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Abstract: Standard explicit numerical methods for transport equations and
conservation laws are restricted by the condition that the CFL number C must
be less than unity. Conversely, the implicit downwind scheme is stable for all
C > 1 and possesses some desirable accuracy properties. However, it hinges
strongly on the boundary conditions being periodic. We here present an ongo-
ing research effort to extend the implicit downwind scheme to general bound-
ary conditions. Furthermore, we construct a hybrid explicit upwind/implicit
downwind-based method that is stable for all CFL numbers. Some analyti-
cal results are presented, as well as an application to simulation of tracer flow
in a 2D petroleum reservoir. Improved accuracy over standard implicit-based
methods is demonstrated.

AMS Subject Classification: 35L60, 35L65, 65C20
Key Words: downwind, implicit, conservation laws

1. Introduction

We are concerned with numerical methods for approximating the solutions to
the scalar convection equation
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∂u

∂t
+ ∇ · (uv) = 0. (1)

We assume that v is given as an externally imposed velocity field

v = v(x, t), (2)

where x is position and t is time. Furthermore, initial conditions for the un-
known variable u are given at time t = 0:

u(x, 0) = u0(x). (3)

2. The Downwind Scheme

For the purposes of this section, we consider the 1D formulation of (1):

∂u

∂t
+

∂

∂x
(uv) = 0, (4)

where for simplicity we assume v ≥ 0. We consider numerical schemes in the
form

un+1

j − un
j + v

∆t

∆x
(uj+1/2 − uj−1/2) = 0, (5)

where we assume grid cells of size ∆x, indexed by j. Furthermore, we assume
time steps of size ∆t, where n is the temporal index.

Implicit schemes are now given by:

upwind: uj+1/2 = un+1

j ,

downwind: uj+1/2 = un+1

j+1
.

In this paper, we will be mainly concerned with hybrid explicit-implicit
schemes in the form

uj+1/2 = sj+1/2u
n
j + (1 − sj+1/2)u

n+1

j+1
, (6)

i.e. we consider a hybridization of the explicit upwind scheme with the implicit
downwind scheme.

2.1. TVD Analysis

In this section, we derive criteria under which the scheme (6) satisfies the TVD
(total variation diminishing) stability property, as defined for instance in [2].

Introducing the CFL number

C = v
∆t

∆x
, (7)
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we note that (5)–(6) can be written as

L · un+1 = R · un, (8)

where

(L · u)j = uj + (1 − s)C(uj+1 − uj) (9)

and

(R · u)j = uj − sC(uj − uj−1). (10)

Consequently, L corresponds to the upwind operator with respect to the velocity
λ = −(1− s)C, and R corresponds to the upwind operator with respect to the
velocity λ = sC.

Now, according to a lemma by Harten [2], the scheme is TVD if R is TVD
and L is TVI. This yields the conditions

(1 − s)C ≥ 1 or (1 − s)C ≤ 0, (11)

as well as

0 ≤ sC ≤ 1, (12)

where we have used that the upwind operator is TVD for CFL numbers not
exceeding unity. Hence the TVD region is

1 ≤ s ≤ 1/C for C < 1,
0 ≤ s ≤ (C − 1)/C for 1 ≤ C ≤ 2,

0 ≤ s ≤ 1/C for C > 2.
(13)

Furthermore, the least dissipative TVD scheme is obtained when

s = 1 for C < 1,
s = (C − 1)/C for 1 ≤ C ≤ 2,

s = 1/C for C > 2.
(14)

In the following, when we refer to the hybrid scheme, we assume the scheme
given by (5)–(6) and (14).

2.2. Resolution of Linear Wave

We consider the hybrid scheme (14) with CFL numbers C = 1 and C = 2.

2.2.1. C = 1

From (14) we obtain s = 0 and the scheme becomes

un+1

j − un
j +

(

un+1

j+1
− un+1

j

)

= 0, (15)
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which has the solution

un+1

j+1
= un

j ∀j. (16)

2.2.2. C = 2

From (14) we obtain s = 1/2 and the scheme becomes

un+1

j − un
j +

(

un+1

j+1
− un+1

j

)

+
(

un
j − un

j−1

)

= 0, (17)

which has the solution

un+1

j+1
= un

j−1 ∀j. (18)

Hence the linear wave is exactly resolved for the special cases C = 1 and C = 2.

2.3. Boundary Conditions

When applied directly, the implicit downwind scheme relies heavily on the
boundary conditions being periodic. To illustrate, we assume non-periodic
boundary conditions of the form

u(0, t) = U(t). (19)

Assume further that these boundary conditions are numerically implemented
by a rather straightforward imposition:

un+1

1
= U(tn+1). (20)

If we write the pure downwind scheme in matrix form

MU
n+1 = U

n, (21)

the coefficent matrix M becomes

M =











1 0 0 · · · 0
0 1 − C2 C3 · · · 0
...

. . .
. . .

...
0 0 0 · · · 1 − CN











. (22)

Note that the matrix is upper triangular, hence the same will hold for the
inverse. Consequently, the domain of dependence for the numerical solution will
be purely downwind of the flow, whereas the mathematical solution depends
only on upwind information. Hence we can conclude that imposed boundary
conditions renders the scheme unconditionally unstable, which is also confirmed
by numerical investigations.

On the other hand, consider purely periodic boundary conditions. This
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yields a coefficient matrix

M =











1 − C1 C2 0 · · · 0
0 1 − C2 C3 · · · 0
...

. . .
. . .

...
C1 0 0 · · · 1 − CN











, (23)

This changes everything, as the inverse now generally is a full matrix. Numerical
simulations confirm that the results derived in Sections 2.1 and 2.2 hold.

2.4. Extension to Non-Periodic Boundary Conditions

For the case when the boundary conditions are not periodic, we will construct
a stable method based on the periodic version of the above hybrid scheme.
We will use a predictor-corrector approach, where a consistent approximation
ũn+1

j will be used instead of un+1

j in (6). This approximation is based on
obtaining a computational stencil from the inverse of the coefficient matrix
M (23), corresponding to the periodic formulation of the scheme, and then
applying this stencil to precisely the points that are upwind with respect to
un

j . In this respect, we preserve all the mathematical stability properties of the
periodidic formulation, but are freed from the assumption that the system we
consider must form a closed loop.

Due to space considerations, we are unfortunately not able to present the
procedure in detail in the current context. A more elaborate description will
be provided in [1].

3. Numerical Simulations

We consider an application of the proposed hybrid explicit-implicit scheme to
a 2D petroleum reservoir model (see [6] for details). The model covers an area
of 3000 m × 3000 m, and is discretized in cells of 75 m in each direction. A
plot of the permeability field of the model is given in Figure 1. The model
has two injection wells (sources), denoted as INJE2 and INJE5 in the figure.
Furthermore, there is a production well (sink) denoted as PROD1 in the right-
hand side of the figure.

Velocity fields are obtained by running the model through a third-party
reservoir simulator [5]. At time t = 0, water is injected through both INJE2
and INJE5, leading to a pressure surge and a velocity field directed towards
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Figure 1: Permeability field of the reservoir model.

Figure 2: Distribution of tracer in the reservoir, t = 2910 days. Top
left: INJE2, hybrid scheme. Top right: INJE2, implicit upwind scheme.
Bottom left: INJE5, hybrid scheme. Bottom right: INJE5, implicit
upwind scheme.
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PROD1. At time t = 735 days injection into INJE5 is shut off. By this, we
obtain a velocity field v(x, t) which is non-constant in both time and space.
The simulation is carried out until t = 2910 days.

We solve an equation of the form (1), describing the temporal evolution
of the concentration of a tracer following the water velocity field. For more
information about tracer modelling in a petroleum reservoir setting, see [4] and
[6].

A dimensional splitting approach is used, as described in [3]. Initial condi-
tions are given by:

INJE2: u2(t = 0) = 50 in the grid cell (2, 36), u2(t = 0) = 0 elsewhere.

INJE5: u5(t = 0) = 50 in the grid cell (10, 10), u5(t = 0) = 0 elsewhere.

It should also be noted that an extension of the described framework to
account for velocities of varying signs is also needed. The details of this will be
described in [1].

The tracer distribution in the reservoir at the end of the simulation is given
in Figure 2. Note the significant amount of numerical diffusion associated with
the implicit upwind scheme as compared to the hybrid scheme.

3.1. Tracer Recovery in Production Well

The accuracy of the hybrid scheme is further demonstrated by an investiga-
tion of the tracer accumulation in the production well, located at the grid cell
(34, 22). We define the tracer production as the time derivative of the total
mass accumulation in the production well. A plot of the tracer production is
given in Figure 3.

We observe that excessive smearing is associated with the implicit upwind
scheme.

4. Conclusions

Main ideas behind a hybrid explicit-implicit scheme have been presented. The
scheme has been successfully applied to a reservoir tracer simulation problem.
In particular, numerical diffusion is significantly reduced compared to the pure
implicit upwind scheme.
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Figure 3: Tracer production data. Left: INJE2. Right: INJE5.
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