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Abstract: The analysis of inverse ill posed problems, modeled by Fredholm
first kind integral equations, is performed by means of the linear compact opera-
tor theory. The regularization methods are introduced by means of the singular
value expansion.

The Tikhonov regularization method is developed to treat discrete problems
arising in the area of image reconstruction. Some examples are reported in the
numerical results section.
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1. Introduction

Fredholm first kind integral equations model many different problems in the
image processing area such as: image deblurring, image restoration and medical
imaging (tomography, MRI,..). Image restoration problems, in particular, are
modelled by the following equation:

g(s) =

∫

Ω

h(s, t)f(t)dt, Ω ⊆ R
2 compact , (1)

where g represents the low quality image data, h is the kernel of the integral
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equation and takes into account the image acquisition process, while f is the
unknown high quality image to be recovered. Let T be the linear operator
between Hilbert spaces X , Y defined by equation (1). It is well known that the
equation T (f) = g is ill-posed in the sense of Hadamard since the solution may
not exist, may not be unique and may lack of continuous data dependency.
Regularization methods are therefore introduced to solve a slightly modified
well-posed problem with a solution close to that of the original one, in some
sense [3]. In Section 2 we introduce the regularization methods from the theory
of linear compact operators. In Section 3 the discrete regularization methods
are presented together with some implementation details relative to their appli-
cation in image reconstruction problems. Finally some examples are reported
in Section 4.

2. Regularization Methods

The properties of the Fredholm integral equations of the first kind (1), arising in
image reconstruction problems, can be analyzed in the framework of the linear
compact operators theory [5]. Linear compact operators possess the Singular

Value Expansion (SVE) stated in the following result.

Theorem 1. Let T be a linear compact operator between infinite dimen-
sional spaces, then there exists a sequence {σn, ϕn, ψn} such that

T (ϕn) = σnψn, T ∗(ψn) = σnϕn, ∀n ∈ N

where σn ≥ 0 are the singular values, {ϕn} ∈ X , {ψn} ∈ Y and T ∗ is the
adjoint operator. Furthermore limn→∞ σn = 0

The solution of the integral equation (1) can be characterized in terms of
the SVE by means of the Picard’s Theorem.

Theorem 2. (Picard’s Theorem) Let {σk, ϕk, ψk} be the singular value ex-
pansion of the operator T , then the linear first kind integral equation T (f) = g
has solution if and only if g ∈ T (X ), where T (X ) ≡ {g ∈ Y : g = T (f), ∀f ∈ X}
and

∞∑

n=1

| < g,ϕn > |2
σ2

n

<∞. (2)

In this case the solution has the form:

f =
∞∑

n=1

< g,ϕn >

σn

ψn (3)
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(Proof in [5], p. 234).

In the case of noisy data the condition on the data is not fulfilled, i.e. g /∈
T (X ). However even if the condition on the data is fulfilled, special attention
must be given to the coefficients: | < g,ϕn > |/σn. In order to have a convergent
series (2), the Fourier coefficients < g,ϕn > must decrease to zero faster than
the singular values. The behavior of the sequence of the singular values of
compact operators can be used as an indicator of the degree of ill-posedness
of the integral equation. Usually a problem is called mildly ill-posed if σn =
O(n−α) for some positive value α ∈ R. Otherwise it is called severely ill-posed

if σn = O(e−n). In this last case the amplification of data error in the n-th
Fourier component increases at least as en making impossible to use more than
the first few terms of the singular value expansion. Picard’s Theorem shows
that the ill-posedness of compact integral operators depends on the decreasing
sequence of singular values (Theorem 2). This suggests to eliminate some of the
factors 1/σn in the solution equation. Regularization methods are introduced
by means of a family of linear bounded operators Rα, depending on a scalar
positive parameter α called regularization parameter, such that

lim
α→0

Rα(T (f)) = f ∀f ∈ X
Let q : (0,∞) × (0, ‖T ‖) −→ R be a bounded function such that:

— ∀α > 0 there exists a positive constant c(α): |q(α, σ)| ≤ c(α)σ, ∀ 0 <
σ ≤ ‖T ‖.

— ∀ 0 < σ ≤ ‖T ‖, limα→0 q(α, σ) = 1.

Then the regularized solution can be written as:

Rα(g) =

∞∑

n=1

1

σn

q(α, σn) < g,ϕn > ψn (4)

with ‖Rα‖2 ≤ c(α). Using this general framework it is possible to introduce
different regularization methods by specifying suitable expressions for the func-
tions q(α, σn). In the Spectral Cut-Off method described by the operator:

Rα(g) =
∑

σ2
n
≥α

1

σn

< g,ϕn > ψn (5)

the value of the regularization parameter defines the number of terms in the
sum (3). Large values of α (i.e. α ≃ σ2

1) reduce the number of terms used in
(3) to the first few components and all the terms such that σ2

n < α are cut off.
In this case, the function q behaves like an ideal filter.

Theorem 3. (Tikhonov Method) Let T be a linear compact operator with
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singular value expansion given by {σk, ϕk, ψk}, k ∈ N, the operator (4) with

q(α, σn) =
σ2

n

σ2
n + α

(6)

defines a regularization operator named Tikhonov regularization scheme with
‖Rα‖ ≤ 1/(2

√
α).

In this case the value of the regularization parameter α governs the behavior
of the function q:

— α≪ σn ⇒ q(α, σn) ≈ 1, i.e. the n-th term in (3) is almost unchanged;

— α≫ σn ⇒ q(α, σn) ≈ 0, i.e. the n-th term in (3) is damped to zero;

The function q behaves like a smooth filter of the solution terms, damping
the components relative to the singular values smaller than α. The Tikhonov
regularization scheme can be viewed as the solution of the following minimiza-
tion problem:

min
f

{
‖T (f) − g‖2 + α‖f‖2

}

whose solution can be written as fα = Rαg, where Rα is given in (4), (6), [1],
[2].

3. The Discrete Problem

The problem of image restoration refers to the task of recovering high quality
images from noisy and blurred observations. The mathematical model is a
Fredholm linear integral equation on a closed bounded domain Ω = [1, N ] ×
[1,M ]

g̃(x, y) =

∫

Ω

h(x, ξ, y, η)f(ξ, η)dξdη + ε(x, y) , (7)

where f(ξ, η) represents the unknown high quality image to be recovered. The
function ε(x, y) represents additive noise which is usually present in the data,
g̃(x, y) contains the blurred noisy data and the kernel h is the model of the
degradation function which is usually represented by the system response to a
two dimensional unit impulse at coordinates (x, y) called Point Spread Function
(PSF). In application problems, images are encoded as two dimensional arrays
of pixel values, i.e. integers representing the light intensity of the corresponding
pixel. We denote by f and g the vectors of all the pixel values sorted in row-wise
ordering, corresponding to the functions f and g of the continuous model; given
N ×N pixels for each image, the vectors f and g have size N2. Discretizing the
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integral equation by means of the midpoint quadrature rule we obtain a finite
dimensional linear system of equations

Hf = g. (8)

The discretization of linear compact operators such as (7) produces ill condi-
tioned matrices H with singular values clustering at the origin.

The solution f of the linear system (8) is very sensitive to measurement er-
rors in the right-hand side g resulting from the imaging process. To overcome
this ill-conditioning, regularization techniques are obtained by discretization
of the regularization methods introduced in Section 2. The Cut-off method
generates the Truncated SVD method (TSVD) which consists in computing a
regularized solution fk by truncating the solution (3) to the k-th term. It is
equivalent to set α = σ2

k in the spectral cut-off method (5). Although very sim-
ple and intuitive, this method can be practically useful only for small-medium
size problems [6] and is not suitable for image processing tasks characterized
by large size matrices. The Tikhonov method is particularly suitable for image
processing. In Tikhonov regularization [2], the goal is to minimize the residual
error ‖Hf − g‖2 subject on the size or smoothness of f , i.e. a bound on the
norm ‖Lf‖2 for some given matrix L. This leads to the minimization problem:

min
f

‖Hf − g‖2 + α‖Lf‖2 . (9)

The choice of the regularization parameter α is a crucial issue: a small value of
α gives a good approximation to the original operator but the influence of the
data errors causes instabilities. Conversely, a large value of α suppresses the
data error but increases the approximation error. In the absence of any prior
noise knowledge, a common practice is to use a posteriori selection criteria for
choosing α: in this cases one needs to solve (9) more than once to estimate
α. Widely used and tested methods, using a posteriori selection criteria, are
the Generalized Cross Validation method [8] and the L-curve method [7]. The
minimization problem (9) is equivalent to solve the linear system:

(HtH + αLtL)f = Htg. (10)

Because of the very high dimensions of the matrices, this system cannot be
solved by direct methods. The Conjugate Gradient method is one of the most
efficient methods for solving large-scale linear systems with symmetric positive
definite matrices. For this reason it is quite common to use the CG method
as an inner solver of (10) while an outer loop updates an approximate value
regularization parameter α. Furthermore, when the kernel h(x, ξ, y, η) of the
integral equation (7) is of convolution type, the matrix H has a block Toeplitz
structure and can be suitably approximated by a block circulant matrix K
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with circulant blocks (BCCB), which coincides with H in all the central block
diagonals and central diagonals. In this case it is possible to implement a matrix
vector product very efficiently in roughly 16 2D-FFts of size N ×N [4]. In the
important case L = I the resulting linear system (KtK + αI)f̃ = Ktg can be
solved explicitly with only two 2D-FFTs (Fast Fourier Transform). Moreover if
the original image is non zero only in its inner part and the PSF is sufficiently
narrow the the reconstruction f and f̃ coincide.

(a) Exact image (b) Perturbed and
noisy image

(c) Tikhonov recon-
struction

Figure 1: The nebula test problem

(a) Exact image (b) Perturbed and
noisy image

(c) Tikhonov recon-
struction

Figure 2: The peppers test problem

4. Numerical Experiments

In this section we present some numerical experiments for the solution of an
image restoration problem using regularization functions. In particular, we con-
sider the convolution PSF, i.e.

∫ ∫
h(x−ξ, y−η)f(ξ, η)dξdη ≡ F−1 (H ∗ F ) (x, y)

where H = F(h) and F = F(f) represent the Fourier transform of the kernel
h and image f respectively. All the experiments have been performed in a
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Matlab environment equipped with the Image Processing Toolbox. The results
obtained are compared through the relative error between the exact image and
the reconstructed image one. The first test problem is from astronomy. The ob-
ject is the 256×256 image of the nebula NGC7027 (Figure 1(a)); the perturbed
image is shown in Figure 1(b). It is obtained by convolving the exact image with
a PSF generated by the Airy function of the Astronomical Imaging interferom-
etrY package simulating the optical distorsion of a telescope lens and by adding
Poisson noise (generated with the imnoise Matlab function) with SNR ≃ 33
dB. The nebula image has been reconstructed both with the Tikhonov regu-
larization method implemented as described in section 3 (equation (10)). The
results, shown in Figures 1(c), are obtained setting the regularization parameter
heuristically to the value 7.5e−3. The second test problem is a photographic im-
age of peppers (Figure 2(a)). The image has been blurred with a gaussian PSF
(implemented in the blur function of the Regularization Tool) and white noise
has been added (SNR ≃ 40) (Figure 2(b)). The reconstructed image shown in
Figure 2(c) has been obtained with the Tikhonov regularization method where
the equation (10) is solved by the CG method. The value of the regularization
parameter λ has been heuristically chosen as λ = 1.e − 2. The CG method
converges in 47 iterations with a precision of 1.e − 6. The relative error is in
this case Erel = 3.85 10−1.
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