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Abstract: In this paper, the modified homotopy perturbation method is
adopted for solving linear and nonlinear Schrödinger equations and the solutions
of some Schrödinger equations are exactly obtained in the form of convergent
Taylor series. The results show that this method is very efficient and convenient
and can be applied to a large class of problems. Some examples are tested to
show the pertinent features of this method.
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1. Introduction

The Schrödinger equation is the basic of quantum mechanics, see [1], [5]. This
model equation also arises in many other practical domains of physical and
technological interest, e. g. optics, seismology and plasma physics. There are a
lot of studies on the numerical solution of initial and initial boundary problems
for solving the linear and nonlinear Schrödinger equation, see [2], [3].

The homotopy perturbation method (HPM) is a new approach which search-
es for an analytical approximate solution of linear and nonlinear problems. The
HPM has been applied to Volterra’s integro differential equation [4], to nonlin-
ear oscillators [7], nonlinear wave equations [10] and boundary value problems
[11], and to other fields [6], [8], [9]. In [12], Odibat and Momani modified the
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HPM to solve nonlinear differential equations of fractional order. This modifi-
cation reduces the nonlinear fractional differential equations to a set of linear
ordinary differential equations. In this paper we apply MHPM to obtain the
exact solutions for linear and nonlinear Schrödinger equations.

The organization of this paper is as follows. In Section 2, we introduce the
model of the problem. In Section 3, we apply MHPM in a direct manner to
establish exact solutions for linear and nonlinear Schrödinger equations. In Sec-
tion 4, we describe the numerical solution of linear and nonlinear Schrödinger
equations to show the power of the method in a unified manner without requir-
ing any additional restriction.

2. The Model of the Problems

In this paper, the linear Schrödinger equation is considered as follows:

∂ψ

∂t
+ i

∂2ψ

∂x2
= 0, ψ(x, 0) = g(x), i2 = −1, (1)

and we consider the nonlinear Schrödinger equation of the form:

i
∂ψ

∂t
+
∂2ψ

∂x2
+ β|ψ|2ψ = 0, ψ(x, 0) = g(x), i2 = −1, (2)

where |ψ|2 = ψψ, β is a real constant and ψ(x, t) is a complex function.

3. MHPM Method

The HPM, which provides an analytical approximate solution, is applied to var-
ious nonlinear problems [4], [7]. In this section, we recapitulate a modification
of the HPM introduced in [12]. To illustrate the basic ideas of the modification,
we consider the following nonlinear differential equation:

L(Ψ) +N(Ψ) = f(r), r ∈ Ω, (3)

with the initial conditions:

Ψj(x, 0) = gj(x), j = 0, 1, 2, ..., (4)

where L is a linear operator, N is a nonlinear operator, f is a known analytic
function.

In view of the homotopy technique, we can construct the following homo-
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topy:

∂ψ

∂t
+ L(ψ) − f(r) = p[

∂ψ

∂t
−N(ψ)], p ∈ [0, 1], (5)

or
∂ψ

∂t
− f(r) = p[

∂ψ

∂t
− L(ψ) −N(ψ)], p ∈ [0, 1]. (6)

The homotopy parameter p always changes from zero to unity. In case p = 0,
equation (5) becomes the linearized equation:

∂ψ

∂t
+ L(ψ) = f(r),

and equation (6) becomes the linearized equation:

∂ψ

∂t
= f(r).

In case p = 1, equations (5) or (6) turns out to be the original differential
equation (3). The basic assumption is that the solution of equations (5) or (6)
can be written as a power series in p :

ψ = ψ0 + pψ1 + p2ψ2 + p3ψ3 + · · · . (7)

Substituting (7) into equations (5) or (6), and equating the terms with identical
powers of p, we can obtain a series of linear equations of the form as follows:

p0 :
∂ψ0

∂t
+ L0(ψ0) = f(r), ψ0(x, 0) = g0(x),

p1 :
∂ψ1

∂t
+ L1(ψ0, ψ1) =

∂ψ0

∂t
−N0(ψ0), ψ1(x, 0) = 0,

p2 :
∂ψ2

∂t
+ L2(ψ0, ψ1, ψ2) =

∂ψ1

∂t
−N1(ψ0, ψ1), ψ2(x, 0) = 0, (8)

p3 :
∂ψ3

∂t
+ L3(ψ0, ψ1, ψ2, ψ3) =

∂ψ2

∂t
−N2(ψ0, ψ1, ψ2), ψ3(x, 0) = 0,

...

or the form:

p0 :
∂ψ0

∂t
= f(r), ψ0(x, 0) = g0(x),

p1 :
∂ψ1

∂t
=
∂ψ0

∂t
− L0(ψ0) −N0(ψ0), ψ1(x, 0) = 0,

p2 :
∂ψ2

∂t
=
∂ψ1

∂t
− L1(ψ0, ψ1) −N1(ψ0, ψ1), ψ2(x, 0) = 0, (9)

p3 :
∂ψ3

∂t
=
∂ψ2

∂t
− L2(ψ0, ψ1, ψ2) −N2(ψ0, ψ1, ψ2), ψ3(x, 0) = 0,

...
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respectively, where the terms L0, L1, L2, ... and N0, N1, N2, ... satisfy the follow-
ing equations:

L(ψ0 + pψ1 + p2ψ3 + ...) = L0(ψ0) + pL1(ψ0, ψ1) + p2L2(ψ0, ψ1, ψ2) + ...,

N(ψ0 + pψ1 + p2ψ3 + ...) = N0(ψ0) + pN1(ψ0, ψ1) + p2N2(ψ0, ψ1, ψ2) + · · · .

Setting p = 1 in (7), results in the approximate solution of (3):

Ψ = lim
p→1

ψ = ψ0 + ψ1 + ψ3 + · · · .

It obvious that the linear equations in (8) or (9) are easy to solve, and the
components ψn, n ≥ 0 of the HPM can be completely determined, and the
series solutions are thus entirely determined.

4. Numerical Examples

Example 4.1. We consider the linear Schrödinger equation as follows:

∂ψ

∂t
+ i

∂2ψ

∂x2
= 0, (10)

ψ(x, 0) = e2ix+1.

According to the homotopy (9), we obtain the following set of linear partial
differential equations:

p0 :
∂ψ0

∂t
= 0, ψ(x, 0) = e2ix+1, (11)

p1 :
∂ψ1

∂t
= −i

∂2ψ0

∂x2
, ψ1(x, 0) = 0, (12)

p2 :
∂ψ2

∂t
= −i

∂2ψ1

∂x2
, ψ2(x, 0) = 0, (13)

p3 :
∂ψ3

∂t
= −i

∂2ψ2

∂x2
, ψ3(x, 0) = 0. (14)

Solving equations (11)-(14), we obtain:

ψ0(x, t) = e2ix+1,

ψ1(x, t) = 4ite2ix+1,

ψ2(x, t) = −8t2e2ix+1,

ψ3(x, t) = −
32

3
it3e2ix+1 .

The solution of equation (10), when p→ 1, will be as follows:

ψ(x, t) = e2ix+1(1 + (4it) +
(4it)2

2!
+

(4it)3

3!
+ ...) .
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We have exact solution as follows:

ψ(x, t) = e2i(x+2t)+1.

Example 4.2. We consider the linear Schrödinger equation as follows:

∂ψ

∂t
+ i

∂2ψ

∂x2
= 0, (15)

ψ(x, 0) = sinh(3x− 1).

According to the homotopy (9), we obtain the following set of linear partial
differential equations:

p0 :
∂ψ0

∂t
= 0, ψ(x, 0) = sinh(3x− 1), (16)

p1 :
∂ψ1

∂t
= −i

∂2ψ0

∂x2
, ψ1(x, 0) = 0, (17)

p2 :
∂ψ2

∂t
= −i

∂2ψ1

∂x2
, ψ2(x, 0) = 0, (18)

p3 :
∂ψ3

∂t
= −i

∂2ψ2

∂x2
, ψ3(x, 0) = 0. (19)

Solving equations (16)-(19), we obtain:

ψ0(x, t) = sinh(3x− 1),

ψ1(x, t) = −i9t sinh(3x− 1),

ψ2(x, t) = −
81

2
t2 sinh(3x− 1),

ψ3(x, t) = −i
243

2
t3 sinh(3x− 1) .

The solution of equation (15), when p→ 1, will be as follows:

ψ(x, t) = sinh(3x− 1)(1 − 9it+
(−9it)2

2!
+

(−9it)3

3!
+ ...) .

We have exact solution as follows:

ψ(x, t) = e−9it sinh(3x− 1).

Example 4.3. We consider the nonlinear Schrödinger equation as follows:

i
∂ψ

∂t
+
∂2ψ

∂x2
− 2|ψ|2ψ = 0, (20)

ψ(x, 0) = eix+1.

According to the homotopy (9), we obtain the following set of linear partial
differential equations:

p0 :
∂ψ0

∂t
= 0, ψ(x, 0) = eix+1, (21)
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p1 :
∂ψ1

∂t
= −i

∂2ψ0

∂x2
+ 2ψ2

0ψ0, ψ1(x, 0) = 0, (22)

p2 : i
∂ψ2

∂t
= −

∂2ψ1

∂x2
+ 2ψ2

0ψ1 + 4ψ0ψ1ψ0, ψ2(x, 0) = 0, (23)

p3 : i
∂ψ3

∂t
= −

∂2ψ2

∂x2
+ 2ψ2

0ψ2 + 4ψ0ψ1ψ1 + 2ψ2
1ψ0 + 4ψ0ψ2ψ0,

ψ3(x, 0) = 0. (24)

Solving equations (21)-(24), we obtain:

ψ0(x, t) = eix+1,

ψ1(x, t) = −3iteix+1,

ψ2(x, t) = −
9

2
t2eix+1,

ψ3(x, t) =
9

2
it3eix+1.

The solution of equation (20), when p→ 1, will be as follows:

ψ(x, t) = eix+1(1 − 3it+
(−3it)2

2!
+

(−3it)3

3!
+ ...) .

We have exact solution as follows:

ψ(x, t) = ei(x−3t)+1.

5. Conclusions

In this paper, we apply modified homotopy perturbation method for solving lin-
ear and nonlinear Schrödinger equations. This method is powerful and efficient
technique for finding exact as well as approximate solutions for wide classes of
linear and nonlinear Schrödinger equations.
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