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Abstract: In a recent paper (2003) two of us (Julian  Lawrynowicz and Os-
amu Suzuki) and K. Nôno have dealt with the duality problem for fractals
of the flower type and branch type. In various problems of complex analysis
and physics of condensed phase we need, however, graded fractal bundles of the
branch type with the property that a branch of a fractal Σ1 of the bundle, start-
ing from a fixed n-th embranchment of Σ1, is replaced by a branch of another
fractal Σ2 of the bundle. We say that Σ1 is inoculated at its n-th embranchment
by a branch of Σ2. Another kind of inoculation is when a branch of Σ2 is added
to Σ1 as an extra branch at the n-th embranchment of Σ1. Analogous situation
can be imagined in the case of graded fractal bundles of the flower type. An
example of inoculated fractal is given, refering to the periodicity in the case of
graded fractal bundles related to complex and quaternionic structures.
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We prove the existence of duality between inoculated graded fractal bundles
of the flower type and branch type, which is called flower-branch duality (The-
orem 1). Next, we introduce in our context a concept of central C∗-extensions
of Cuntz C∗-algebras and make a Fock representation on an inoculated graded
fractal bundle of the branch type (Theorem 2). We prove the corresponding
duality theorem between the representations of Cuntz algebras and their cen-
tral extensions (Theorem 3). Finally it is suggested how the duality theorems
can be applied to several topics in complex analysis and physics of condensed
phase.

AMS Subject Classification: 81R25, 32L25, 53A50, 15A66
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1. Introduction

Given the generators

σ1
1 ≡ σ1 =

(

0 1
1 0

)

, σ1
2 ≡ σ2 =

(

0 −i
i 0

)

, σ1
3 ≡ σ3 =

(

1 0
0 −1

)

of the Pauli algebra, consider the sequence

σq+1
α = σ3 ⊗ σq

α ≡
(

σq
α 0
0 −σq

α

)

, α = 1, 2, . . . , 2q + 1;

σq+1
2q+2 = σ1 ⊗ Iq ≡

(

0 Iq

Iq 0

)

, σq+1
2q+3 = σ2 ⊗ Iq ≡

(

0 iIq

−iIq 0

) (1)

of generators of Clifford algebras Cl2q+3(C), q = 1, 2, . . . , and the sequence
of corresponding system of closed squares Qα

q+1 of diameter 1, centred at the
origin of C, where Iq = I2q , the unit 2q × 2q-matrix. Then we decompose each
Qα

q into the corresponding 4q equal squares parallel to the sides of the original
square. In the case of

Aq
α = (aqk

αj), j, k = 1, 2, . . . , 2q,

we include to the object constructed all closed squares correspondimg to the
matrix elements equal aqk

αj whenever it is different from zero. We may say that

we consider the bundle (Σα) of aqk
αj-graded fractals of the flower type:

Σα = (Qα
q ), q = 1, 2, . . . ; (2)

we endow them with functions

gα
q (aqk

αj ; z) = aqk
αj if gα

q (z) = aqk
αj ; gα

q (aqk
αj ; z) = 0 if gα

q (z) 6= aqk
αj ,
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where gα
q is the gradating function: gα

q (z) = aqk
αj inside the square corresponding

to the pair (j, k). By (2), for α ≥ 4 each Qα
q is decomposed into 4q+1 equal

squares.

This construction, playing an important role in the infinite–dimensional
Clifford analysis and applications to complex analysis [10-15] gives a motivation
to distinguishing, firstly, graded fractals and, secondly, bundles of those fractals.
Let us recall the definition of the fractal of the flower type [4, 5, 7, 9, 20]:

Definition 1. Let K0 be a compact metric space with metric ρ. Let
σj : K0 → K0 for j = 1, 2, . . . , N be contractible mappings with respect to ρ.
The set K of the form

K :=

∞
⋂

n=1

Kn, where Kn =

N
⋃

j=1

σj(Kn−1), (3)

is called fractal set of the flower type.

Remark 1. Moreover, in this case we have [7]

K =

N
⋃

j=1

σj(K).

We complete this definition as follows:

Definition 2. If, for some n and j, σj(Kn−1) in (3), depending on a
gradating function g1 related to a fractal Σ1 within the graded fractal bundle
in question, is replaced by another term σ′

j(Kn−1) depending on another con-
tractible mapping σ′

j : K0 → K0 and a gradation function g2 related to a fractal

Σ2 within the graded fractal bundle in question, we say that Σ1 is inoculated

of the first kind at its n-th growing step by a proper part of Σ2.

Definition 3. If, for some n, to the sum of σj(Kn−1), j = 1, 2, . . . , N, in (3),
depending on a gradating function g1 related to a fractal Σ1 within the graded
fractal bundle in question, an extra sum of σ′

j(Kn−1) is added, depending on
other contractible mappings σ′

j : K0 → K0, j = 1, 2, . . . , N ′, and a gradation

function g2 related to a fractal Σ2 within the graded fractal bundle in question,
we say that Σ1 is inoculated of the second kind at its n-th growing step by a

proper part of Σ2.

Definition 4. If, for some n, the n-th growing step of a fractal Σ1 within
the graded fractal bundle in question is considered in the bundle together with
the 1-st growing step of a fractal Σ2 within the graded fractal bundle in question,
we say that Σ1 is inoculated of the third kind at its n-th growing step by Σ2.

For instance, as far as the bundle of graded fractals (2) is concerned, Σ1,
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Σ2 and Σ3 are inoculated of the third kind at their first growing step by Σ4

and Σ5; the fractals Σ4 and Σ5 are inoculated of the third kind at their first
growing step by Σ6 and Σ7; also Σ1, Σ2 and Σ3 are inoculated of the third kind
at their second growing step by Σ6 and Σ7, etc.

When considering the sequences gα
1 (z), gα

2 (z), . . . at the points

z =
1

2
√

2

m

2n
(1 − i), m = 0,±1, . . . ,±(2n − 1); n = 0, 1, . . . (4)

of the diagonal or at the related points z−− , z−+ , z+
− , z+

+ defined in [10] and [15],
we establish (in the quoted papers) their periodicity with two kinds of periods
only, corresponding to

m = 1, 2, 4, 7, 8, 11, 13, 14, 16, 19, 21, 22, 25, 26, 28, 31, 32, 35, 37, 38, . . . (5)

and

m = 3, 5, 6, 9, 10, 12, 15, 17, 18, 20, 23, 24, 27, 29, 30, 33, 34, 36, 39, 40, . . . (6)

respectively, independently of α in Σα. Moreover, if we replace the sequence
(1) by

Aq+1
α = σ3 ⊗ Aq

α ≡
(

Aq
α 0

0 −Aq
α

)

, α = 1, 2, . . . , 2p + 2q − 3;

Aq+1
2p+2q−2 = σ1 ⊗ Ip,q ≡

(

0 Ip,q

Ip,q 0

)

, (7)

Aq+1
2p+2q−1 = −σ2 ⊗ Ip,q ≡

(

0 iIp,q

−iIp,q 0

)

,

the sequence of generators of Clifford algebras Cl2p+2q−1(C), q = 1, 2, . . ., where
A1

1, A1
2, . . . , A1

2p−1 are generators of a Clifford algebra Cl2p−1(C), p = 2, 3, . . .,

and Ip,q = I2p+q−2 , the unit matrix of order 2p+q−2. It is surprising [10] and
[15] that the result remains the same: we have two kinds of periods only, cor-

responding to (5) and (6) respectively, independently of α in Σα.

In order to investigate the sequences (5) and (6) it seems natural to con-
struct an inoculated graded fractal of the branch type. For this we need coun-
terparts of Definitions 1-4 for such fractals. This will be done in the next
section.

In the remaining sections, continuing the programme began in [12, 13, 14],
we shall prove the existence of duality between inoculated graded fractal bundles
of the flower type and branch type, we shall introduce and study a concept of
central extensions of Cuntz algebras, prove the corresponding duality theorem
between the representations of Cuntz algebras and their central extensions, and
suggest some applications.
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2. Inoculated Graded Fractal Bundles of the Branch Type

We start with the counterparts of Definitions 1-4 for fractals of the branch type.

Consider a system of piecewise affine mappings σj, j = 1, 2, . . . , N , between
a compact set K0 in R

2. Then we see [2] that there are nonnegative numbers
λj and positive numbers Λj, 0 ≤ λj ≤ Λj , satisfying the conditions

λj d(x, y) ≤ d(σj(x), σj(y)) ≤ Λj d(x, y), j = 1, 2, . . . , N,

where d stands for the usual distance. Here we assume that these conditions
are precise, they attain the equalities on the both sides exactly.

Let us confine ourselves to mappings σj with Λj ≤ 1: we shall call them
contractible mappings simply. A contractible mapping σj with Λj < 1 (resp.
Λj = 1) will be called essentially proper (resp. partially isometric). Moreover,
an essentially proper mapping σj is called proper if Λj = λj holds. The mapping
σj in question is called non-degenerated (resp. degenerated) in the case where
λj 6= 0 (resp. λj = 0).

Definition 5. Choosing a reference point p0 in K0, the fundamental
branches L0

j , j = 1, 2, . . . , Q, and a system of contractible mappings γℓ, ℓ =

1, 2, . . . , Q, where we assume the usual separation condition (where K0
0 is the

open kernel of K0):

γj(K
0
0 ) ∩ γℓ(K

0
0 ) = ∅ for j 6= ℓ; j, ℓ = 1, 2, . . . , Q,

the fractal set of the branch type is the lattice

L =

∞
⋃

n=0

Ln, where Ln = Ln−1 ∪ L̂n, L̂n =

Q
⋃

ℓ=1

γℓ (Ln−1), for n = 1, 2, . . . ,

L0 =

Q
⋃

j=1

L0
j , where L0

j is the closed segment in K0 joining p0 to γj(p0). (8)

We complete this definition as follows:

Definition 6. If, for some n and j; γℓ (Ln−1), ℓ = 1, 2, . . . , Q, in (8),
depending on a gradating function g1 related to a fractal Ξ1 within the graded
fractal bundle in question is replaced by another term

Q′

⋃

ℓ=1

γ′
ℓ(L

n−1),

depending on other contractible mappings γ′
ℓ, ℓ = 1, 2, . . . , Q′, and a gradation

function g2 related to a fractal Ξ2 within the graded fractal bundle in question,
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we say that Ξ1 is inoculated of the first kind at its n-th embranchment by a

branch of Ξ2.

Definition 7. If, for some n, to the sum L̂n in (8), depending on a gradation
function g1 related to a fractal Ξ1 within the graded fractal bundle in question,
an extra sum L̂′

n
is added, depending on other contractible mappings γ′

ℓ, ℓ =
1, 2, . . . , Q′, and a gradation function g2 related to a fractal Ξ2 within the graded
fractal bundle in question, we say that Ξ1 is inoculated of the second kind at its

n-th embranchment by a branch of Ξ2.

Definition 8. If, for some n, the n-th branch of a fractal Ξ1 within the
graded fractal bundle in question is considered in the bundle together with the
1-st embranchment of a fractal Ξ2 within the fractal bundle in question, we say
that Ξ1 is inoculated of the third kind at its n-th embranchment by Ξ2.

Now, following [10] and [15] we can define the inoculated graded fractal Ξ
of the branch type, related to the sequences (5) and (6), in six steps:

(i) At the n-th embranchment we have the numbers 1, 2, . . ., 2n−1 in the
growing order. Then from 1 we get 1 and 2, from 2 we get 3 and 4; finally, from
2n−1 we get 2n − 1 and 2n.

(ii) Inoculation concerns the sequences (5) and (6), and we have to deter-
mine all the related numbers preceding and following the inoculation.

(iii) The numbers preceding the inoculation are of the form

(2m − 1)22p−1; m, p = 1, 2, . . . (9)

(iv) The numbers following the inoculation are of the form

(2m − 1)22p − 1; m, p = 1, 2, . . . (10)

(v) If we order the set of numbers (9) to make the sequence (an), an < an+1;
n = 1, 2, . . ., we realize that an with n odd correspond to (5), and an with n
even correspond to (6).

Explicitly, 2, 8, 14, 22, 26, 32, . . . correspond to (5), and 6, 10, 18, 24, 30,
34, . . . correspond to (6).

(vi) If we order the set of numbers (10) to make the sequence (bn), bn < bn+1;
n = 1, 2, . . ., we realize that bn with n odd correspond to (6), and (bn) with n
even correspond to (5).

Explicitly, 3, 15, 27, 43, 51, 63, . . . correspond to (6) and 11, 19, 35, 47, 59,
67, . . . correspond to (5).

The whole construction is visualized on Figure 1. The sixth embranchment
is drawn separately in the lower left and lower right parts of the figure. We
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Figure 1: The inoculated graded fractal Ξ of the branch type, cor-
responding to the sequences (5) and (6) responsible for the types of
periods related to (1) and (7)

have:

Proposition. The inoculated graded fractal Ξ of the branch type can be
decomposed to the bundle of inoculated fractals Ξ1 and Ξ2 without gradation,
where Ξ2 is repeated infinitely many times. Here Ξ1 corresponds to (5) and
Ξ2 corresponds to (6). Precisely, the embranchments of Ξ1 are renumbered
according to the scheme n 7→ n + 1. At the new first embranchment of Ξ1 this
fractal is inoculated of the second kind by the first copy Ξ1

2 of Ξ2. At the first
embranchment of Ξ1

2 this fractal is inoculated of the second kind by the second
copy Ξ2

2 of Ξ2. At the first embranchment of Ξ2
2 this fractal is inoculated of the

second kind by the third copy Ξ3
2 of Ξ2, etc.

The whole construction is visualized on Figure 2.

Proof of the Proposition. The number b = 3 corresponds to the inoculation
of the second kind which has to be repeated infinitely many times in relation
to each embranchment. The other inoculations, of the first kind, have to relate
an with bn+1, n = 1, 2, . . .. Explicitly, we have to relate

a1 = 2 with b2 = 11 corresponding to (5),
a2 = 6 with b3 = 15 corresponding to (6),
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Figure 2: The bundle (Ξ1, Ξ1
2, Ξ2

2, . . .) of inoculated fractals without
gradation, corresponding to the sequences (5) and (6) responsible for
the types of periods related to (1) and (7)

a3 = 8 with b4 = 19 corresponding to (5),
a4 = 10 with b5 = 27 corresponding to (6),
a5 = 14 with b6 = 35 corresponding to (5),
a6 = 18 with b7 = 43 corresponding to (6),
a7 = 22 with b8 = 47 corresponding to (5),
a8 = 24 with b9 = 51 corresponding to (6),
a9 = 26 with b10 = 59 corresponding to (5),
a10 = 30 with b11 = 63 corresponding to (6),
a11 = 32 with b12 = 67 corresponding to (5), etc.

This suffices to conclude the proof.

3. Duality Theorem for Inoculated Graded Fractal Bundles of the

Branch Type

We have the following generalization of the flower-branch duality theorem for

self-similar fractal sets [11]:
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Theorem 1. Let K0 be a compact set in R
2. There exists a one-to-one

mapping Φ between the class K(K0) of inoculated graded self-similar fractal
bundles of the flower type in K0 and the class L(K0) of inoculated graded
self-similar fractal bundles of the branch type in K0.

Proof. Suppose that an inoculated graded self-similar fractal bundle Ξ of
the branch type is given. Then we can make the corresponding dual inoculated
graded self-similar fractal bundle Σ of the flower type in the following manner.
Setting

Σn = cl

[

Ξ \
n
⋃

k=1

Ξk

]

,

where

Ξn = Ξn−1 ∪ Ξ̂n, Ξ̂n =

Q
⋃

ℓ=1

γℓ(Ξ
n−1) ∪

Q′

⋃

ℓ=1

γ′
ℓ(Ξ

n−1), (11)

we can see that

Σn =
N
⋃

j=1

σj(Σn−1) ∪
N ′

⋃

j=1

σ′
j(Σn−1) ⊂ Σn−1.

Then we have the desired inoculated graded self-similar fractal bundle

Σ =

∞
⋂

n=1

Σn

which satisfies the invariance condition [11]:

N
⋃

j=1

σj(Σ) ∪
N ′

⋃

j=1

σ′
j(Σ) = Σ.

The construction in the converse direction consists of taking an inoculated
graded self-similar fractal bundle Ξ of lattices connected in K0, making a de-
composition

Ξ =
∞
⋃

n=0

Ξn with Ξn of the form (11),

and ensuring the separation conditions

µ(σj(Ξ
n−1) ∩ σℓ(Ξ

n−1)) = ∅ for j 6= ℓ, j, ℓ = 1, 2, . . . , Q;

µ(σj(Ξ
n−1) ∩ σ′

ℓ(Ξ
n−1)) = ∅ for j = 1, 2, . . . , Q; ℓ = 1, 2, . . . , Q′;

µ(σ′
j(Ξ

n−1) ∩ σ′
ℓ(Ξ

n−1)) = ∅ for j 6= ℓ, j, ℓ = 1, 2, . . . , Q′.

Hence we have proved the assertion, as desired.
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If, in the conditions (analogous to those given at the beginning of Section
2):

λj d(x, y) ≤ d(σj(x), σj(y)) ≤ Λj d(x, y), j = 1, 2, . . . , Q,

λj d(x, y) ≤ d(σ′
j(x), σ′

j(y)) ≤ Λj d(x, y), j = 1, 2, . . . , Q′,

where d stands for the usual distance and we assume that these conditions are
precise: they attain the equalities on the both sides exactly, we have Λj < 1 for
some j, e.g. in the upper line, a contractible mapping σj is called essentially
proper. Moreover, an essentially proper mapping σj is called proper if Λj = λj

holds. If all mappings σj and σ′
j are proper, the related (inoculated graded)

fractal bundle is also called proper.

If the inoculated graded self-similar fractal bundle Σ consists of graded
proper fractals only, we can find the correspondence mentioned in Theorem 1
in an explicit way. Namely, take into account that each point x ∈ K0 can be
expressed as

x = lim
N,N ′→∞

σj1 ◦ σj2 ◦ · · · ◦ σjN
◦ σ′

j1 ◦ σ′
j2 ◦ · · · ◦ σ′

jN′
(x0), (12)

where x0 is an arbitrary point of Σ, we can make the following one-to-one
correspondence between Σ and Ξ.

Corollary 1. If an inoculated graded self-similar fractal bundle K, K ∈ K,
in Theorem 1 is proper, the mapping Φ mentioned there sends K×R+ to L ∈ Ξ;
R+ being the union of intervals [ n; n + 1 ] which describe the parameters of
pieces of straight lines. It can be expressed as

Φ(x)(t) =

∞
⋃

n, n′=1

σj1◦ σj2◦ · · · ◦ σjn ◦ σ′
1 ◦ σ′

2 ◦ · · · ◦ σ′
jn′

(t),

t ∈ [n; n + 1] × [n′; n′ + 1].

Example 1. A nontrivial example is provided by the califlower defined in
Section 2, Steps (i)-(v), with flowers of two colours: and d, corresponding to
the sequences (5) and (6), respectively.

4. Central C
∗-Extensions of Cuntz C

∗-Algebras and their

Representations on Fractals of the Branch Type

We start with recalling some basic facts on the Cuntz algebras [3] and their
central extensions at first, and then to discuss the corresponding representations
on inoculated graded self-similar fractal bundles.
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The Cuntz algebra O(N) is a C∗-algebra with generators

Sj , j = 1, 2, . . . , N,

satisfying the commutation relations

S∗
j Sj = 1, j = 1, 2, . . . , N ;

N
∑

j=1

SjS
∗
j = 1.

These relations give an algebraic desription for dividing the total space into N
parts.

Let us proceed now to central extensions of Cuntz algebra. A C∗-algebra
Z(N) is called by us Z-algebra whenever it has generators

Tj, j = 1, 2, . . . , N,

satisfying the commutation relations

T ∗
j Tj = 1, j = 1, 2, . . . ;

N
∑

j=1

TjT
∗
j + Q = 1, where Q∗ = Q, Q2 = Q. (13)

We can see that a Z-algebra is not simple and that it is obtained from some
Cuntz algebra by a central extension.

Coming back to Cuntz algebras, let us recall Proposition A in [11] (cf. also
[16] and [17]) which determines some of their representations on fractal sets of
the flower type which are self-similar, i.e. the mappings σj , j = 1, 2, . . . , Q,
and σ′

j , j = 1, 2, . . . , Q′, of the form (12) are contractible. An immediate
generalization for inoculated graded self-similar fractal bundles reads:

Lemma 1. Let Σ be an inoculated graded self-similar fractal bundle defined
by some (piecewise affine) mappings σj , j = 1, 2, . . . , Q, and σ′

j, j = 1, 2, . . . , Q′,

on a compact set K0 ⊂ R
2. Then we have the following representation:

πflower : O(N) → B(L2(Σ, dµD

Σ )), (14)

where B(H) denotes the algebra of bounded operators on a Hilbert space H
and D = (Dq), q = 1, 2, . . . , indicates the Hausdorff multidimension of Σ:

π(Sj)f(x) =























Φ
1/2
j (σ−1

j (x))f(σ−1
j (x)) for x ∈ σj(Σ), j = 1, 2, . . . , Q;

Φ
1/2
j (σ′ −1

j−Q(x))f(σ′ −1
j−Q(x)) for x ∈ σ′

j−Q(Σ),

j =Q+1, Q+2, . . . , Q+Q′;

0 otherwise, where N = Q + Q′;

π(S∗
j )f(x) =











Φ
1/2
j (x)f(σ(x)), j = 1, 2, . . . , Q;

Φ
1/2
j (x)f(σ′

j−Q), j = Q + 1, Q + 2, . . . , N,

whereN = Q + Q′.
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Remark 1. Here Σ denotes the whole bundle, whereas Σ1 and Σ2 in
Definitions 2-4 denote two fractals of the bundle.

Any representation of the form determined in Lemma 1 will be called frac-

tal regular. Going further, we arrive at the following version of Kakutani’s
Dichotomy Theorem [8].

Lemma 2. Let Σ and Σ′ be two inoculated graded self-similar fractal
bundles of the flower type with the same number N of generators which are
defined on compact sets K0 and K ′

0, respctively. Assume that there exists
a homeomorphism Φ0 : K0 → K ′

0. Then the corresponding fractal regular
representations are equivalent if and only if they satisfy the conditions

λ
Dq

j,ℓ = (λ′
j,ℓ)

D′

q , q = 1, 2, . . . ; j = 1, 2; ℓ = 1, 2, . . . , N. (15)

This means that for two fractal regular representations

πj
flower : O(N) → B(L2(Σj , dµD

Σj
)), j = 1, 2,

we can find a unitary operator

U : L2(Σ1, dµD

K1
) → L2(Σ2, dµD

K2
)

such that

π1(S)U = Uπ2(S) for S ∈ O(N).

Remark. The equivalence in question does not imply that D′ = D holds.

Now, in a standard way, we can make representations of Z-algebras on
inoculated graded fractal bundles of the branch type:

Lemma 3. Let Ξ be an inoculated fractal bundle of the branch type. Then
we have the Fock-type [11] representation

πbranch : Z(N) → B(L2(Ξ, dµΞ)), (16)

where we consider the Hilbert space H with the Haar basis

e
j′1,j′2,...,j′n
j1,j2,...,jn

of L2(Ξ, dµΞ). (17)

Choosing the vacuum |0> (zero particles state) we may specify Q and Tj in
(13) as follows:

Q|0>= |0>, Q∗|0>= |0>, Tj|0>= ej ,

Tj(ej1,j2,...,jn) =

{

ej1,j2,...,jn for j = j1,
0 for j 6= j1.

Example 2. As the Haar basis (17) we may take, e.g.:
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e
j′1,j′2,...,j′n
j1,j2,...,jn

=

{

1 for x ∈ σj2 ◦ σj3 ◦ · · · ◦ σjn ◦ σ′
j1
◦ σ′

j2
◦ · · · ◦ σ′

jn′
(Ξj1) ,

0 otherwise.
(18)

By Lemmas 1-3 we arrive at the following generalization of the flower-branch

duality theorem for representations [11]:

Theorem 2. Let Ξ be an inoculated graded fractal bundle of the branch
type and Σ the corresponding dual fractal bundle. Then the following duality is
induced between the representations: For a fractal regular representation (14)
on the Cuntz algebra O(N) there exists a central extension Z(N) of O(N) such
that there is a representation (16), where we consider the Hilbert space H with
the Haar basis (17). The converse statement is also true.

Proof. At first we assume that the Fock representation is given on an in-
oculated graded fractal bundle Ξ of the branch type. We make the inoculated
graded fractal bundle Σ of the flower type. Then we can extend the represen-
tation in question in the following manner: Choosing the Hilbert space H(Ξ)
spanned by the basis

{εα : α = (α1, α2, . . .) ∈
∞
∏

n=1

(1, 2, . . . N)}

of infinite sequences, we can see that the representation defined above can be
written in the form

π(Sj)eα = e(j,α1,α2,...), π(S∗
j )eα =

{

e(α2,α3,...) for j = α1,

0 for j 6= α1.

The converse direction can be analyzed in a similar manner.

Theorem 2 implies the following.

Corollary 2. The flower-branch duality between the representations re-
lated to the inoculated graded fractal bundles of the flower type and the branch
type induces a duality between the representations of the algebras O(N) and
Z(N) for N = 1, 2, . . ..

5. Application to Duality for Infinite-Dimensional Cliffford Algebras

We are going to prove:

Theorem 3. There is a fractal regular representation

πbranch : Cl(∞ : C) → B(L2(Ξ, dµΞ)) (19)
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for any infinite-dimensional Clifford algebra Cl∞(C). Two fractal regular rep-
resentations of the form (19) are unitarily equivalent if and only if the dual
representations

πflower : O(4) → B(L2(Σ, dµD
Σ )) (20)

satisfy the Kakutani conditions (15) on the inoculated graded fractal bundle Σ
of the flower type provided that Σ is proper.

Proof. We define the infinite-dimensional Clifford algebras by use of the
inductive limit of finite-dimensional Clifford algebras. For example, we can
choose the exhaustions in the following way.

At first we notice that the Clifford algebra Cl2N+1(C) can be realized on
the martix space in the inductive manner. For the generators of Cl3(C) we may
take the Pauli matrices σ1, σ2, σ3. For the generators A1

1, A1
2, . . ., A1

2p−1 of
Cl2p−1(C), on setting (7), we get the generators of Cl2p+2q−1(C), q = 1, 2, . . . .
We notice that

Cl2N+1(C) ∼= M(2N , C), (21)

the space of complex 2N ×2N -matrices. We can introduce the infinite-dimensio-
nal Clifford algebra by use of the inductive limit:

Cl(∞ : C) = lim−→N→∞

C l2N+1(C) .

By this construction we are tempted to introduce the fractal method to infinite-
dimensional Clifford algebras. In fact we can realize the algebras in terms of
fractal sets of the flower type which are defined by our contractible mappings
σj,ℓ, j, ℓ = 1, 2, between

K0 =

{

(x, y) : − 1

2
√

2
≤ x ≤ 1

2
√

2
, − 1

2
√

2
≤ y ≤ 1

2
√

2

}

with the separation conditions. Already in the case of Pauli matrices we are
dealing in fact with a bundle of graded fractals, related to gradation functions
with values 1 and 0, −1 and 0, i and 0, or −i and 0. By the comment after
Definition 4 we can realize that our bundle Σ = (Σα) is at least inoculated of
the third kind.

When considering the dual graded fractal bundle Ξ of the branch type,
we can realize the representations of a sequence of finite-dimensional Clifford
algebras by the use of regular representations related to a central extension
Z(4) of O(4). Since

Cl(∞ : C) ⊂ Z(4),

the proper restriction of the representation (16) of Lemma 3 gives the required
result.
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Figure 3: Scheme showing the way of constructing fractals of the inoc-
ulated graded fractal bundle of the flower type

Remark 3. As we have noticed, Σ is at least inoculated of the third kind.
Yet, by Section 2, Ξ before the decomposition described in the proposition is
also inoculated of the first kind, and after that decomposition – also inoculated
of the second kind. To see this in relation to Σ, consider its pistil [15]:

L0
∞ =

{

z =
1

2
√

2

m

2n
(1 − i) : m = 0, ±1, . . . , ±(2n − 1); n = 0, 1, . . .

}

⊂ L∞,

L∞ =

[

1

2
√

2
(−1 + i);

1

2
√

2
(1 − i)

]

.

As far as the normalized squares corresponding to the matrices M(2N , C)
in relation to (21) are concerned, the first type-changing transformation from
the sequence (5) to (6) appears for N = 1 at z1 = (1/2

√
2)(3/22 − 1)(1 − i);

the second type-changing transformation, this time from (6) to (5), appears for
N = 3 at z2 = (1/2

√
2)(11/24−1)(1−i), etc. according to the rule discovered in

the proof of the proposition. The scheme of constructing the bundle in question
(of the flower type) is visualized on Figure 3; the existence of the points z1, z2,
. . . proves that the bundle is not only inoculated of the third kind, but also of
the first kind.

6. Application to a Study of the Moduli of Riemann Surfaces

In the preceding section we were dealing with fractals of a binary structure.
For a ternary structure a good example is provided by the moduli structure of
Riemann surfaces (Figure 4); cf. [19].
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Figure 4: Scheme showing the way of constructing the inoculated graded
fractal Ξ(Rg) of the branch type with gradation related to 0, 1, ∞,
corresponding to the Riemann surface Rg with help of the modular
function (whose inverse has 0, 1, ∞ as its logarithmic branch-points)

Here we assume that the universal covering surface of the Riemann surface
Rg of genus g > 1 is the unit disc △. We can represent it by the group
Γ(Rg) of cover symmetry transformations (Decktransformationengruppe) as
Rg = △/Γ(Rg) [18].

Denote the generators of Γ(Rg) by {gj : j = 1, 2, . . . , 2g}. Taking a reference
point p0 of the fundamental region and making the fundamental collections Ξz,
z = 0, 1,∞, of the fundamental branches Lj = [p0; gj(p0)], j = 1, 2, . . . , 2g, we
can make an inoculated graded fractal Ξ(Rg) of the branch type with gradation
related to z, with help of the modular function (whose inverse has the points z
as its logarithmic branch-points) giving a natural construction method.

In consequence we can introduce a representation

πbranch : Z(2g) → B(L2(Ξ(Rg), dµΞ)). (22)

Now, by Theorem 2, we can discuss the moduli spaces analysing the corre-
sponding dual inoculated graded fractal Σ(Rg) of the flower type. For example,
if Rg and R′

g are two Riemann surfaces, then their biholomorphic equivalence
is a consequence of the unitary equivalence of (22) (in the sense of Lemma 2)
and the corresponding dual representation

πflower : O(2g) → B(L2(Σ(Rg), dµD

Σ )).
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7. Application to a Study of the Boundary Behaviour of

Holomorphic Functions

We proceed to show an application of our staff considering the boundary be-
haviour of holomorphic functions with the help of fractals of a quaternary struc-
ture.

Take a holomorphic (resp. meromorphic) function f : D → C with ∂D as
the natural boundary of f . Choose a reference point z0 in D and set f(z0) = c.
Consider then the point sets

{zn ∈ D : f(zn) = c }, n = 1, 2, . . .

Let us specify the sequence so that z1 is obtained from z0 by tracing along
a path with help of the analytic continuation of f , then z2 is obtained from
z1 again by tracing along a path with help of the analytic continuation of f ,
etc. Thus we obtain the path complex (streck komplex) corresponding to the
holomorphic (resp. meromorphic) function f in question.

Then, following the general construction rule of an inoculated graded fractal
set of the branch type we determine the bundle Ξ(f : c) and consider its dual
fractal Σ(f : c). Next we identify our construction as a family of cluster sets of
the value c and, considering its dual, we can treat the behaviour of holomorphic
functions on the boundary. This allows to formulate a proof of the Picard
theorem or to develop the Nevanlinna theory in terms of the fractal geometry.

If, for example, we consider the holomorphic function f(z) = exp z2, our
inoculated graded fractal structure can be derived, with the help of infinitely
many reflections, starting from the corner triangle-type domains within four
quarters 1-4 of C.

1 : re z > 0, im z > 0; 2 : re z < 0, im z > 0; 3 : re z < 0, im z < 0;

4 : re z > 0, im z < 0.

These reflections correspond to subsequent leaves of the Riemann surface of the
function w 7→ ζ = Log w, while the corner triangle-type domains correspond to
upper and lower half-planes of two copies of C, cut e.g. along the real negative
half-axis and forming the Riemann surface of the function ζ 7→ z =

√
ζ. Clearly,

we have the following correspondence:

1 : C
+
1 , 2 : C

−
2 , 3 : C

+
2 , 4 : C

−
1 ,
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Figure 5: Scheme showing the way of constructing the inoculated graded
fractal Ξ(f : c) of the branch type, where f(z) = exp z2, with gradation
related to the points , t, , d , corresponding to the Riemann surface
of Γ

C
+
1 denoting the upper halfplane of the first copy of the w-plane C.

Now, choose a point in C
+
1 , denote its copy in C

+
2 by , and their reflections

in the real axes of C1 and C2 by dand t, respectively. Hence we get the following
correspondence:

1 : , 2 : t, 3 : , 4 : d. (23)

The images of the points (23) in the z-plane C form the vertices of a square
and induce its positive orientation. After the first reflection the correspondence
becomes:

1 : t, 2 : , 3 : d, 4 : ;

after the second one:

1 : , 2 : d, 3 : , 4 : t;

etc., always inducing the positive orientation of the corresponding square. The
whole fractal construction is illustrated on Figure 5.
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8. Application to Duality for Lattice Models on Fractal Sets

In terms of fractal geometry, including inoculated graded fractal bundles, and
by use of the duality theorems, we can also treat the interacting lattice models
of fermionic N -spin particles. For this it is natural to consider the standard
(i.e. free) lattice model on the lattice of positive integers N :

H0 = β

∞
∑

n=1

N
∑

j=1

a(j)
n a(j)†

n ,

where a
(j)
n are the annihilation operators of fermionic type at the site n for

the spin j, and a
(j)†
n are the corresponding creation operators; β ∈ R. The

corresponding algebra is called fermionic algebra with spin N and denoted by
AF (N). It is natural to treat interacting lattice models in terms of fractal
geometry and this can be performed by using a representation of a central
C∗-extension of the corresponding Cuntz algebra.

Precisely, let Ξ be an inoculated graded fractal bundle of the branch type
and (16) with N replaced by M the corresponding fractal regular representation.
If M = 2N , AF (N) appears to be a subalgebra of Z(N) with generators

a(j)
n , a(j)†

n ; n = 1, 2, . . . ; j = 1, 2, . . . , N.

We call the corresponding Hamiltonian

HΞ = β

∞
∑

n=1

N
∑

j=1

πbranch(a(j)
n ) πbranch(a(j)†

n ) (24)

standard Hamiltonian on Ξ.

Now, consider another inoculated graded fractal bundle Ξ′ of the branch
type and the corresponding fractal regular representation

π′
branch : Z(2N ) → B(L2(Ξ′, dµΞ′)). (25)

By Lemma 2 and Theorem 2 we arrive at:

Corollary 3. The dynamical systems determined by the Hamiltonian (24)
and the corresponding Hamiltonian H′

Ξ′ with πbranch replaced by (25) are uni-
tarily equivalent (in the sense of Lemma 2) if and only if the Kakutani conditions
(15) are satisfied on the corresponding inoculated graded fractal bundles of the
flower type.

Here the dynamical system determined by (24) is defined as that corre-
sponding to the time evolution equation

i(d/dt) x = [x, HΞ].
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Figure 6: The metalic supercluster generated fractal-wise from basic 13
atomic cluster units

By Corollary 3 we can treat the phase transitions of the N -spin model in
question by considering deformations of the corresponding inoculated graded
fractal bundles of the flower type.

Some proper examples from the physics of condensed phase are already
given in [1] and [2] in relation to relaxation, roughness, the fluorine implanted
and annealed silicon as well as some binary and ternary alloys. Here on Fig-
ure 6 we present a more sophisticated example of generation of the metalic
superclusters from basic 13 atomic cluster units [6].

These superclusters reveal the fractal geometry during their growth with
the Hausdorff dimension

D =
log 13

log (1/s)
=

log 13

log 3
≈ 2.3347,

where s = 1
3 is the edge length scaling factor.

9. Application to Pavements Defined by Dynamical Systems

Consider, in particular, the dynamical system defined by a quadratic polynomial
fc(z) = z2 + c; z, c ∈ C:

(zn), zn+1 = fc(zn), n = 1, 2, . . .

At first we assume that c = 0. Then we can find local inverses σ1 and σ2 by

σ1(z) =
√

z, σ2(z) = −√
z.

Then we have the following decreasing pavement (Kn):
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Kn = σ1(Kn−1) ∪ σ2(Kn−1), n = 2, 3, . . . ; K1 = {z ∈ C : r ≤ |z| ≤ 1},
0 < r < 1.

Let us recall that, if R is a Riemann surface and τj : R → R, j = 1, 2, . . . , N
a system of automorphisms, we say that R is decreasingly paved by (τj) when-
ever there exists a sequence of subsurfaces Rm of R, m = 0, 1, . . . , such that

R0 = R,

N
⋃

j=1

τj(Rm) = Rm+1, Rm ⊃ Rm+1,

∞
⋂

m=0

Rm = bd R,

where bdR stands for the border of R and each Rm has the intersection point
set of at most measure zero.

In the case where |c| < 1
4 we can see that the limit cycle, which is nothing

but the Julia set, becomes a Jordan curve. Then we can find a biholomorphic
mapping β : △ → Dc of the unit disc △ such that

σj↓ ↓σ
(c)
j

△ β−→ Dc

△ β−→ Dc

where σ
(c)
j , j = 1, 2, is the local inverse of fc. In order to have a decreasing

pavement on Dc, we have to notice that if (Dn) is an increasing pavement of
a domain D ⊂ C, related to a system of automorphisms g1, g2, . . . , gN , and
Φ : D → D′ is a biholomorphic mapping, then we have another structure and
a pavement of D′, related to a system of automorphisms g′1, g

′
2, . . . , g

′
N .
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Déform., 27 (1999), 37-44.

[7] S. Ishimura, Fractal Mathematics, Tokyo-Tosho (1990), In Japanese.

[8] S. Kakutani, On equivalence of infinite product measures, Ann. of Math.,
49 (1948), 214-224.

[9] J. Kigami Analysis on Fractals, Cambridge Tracts in Mathematics, 143,
Cambridge University Press, Cambridge (2001).

[10] J.  Lawrynowicz, S. Marchiafava, M. Nowak-Kȩpczyk, Quaternionic back-
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