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1. Notations and Preliminaries

We consider the differential system

2 (t) = (a(t)An + b(t)E,) 2(t), (1)
where a(t),b(t) € Co(J =< tg,0), R), a(t) # 0 for all t € J, E, is the identity
matrix and for the matrix A, are a;; = —1, a3 = an; = a;n = 1, if i =

1,2,...,n — 1 and the others a;; = 0,7 = 1,2,...,n,n € N,n > 3. We denote
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g1(t,z(t)) = b(t)z; + alt Zx],
gi(t,z(t)) =b(t)x; + a(t) (—x1 + xp), if i=2,3,...,n—1,

gn(t, (1)) = b(t)x, + alt Z ).

Here one and only one integral curve of the system (1) passes through ev-
ery point (¢,z(t)) € J x R", because the partial derivatives dg;/0x;, i,j €
{1,2,...,n} are the continuous functions [6].

We apply to the system (1) the new method for determined the fundamental
matrix.

We denote the matrix
Do(t) = alt)Au + (b(t) = (1)) En- (2)

Definition 1. The function A(f) which is the solution of the auxiliary
equation |D,(t)| = 0, is called the eigenfunction of the system (1), see [2].

Theorem 2. Let the function \(t) is the eigenfunction of the matrix
system (1), then for every n € N,n > 3; |Dy(t)] = (b(t) — A\(t))".

Proof. According to (2), we can write
z(t) bn—2(t) 0

1Da()] = | —bi_5(t) 2()En—2 by _o(t) |,
0 br—2(t) z(t)
where z(t) = b(t) — A(t) and b, _o(t) = a(t)(1,1,...,1) € R"~2. Moreover
z(t) br—2(t) 0 Z(t)  bp—a(t) 0
1Dn(t)] = | —bp_o(t) 2()En—a by o(t) |=| 0  z(t)Ena by (1)
0 bp—a(t)  2(t) 2(t)  bn-a(t)  2(1)

2(t)  bp—a(t) 0
—| 0 EOEus BLy(t) | = 20 |20 Eual = 2(8) = (b(t) = A®)". O
0 0 z(t)
Theorem 3. For everyn € N, n > 3; A3 = O,,.

Proof. For the matrix A,, it follows
0 I, o 0

Ap = _I;{—2 On—2 15—2 )
0 I, o 0 }
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where I, o = (1,1,...,1) € R* 2 O,_5 is the square zero matrix. Denote
on—2 = (0,0,...,0) € R"2. Then
0 - 0 0 - 0
AL = —Ii 5 Ona I, —I, 5 Ona I,
0 - 0 } 0 - 0
2—n op—9 n—2

2—m 0,0 n—2 0 I, o 0
Ai = 05—2 On—2 05—2 _15—2 On—2 15—2
2—m 0p_o n—2 0 I, o 0
0 On—2 0
=| o2 On2 o5y .
0 On—2 0 }
The proof of Theorem 3 is complete. U

2. New Results

Theorem 4. Let is denote the system (1). If we denote Py = E,, P} =
Apyoo oy Po1 =A™ m=n—1 and

t
() = exp/ b(s)ds,

to

@@::/Z@WWW/WWM

to to

t Sm—1 So m—1 t
am(t) = / / / H a(s;)ds1dsy ... dsp—1 exp/ b(s)ds,
to Jto to

i=1 to
then the fundamentally matrix of system (1) has the form

Ut) = q(t)Po+ q2(t)Pr + -+ + g (t) Pr—1, (3)
and the general solution of the system (1) is
z(t) =U(t)C,
where C' = (c1,¢a,...,c,)7 is a constant vector.

Proof. According to Theorem 2, for eigenfunctions of system (1) it follows
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A1(t) = Aa(t) = -+ = A\ (t) = b(t). The functions

: m 1 t
am(t) = /to /to / 11 (Si)d81d82---d8m—1exp/t0 b(s)ds,
are the solutions of differential equations (see [1])
G(t) = b(t)a(t), @) = 1,
Bt) = bt)et) +at)a(t), @2(t) = 0,
dnlt) = b)) +alim (1), anlto) = 0

We shall prove, that the matrix U(t) = E qi(t)P;—1 is the fundamentally matrix

of system (1). Differentiating the equatlon (3) we get

Zqz —1=b)q1(t)Po + Z i(t) + a(t)gi-1(t)) i
1=2

m—1 m
Z qz z—l + a Z Qi(t)Pi = b(t)U(t) + a(t) Z Qi(t)P
i=1 i=1

According to Theorem 3 it follows P,, = P,_1P = A = O,,. Then
U'(t) = b(t)U(t) + a(t) Py Zqz<> i1 = (b(t)Py + a(t)P1)U(t), hence U is the

fundamental matrix of system (1), i.e. the columns of matrix U are the linear
independent solutions of differential system (1). The general solution of system
(1) has the form [3]

z(t) =U(t)C,
where C' = (c1,ca,...,c,)T is a constant vector.

The proof of Theorem 4 is complete. O
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3. Example

We consider the differential system

xi(t) b(t) a(t) a(t) O x1(t)

) | _ [ ) w0 0 e | [ w0 "
s(t) ) a) 0 b(t) a(t)) (1) )

x4(t) 0 a(t) a(t) bt) x4(t)

where a(t),b(t) € Co(J =< tg,00), R), a(t) # 0 for all t € J.

By generalized the method of the eigenvalue and eigenvector for the linear
differential system with the constant coefficients the integral equations system
is expressed and is equipollent with the system (4).

We denote the matrix of the system (4) as follows

ey
—a(t t 0 alt

BO=1 _at) 0 ) a(t))'
0 a(t) alt) b(t)

The function A(t) which is the solution of the equation det(B(t) — A(t)Ey) =
0, where Ej is the identity matrix, we shall call eigenfunction of system (4).

The vector function h(t) which is the solution of the equation
(B(t) = A(t)Eg)h(t) = 0,
is called own vector function related to own function A\(¢) of system (4).

Theorem 5. The general solution of system (4) has the form x(t) =
(51(t),§g(t),£3(t),§4(t))0, where C' = (c1,co,c3,c4)" is a constant vector and

the vector functions &1(t), &2(t), &3(t), &4(t) is
t

&(t) = ((1,0,0,0)T+(o,—1,—1,0)T/ a(s)ds

to

+(=2,0,0,-2)T /tt <a(s) /t:a(u)du> ds) exp /tt b(s)ds,

&) = ((0,1,0,0)T+(1,o,0,1)T /t a(s)d5> exp/t b(s)ds,

to to

&(t) = ((0,0,1,0)T+(1,o,0,1)T /t a(s)d5> exp/t b(s)ds,

to to
t

&) = ((0,0,0,1)T+(0,1,1,0)T/ a(s)ds

to
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+(2,0,0,2)7 /tt <a(s) /t:a(u)du> ds) exp /tt b(s)ds.

Proof. The eigenfunctions of the system (4) are Aj234(t) = b(t). We con-
struct matrix sequence

PO:E47
01 10 -2 0 0 2
B - | -1 001 .| o000
Py=(B(t) —b(t)Ey)/a(t)= 100 1 , Po=P = 0000 |
01 1 0 -2 0 0 2
and consider the differential equations
ai(t) = b(t)a(?), q1(to) = 1, (5)
() = b(t)et) +alt)a(t),  ga(to) =0 (6)
q3(t) = b(t)as(t) + a(t)ga(?), q3(to) = (7)
The solutions of the differential equations (6), (7) and (8) are functions
t
alt) = exp / b(s)ds, (8)
t
g t
wlt) = [ a@dsexp [ bis ©)
to to

a(t) = /tt (a(s) /t:a(u)du> ds exp /tt b(s)ds. (10)

We shall prove, that the matrix
U(t) = qi(t)Po + q2(t) Py + q3(t) P (11)

is the fundamental matrix of the system (4). Differentiating the equation (11),
we obtain
U'(t) = a1(t) P + a3()P1 + g3(6) P2 = b(t)q1 (1) P + (b(t)q2(t) + alt)ar (1) Pr +
(b(t)gs(t) + a(t)gz(t)) P2 = b(t)(qu(t)Po + q2(t) P + qs(t)Pa) + a(t)(q1()Pr +
@2(t)P2) = b()U (1) + a(t)(qu () Pr + g2(t) Pa + g3(t) P3), where Py = PPy = 0.

Since U'(t) = b(t)U(t) + a(t)Pi(q1(t)Po + q2(t) Py + g3()P2) = (b(t) +
a(t)P1)U(t) = B(t)U(t), the matrix U is the fundamental matrix of system
(1), i.e. the columns of matrix U are the linear independent solutions of differ-
ential system (4). The general solution of system (4) has the form

2(t) =U1).C,

where C' = (cy, 2, ¢3,¢4)T is a constant vector. The proof is complete. ]

_l’_

The authors have investigated system of quasilinear differential equations
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0 a2 a3

with matrix A = | —ai2 0 a3 |, wherea;; # 0,1 <1i < j <3 are real
—ai3 az 0

numbers (see [4]). In the paper [5] is investigated system of linear differential

010
equations with matrix A = —1 0 1 ,. The asymptotic and oscillatory
010

properties of solutions of the non-linear differential systems are investigated in
the paper [10].
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