrable screen distribution S(TM) which is called
the canonical screen distribution (cf. [2, p. 117]). Since the definitions of
minimal lightlike hypersurfaces and totally geodesic lightlike hypersurfaces are
independent of the choice of the screen distribution, by the theorem, we get the
corollary.

From the results in this paper and the previous paper [4], it should be inter-
esting to study minimal lightlike hypersurfaces which are not totally geodesic
in semi-Riemannian space forms of index greater than one.
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