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Abstract: An important area of research to identify proper models describing
transport phenomena in porous media is the formulation of macroscopic equa-
tions. Such equations are expressed in terms of effective coefficients which, in
turn, depend upon punctual characteristics of the multiphasic system. Among
the methods to formulate macroscopic equations, the method of volume av-
eraging plays an important role, since it allows the adequate boundary value
problems (BVP) to be determined, from which effective coefficients can be
computed. Momentum transfer processes involve an effective permeability co-
efficient which needs to be computed. In this report we present several BVP
comparing different boundary conditions which have not been reported in spe-
cialized literature, in order to compute effective coefficients. This leads to a
Stokes-like problem formulation. The numerical method (finite element) used
to solve this problem is based on an Uzawa’s method. Furthermore, an ad

hoc mesher was built for the particular domain to control conditions for several
porous media characteristics. The results confirm the empirical Carman-Kozeny
model, as well as the predictions reported in the literature.
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1. Introduction

The study of transport phenomena in multiphasic systems involves the devel-
opment of the so-called effective medium (i.e., macroscopic) equations, which
are the result of averaging the corresponding point equations valid at the mi-
croscopic scale. The macroscopic equations are expressed in terms of effec-
tive transport and geometric coefficients that can be computed from solving
boundary-value problems (the closure problems) in a representative domain of
the microstructure. At the boundaries of such domain symmetrical and skew-
symmetrical conditions are often imposed. In the case of momentum transport
in a porous medium filled with a fluid, specific boundary conditions have been
imposed without analyzing other alternatives [3] to compute an effective per-

meability coefficient (K ).

The method of volume averaging [8] is used to derive the Darcy-Brinkman
equation departing from the Stokes equation. Several types of boundary con-
ditions are considered for the solution of the closure problem, and their effects
on the computation of K are analyzed. In addition, the results are compared
with other models reported in the literature. The report is organized as follows:
first, the point equations are presented and then the spatial smoothing proce-
dure that yields to the macroscopic model in terms of the effective permeability
coefficient-, is described. The associated closure problem is posed and solved
using an Uzawa’s type numerical algorithm [4], [1]. In order to properly dis-
cretize the domain, an ad hoc mesher was developed. Finally, the predictions
of K as a function of the porosity and the imposed boundary conditions are
presented and discussed.

2. Point Equations

Consider the steady-state flow of an incompressible fluid through a rigid and
homogeneous porous medium, as shown in Figure 1.

Under these circumstances, the point (i.e., microscopic) governing equations
are the continuity and Stokes equations,

∇ · vβ = 0, in the β-phase, (1)

0 = −∇pβ + ρβg + µβ∇
2vβ, in the β-phase. (2)

Furthermore, if the solid phase (i.e., the σ-phase) is impermeable, the non-slip
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Figure 1: Averaging region and characteristic lengths associated to the
porous medium

boundary condition applies at the fluid-solid interface,

vβ = 0, at Aβσ. (3)

Although equations (1)-(3) describe momentum transport everywhere within
the porous medium, it is unpractical (and probably unnecessary) to solve them
at each point of the domain. It thus seems appropriate to spatially smooth the
above equations to obtain macroscopic transport equations; this is carried out
in the next section.

3. Spatial Smoothing

According to Whitaker [8], in order to obtain a macroscopic description of the
transport process, it is convenient to introduce an averaging region (V ), as the
one sketched in Figure 1, whose size (r0) is constrained considering

lβ, lσ ≪ r0 ≪ L , (4)

where L is the characteristic length associated to the macroscopic system, while
lβ and lσ are the characteristic length-scales associated to the β- and σ-phases,
respectively. Consider the following real operators from L2(Ωβ), where Ωβ ⊂ R

2

is the domain which includes the averaging region, for any property ψβ in the
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β-phase:

Intrinsic average, 〈ψβ〉
β =

1

Vβ

∫

Vβ

ψβ dV, (5)

Superficial average, 〈ψβ〉 =
1

V

∫

Vβ

ψβ dV, (6)

which are related by 〈ψβ〉 = εβ 〈ψβ〉
β; where, εβ is the volume fraction of the

fluid (i.e., the β-phase) in the porous medium, also known as the porosity of
the medium. Applying, (6) to equations (1) and (2) leads to (see [8] for details)

∇ · 〈vβ〉 = 0, (7)

0 = −∇〈pβ〉
β + ρβg + µβ∇

2 〈vβ〉
β − µβK

−1
β · 〈vβ〉 , (8)

where Kβ is the effective permeability tensor. Equation (8) is known as the
Darcy-Brinkman equation. According to the method of volume averaging, Kβ

can be computed from

Kβ = 〈Dβ〉 , (9)

where Dβ is an expression of the so-called closure variable. In turn, Dβ can be
actually computed from the following Stokes-like closure problem:

∇ · Dβ = 0, in the β-phase, (10)

0 = −∇dβ + ∇2Dβ + I, in the β-phase, (11)

Dβ = 0, at Aβσ, (12)

where Dβ represents the vector velocity vβ whereas dβ, the scalar pressure pβ.
From now on, we will use these last well known quantities. Equations (10)-(12)
are to be solved within a unit cell that is representative of the microstructure.
To complete the statement of the problem, proper boundary conditions must
be imposed for the unit cell. They are discussed in Section 6.

4. Numerical Algorithm

In order to solve problem (10)-(12) the following iterative algorithm is ap-
plied, which is derived from Glowinski’s proposal [4], where Γ0 denotes the
Dirichlet boundary and Γ1 the Neumann boundary. The spaces of functions
VL =

{
v ∈ L2(Ωβ) : v · n̂=0 on Γ0

}
and L2(Ωβ), are also considered.

1) Given p0 ∈ L2(Ωβ), solve, for u0 ∈ VL, the elliptic problem:

−∇2u0 = I −∇p0 in Ωβ, u0 = 0 on Γ0,
∂u

0

∂bn
= 0 on Γ1.
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2) Let g0 = ∇ · u0

3) Let ĝ0 = g0 and d0 = ĝ0. For m ≧ 0, assuming pm,um, gm, ĝm, and dm

are known, compute pm+1,um+1, gm+1, ĝm+1, and dm+1, by doing the following:

4) Solve, for um ∈ VL, the elliptic problem:

−∇2um = −∇dm in Ωβ, um = 0 on Γ0,
∂u

m

∂bn
= n̂dm on Γ1

5) Let gm = ∇um and αm =
R

Ω
gm

bgmdx
R

Ω
dmgmdx

6) pm+1 = pm − αmd
m, um+1 = um − αmum, gm+1 = gm − αmg

m, ĝm+1 =

ĝm−αmg
m. If

R

Ω
gm+1

bgm+1dx
R

Ω
g0

bg0dx
< ε, take pβ = pm+1 and vβ= um+1 as the solution

and stop. Otherwise do

7) βm =
R

Ω
gm+1

bgm+1dx
R

Ω
gm

bgmdx
, dm+1 = ĝm+1 + βmd

m.

8) Do m = m+ 1 and return to 4).

The infinite dimensional spaces of functions VL and L2(Ωβ) are to be ap-
proximated by the finite dimensional spaces

VLh =
{
vh∈C

0(Ω̄)2 : vh|T∈P1 × P1,∀T∈Th/2,vh · n̂=0 on ΓN

}
,

and L2(Ω)h =
{
qh∈C

0(Ω̄) : qh|T∈P1,∀T∈Th

}
, respectively, where P1 denotes

the set of polynomials of degree less or equal than 1. To approximate the solution
of the discrete version of this algorithm, the Bercovier-Pironneau finite element
method [2] was used. This mixed method is needed in steps 1 and 4 since p0

and dm are approximated over a triangulation Th of Ωβ, whereas u0 and um

over a twice fine triangulation Th/2 of Ωβ.

5. Mesher

An automatic, ad hoc, mesher was developed to discretize the unit cell which
represents the microstructure. It has the porosity εβ of the medium and the
number of sub-divisions wanted to draw as input. A typical output is a regular
mesh for the unit cell as shown in Figure 2.

6. Results and Discussion

The closure problem (10)-(12) was solved using several sets of boundary con-
ditions for the unit cell. The main numerical experiments are sumarized in
the following problems (remember that condition (12) always prevails on the



396 C. Flores, F.J. Valdés-Parada

Figure 2:

Figure 3:

internal boundaries of the unit cell):

Pa) Assume homogeneous Dirichlet conditions on the four external bound-
aries of the unit cell. See Figure 3 a).

Pb) Assume homogeneous Dirichlet conditions on top and bottom external
boundaries, while homogeneous Neumann conditions on left and right external
boundaries of the unit cell. See Figure 3 b).

Pc) Assume homogeneous Dirichlet conditions on left and right external
boundaries, while homogeneous Neumann conditions on top and bottom exter-
nal boundaries of the unit cell. See Figure 3 c).

Comparison of results of this three problems is shown in Figure 4 a), where
equation (9) has been used to compute the permeability coefficient K for media
with different porosities.

Predictions obtained using the semi-heuristic Carman-Kozeny equation [8],
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Figure 4:

K =
A2ε3

β

180(1−εβ)2
, where A = 1, is included in the same figure. It can be seen

that problem Pc produces results closest to those obtained by the mentioned
empirical equation. This shows that the boundary condition used by Eidsath
et al [3] is suitable for permeability coefficient computing.

Furthermore, Figure 4 b) shows a comparison between results obtained
by the finite element based method presented in this work, and other models
reported by Rumpf-Gupte [6], Larson-Higdon [5] and Sahraoui-Kaviany [7].

7. Conclusions

An analitycal method was applied to get a closure problem from which the per-
meability coefficient of porous media can be computed. The iterative Uzawa’s
algorithm, presented here, has shown to be very effective to properly solve the
Stokes-like problem obtained, under different sets of boundary conditions. To
handle this variable, the medium’s porosity and the mesh size, and automated
ad hoc mesher was developed. The numerical experiments allowed to set the
right boundary conditions to compute permeability coefficients, in agreement
with reported experimental results. The finite element based method proposed
here, produces results very similar to those obtained by some other authors.
Future work could include three-phasic or non-isotropic media.
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