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Abstract: Consider a random payment stream (where retirements from the
account and overdrawing are allowed) the balance of which obeys some Lévy
process and a stochastic interest rate model (or numéraire) where the logarithm
of the accumulation factor obeys some independent Lévy process whose non-
Gaussian part is concentrated on the non-negative half-axis. In this setting we
will show that if we can observe the joint distribution of the final value of the
payment stream and the interest rate at some fixed time point t = 1 without
knowing anything about the history (during 0 ≤ t < 1) nor of the distribution
of this history. Then the law of the balance of the payment stream is uniquely
determined among all models with such Lévy processes (in the Brownian case)
resp. among all compound Poisson processes (in certain compound Poisson
cases). In statistical language, this means that the joint distribution of the final
value and the accumulation factor (if it can be observed e.g. by sampling from
several i.i.d. models) is a sufficient statistic for the accountholder’s payment
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1. Introduction

In this paper, we will show that under certain conditions, the joint distribution
of the final value of a random payment stream (the payments and the balance
of the account allowed to be negative, which correspond to retirements resp.
overdrawing of the account) and the interest rate or “numéraire” at some fixed
time t = 1 in a model with stochastic interest determines the distribution of
the random payment process uniquely among certain models. In statistical lan-
guage, this means that the joint distribution of the final value and the interest
rate (if it can be observed e.g. by sampling from several i.i.d. models) is a suffi-
cient statistic for the accountholder’s payment policy (among certain models).
This can be applied e.g. in a context where there are several observations (e.g.
from several accountholders using the same payment policy) of independent
realizations of the final value (i.e. the mathematically correct trade value of the
random payment stream) at a certain fixed time t = 1 after the beginning of
the random payment stream in i.i.d. interest rate models. First, by multiplying
the final value with the final discount factor one can calculate the joint distri-
bution of the present value and the final interest rate. The present value of such
a random payment stream can be interpreted as the non-trivial coordinate of
a Lévy process on the group of proper affine transformations of the real line.
Then, for the proof of our results, we can use the theory of Lévy processes (or
continuous one-parameter convolution semigroups of probability measures) on
groups (cf. Heyer [3], Neuenschwander [4], Neuenschwander [5, 6], Siebert [9, 10]
and the literature cited in these works). The flavor of the present paper and
part of the methods used are similar to those of Neuenschwander [5, 6, 7]. In
Neuenschwander [7], we considered a related problem in mathematical finance,
namely the reconstruction of the distribution of a Lévy process perturbed by an
iterated stochastic integral of two Lévy processes (modelling e.g. the logarithm
of a stock price with random volatility). Instead of the affine group, there we
referred to the so-called Heisenberg group (the group of 3× 3-matrices with 0’s
below the diagonal, 1’s on the diagonal, and real entries above the diagonal).
See Neuenschwander [4] for more results on probabilities on the Heisenberg
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group.

Let us fix the details and the main definitions. A stochastic process {Z(t)}t≥0

with values in some d-dimensional vector space and starting at zero is called
a Lévy process if it is stochastically continuous and if it has stationary and
independent increments. If a process {Z(t)}t≥0 is a Lévy process on the real
line, then the characteristic function (Fourier transform) of Z(t) is given by the
so-called Lévy-Hinčin formula, i.e. it has the form:

ϕt(u) = E(eiuZ(t)) = exp(t(iuc − σ2

2
u2 +

∞
∫

−∞

(eiux − 1 − iux

1 + x2
)η(dx))),

where c ∈ IR (the drift or shift parameter), σ2 ≥ 0 (representing the vari-
ance parameter of the Gaussian (or Brownian) part) and η is a so-called Lévy
measure, i.e. a non-negative possibly unbounded measure on IR\{0} such that

∞
∫

−∞

x2

1 + x2
η(dx) <∞.

We will call

c′ := c−
∞

∫

−∞

x

1 + x2
η(dx)

the net drift parameter if the integral in the latter expression exists. It is well-
known that the parameters occurring in the Lévy-Hinčin formula are uniquely
determined by the law of Z(1). The integral term represents the “generalized
compound Poisson part”. If η = 0, then {Z(t)}t≥0 is a Brownian motion with
parameters c ∈ IR (drift or expectation parameter) and σ2 ≥ 0 (variance pa-
rameter). In contrast, if the process {Z(t)}t≥0 is a compound Poisson process
with jump law ν on IR\{0} (that means, the law of the jumps) and where λ de-
notes the intensity parameter of the underlying Poisson counting process, then
we have σ2 = 0 and η = λν; the drift term then has to be c =

∫ ∞
−∞

x
1+x2λν(dx)

(so that the net drift parameter becomes zero).

It is not unreasonable in certain situations to suppose that a random pay-
ment stream obeys a Lévy process. E.g. the Brownian motion is the continuous
limit of a model where in every short time interval, either one unit of money is
reinvested or retired from the account, independent from the past according to a
certain law. This e.g. models a player playing a sequence of independent round
games each one paying 1 resp. −1 with a certain (stationary) probability here.
Our result tells that in certain cases, the joint distribution of the interest rate
and the limiting final accumulated gain of the player at some fixed time point
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allows to retrieve (within a certain class of models) the limiting distribution of
the payoff of the round games.

Two continuous-time stochastic processes are said to coincide in law if for
every n-tuple of time points their corresponding finite-dimensional probability
laws coincide. A finite non-negative measure µ on the real line is said to be
determinate if it is uniquely determined by its moments, i.e. if it possesses all
absolute moments and if there is no other finite non-negative measure with the
same moments as µ. Of course, if a finite non-negative measure on the real line
has a characteristic function (Fourier transform) which is analytic in a complex
domain containing the real axis, then it is certainly determinate. A well-known
sufficient condition for determinacy is the so-called Carleman criterion: Denote
by mk the k-th absolute moment of a finite non-negative measure µ on the real
line. If

∞
∑

k=1

m
−1/(2k)
2k = ∞,

then µ is determinate.

2. The Result and its Proof

Now we can state our result. In the sequel of this paper, the term “Brownian
motion” is always used in the general sense, i.e. with arbitrary expectation and
variance parameters. For a random variable X taking real values, we will use
the term “moment-generating function” for its Laplace transform

ψX(u) = E(euX) (u ∈ IR)

if this expectation is finite.

Theorem 1. For i = 1, 2, let the Lévy processes {X(i)(t)}t≥0 on the
real line be the balances of random payment streams. Denote by exp(D(t))
the accumulation factor (with respect to the interest rate (minus possibly some
dividend yield) or representing some “numéraire”) and suppose that {D(t)}t≥0

(the force of interest) is also a Lévy process whose Lévy measure η is con-
centrated on ]0,∞[ and satisfies

∫ 1
0 xη(dx) < ∞. Suppose furthermore that

for both i = 1, 2, the processes {X(i)(t)}t≥0 and {D(t)}t≥0 are independent.
Denote by A(i)(t) the present value of {X(i)(s)}0≤s≤t, i.e.

A(i)(t) =

t
∫

0

exp(−D(s))dX(i)(s).
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Suppose that the joint distributions of (D(1), A(i)(1)) (i = 1, 2) coincide. As-
sume furthermore that one of the following two conditions holds:

(i) The process {X(1)(t)}t≥0 is a Brownian motion.

(ii) The processes {D(t)}t≥0 and {X(i)(t)}t≥0 (i = 1, 2) are compound Pois-
son processes such that the Lévy measure of {X(1)(t)}t≥0 is determinate.

Then the processes {X(i)(t)}t≥0 (i = 1, 2) coincide in law.

Condition (ii) represents a discrete-time model with the following property:
For every jump of the accumulation factor process there is a sum of i.i.d. random
payments accumulated by this accumulation factor, where this sum obeys a
certain compound Poisson law.

Remark 1. In practice, probably it is the final value S(i)(1) = A(i)(1)
exp(D(1)) rather than the present value A(i)(1) which can be directly observed.
But in such a case the applicability of Theorem 1 lies in the fact that the present
value A(i)(1) can be calculated from the final value S(i)(1) just by multiplying
with the discount factor exp(−D(1)).

Remark 2. Barczy, Pap [1] have proved a uniqueness property of Brown-
ian motions on the group of proper affine transformations of the real line. This
result tells that if both processes {Z(i)(t)}t≥0 = {(D(t),X(i)(t))}t≥0 (i = 1, 2)
are two-dimensional Brownian motions, then the assertion of Theorem 1 holds
without the assumption that the accumulation factor process is independent of
the payment streams.

Remark 3. On the one hand, the assumption that the logarithm of the
accumulation factor obeys a Lévy process does not correspond to many more
sophisticated stochastic interest models. But we think that nevertheless in cer-
tain cases (in particular for not exorbitantly long observation periods) it is quite
suitable as approximation. On the other hand, one can imagine that the inter-
est itself is a traded asset. In this case, the accumulation factor plays in fact
the role of a numéraire, i.e. some “reference asset” with respect to which the
single payments of the payment stream are discounted (for the present value)
resp. accumulated (for the final value). If one wants to guarantee that there
are no negative interest rates possible, one must assume that the logarithm of
the accumulation factor is driven by a Lévy process without centered Gaussian
component, with non-negative net drift parameter and with Lévy measure con-
centrated on the positive real line. If (in the general model) we add to the Lévy
process driving the logarithm of the accumulation factor a positive constant
(giving rise to some initial accumulation factor greater than one already for the
payment at time zero), then the probability that the total interest rate for some
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time interval [0, t] beginning at zero can become negative is given by the ruin
probability. It is well-known that in risk theory much work has been done about
estimation of ruin probabilities. If the net drift term and the Lévy measure are
supposed to be “sufficiently” large in comparison to the variance parameter
of the Gaussian part, then the probability that during certain time intervals
negative interest occurs can be kept small (theory of the Lebesgue needle), i.e.
in this case, the event that once during the period of observation the interest
rate for a (fixed) time interval becomes negative will occur with relatively small
probability, but it is not completely excluded, which corresponds to economic
reality in many cases. What is more, in our model jumps of the interest rate are
only upwards, that is if negative interest occurs, then the passage to the nega-
tive interest rate is continuous in the sense that it is not caused by a downward
jump.

It is useful to interpret present values in models like the described one as
the non-trivial coordinate of the group A of proper affine transformations of
the real line with positive dilatation factor (i.e. those affine transformations
x 7→ ax+ b on IR with b ∈ IR and a > 0). So we can write

A := {z = (d, x) ∈ IR2}, (1)

equipped with the product

(d1, x1) · (d2, x2) := (d1 + d2, x1 + e−d1x2). (2)

Of course, the group A is not commutative; for this reason in products of
elements of A the order of the factors plays a role. One sees that for zk :=
(dk, xk) ∈ A, we have that

n
∏

k=1

zk := z1 · z2 · . . . · zn = (

n
∑

k=1

dk,

n
∑

k=1

(exp(−
k−1
∑

ℓ=1

dℓ))xk). (3)

Let p(d, x) := x denote the projection of A onto the second (i.e. the non-trivial)
coordinate. For a measure µ on A, we will define the measure p(µ) on IR by
p(µ)(B) := µ(p−1(B)) for Borel subsets B of IR.

The approach will now be to apply methods about continuous convolution
semigroups of probability measures on Lie groups (these are groups which are
at the same time C∞-manifolds such that the map

G×G ∋ (x, y) 7→ xy−1 ∈ G

is C∞). Continuous convolution semigroups on Lie groups are one-parameter
families of probability measures on the group representing Lévy processes on
the group. Let, in the sequel, G denote a Lie group, e the neutral element,
G∗ := G\{e}.
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With (M1(G), ∗, w→) we denote the topological semigroup of (regular) prob-
ability measures on G, equipped with the weak topology and with the operation
of convolution, i.e.

(µ ∗ ν)(B) :=

∫

G
µ(Bx−1)ν(dx)

for Borel subsets B of G (cf. Heyer [3], Theorem 1.2.2). A continuous convo-
lution semigroup {µt}t≥0 of probability measures on G (c.c.s. for short) is a
continuous semigroup homomorphism

([0,∞[,+) ∋ t 7→ µt ∈ (M1(G), ∗, w→), µ0 = εe

(εx denoting the Dirac probability measure at x ∈ G). (Recall that the term
“homomorphism” means that µs+t = µs ∗ µt for all t, s ≥ 0.) C.c.s. represent
Lévy processes on G. These are (as in the euclidean case) stochastically con-
tinuous processes {X(t)}t≥0 with values in G such that X(0) = e and with
independent and stationary increments (the latter ones now with respect to
the group multiplication on G; so for 0 ≤ s < t the increment of the process
{X(t)}t≥0 from time s to time t > s is given as X(s)−1 ·X(t) and has law µt−s).
Let C∞

b (G) be the space of bounded complex-valued C∞-functions on G, D(G)
the subspace of complex-valued C∞-functions with compact support.

The generating distribution A of a c.c.s. {µt}t≥0 is defined (for f ∈ D(G))
as

A(f) := lim
t→0+

1

t

∫

G

(f(x) − f(e))µt(dx)

=
d

dt
|t=0+

∫

G

f(x)µt(dx) (f ∈ D(G)).

It exists on the whole of C∞
b (G) (cf. Siebert [10], p. 119). Let now H denote

either A (written in the notation (1), (2), i.e. identified with IR2 as manifolds)
or (IR2,+). The generating distribution of a c.c.s. on H assumes a very explicit
shape: The functional A on C∞

b (H) is the generating distribution of a c.c.s.
{µt}t≥0 on H iff it has the form (Lévy-Hinčin formula)

A(f) = 〈ζ,∇〉f(0) +
1

2
〈∇,M · ∇〉f(0) +

∫

H∗

(f(z) − f(0) − Ψ(f, z))η(dz),

where

Ψ(f, z) :=

{

〈z,∇〉f(0) : ||z|| ≤ 1,
0 : ||z|| > 1

(f ∈ C∞
b (H)), ζ ∈ H, M is a positive semidefinite 2 × 2-matrix, and η is a

Lévy measure on H∗, i.e. (analogously as in the one-dimensional situation) a
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non-negative (possibly unbounded) measure on H∗ satisfying
∫

H

||z||2
1 + ||z||2 η(dz) <∞.

(cf. Neuenschwander [4]. In fact, this formula (mutatis mutandis) holds for all
exponential groups, i.e. all Lie groups whose exponential mapping is a C∞-
diffeomorphism between the Lie algebra and the group.) The first summand
in the Lévy-Hinčin formula is called the primitive (or drift) term, the second
one the centered Gaussian term, and the third one (the integral expression)
the generalized Poisson generator. The data ζ,M, η are uniquely determined
by {µt}t≥0 (cf. Siebert [9], Satz 1). However, in contrast to the situation e.g.
of euclidean spaces, in general for a Lie group the generating distribution A is
not uniquely determined by µ1 alone (see e.g. Neuenschwander [5, 6, 7] for a
discussion of this problem). In fact, the present paper gives a partial answer
to this question for the group of proper affine transformations of the real line
which is complementary to that of Barczy and Pap [1].

As a shorthand we will write A = [ζ,M, η]. In particular, we have that
(1/t)µt(B) → η(B) (t → 0) for every Borel subset B of H bounded away from
0 and carrying η-measure zero on its boundary (this follows immediately from
the definition of the generating distribution). The distribution A on C∞

b (H)
uniquely determines the c.c.s. {µt}t≥0. For this reason we may write µt =:
Exp tA (t ≥ 0). On the other hand, every triple of the afore-mentioned type
generates a c.c.s. (cf. Siebert [9], Satz 1). The objects A resp. {Exp tA}t≥0

resp. Exp tA are called Poissonian if

{Exp tA}t≥0 = {exp(t(η − ||η||ε0))}t≥0 = {e−t||η|| exp(tη)}t≥0

for some non-negative bounded measure η on H (as usual, ||.|| means the total
variation norm). Here exp denotes the exponential power series on the Banach
algebra of bounded signed measures θ on H (which is convergent in the topology
induced by the norm of total variation):

exp θ := ε0 +
∞
∑

k=1

(1/k!)θ∗k .

The c.c.s. then represents a compound Poisson process on H in the obvious
way.

The Lévy measure η is (in the non-trivial case) just the jump law (i.e.
the law of the non-zero jumps) multiplied by the intensity parameter of the
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underlying Poisson counting process. We then have A = [ζη, 0, η] with

ζη :=

∫

{z∈H:||z||≤1}

zη(dz) ,

so that the net drift parameter becomes zero. It turns out that if {Z(i)(t)}t≥0 :=
{(D(t),X(i)(t))}t≥0 is a Lévy process on (IR2,+), then the process

{Y (i)(t)}t≥0 := {(D(t), A(i)(t))}t≥0

is a Lévy process on A with the same generating distribution as {Z(i)(t)}t≥0

(the generating distribution functional interpreted as generating distribution of
a c.c.s. on (IR2,+) (for {Z(i)(t)}t≥0) resp. as generating distribution of a c.c.s.
on A (for {Y (i)(t)}t≥0)) and vice versa (all that in fact without the additional
constraints imposed in Theorem 1). This can be verified directly, but it is
also a general principle for exponential groups (see e.g. Neuenschwander [4]
and the literature cited there; the corresponding arguments work in fact for all
exponential groups). On the other hand, since {D(t)}t≥0 is supposed to be a
Lévy process independent of the Lévy process {X(i)(t)}t≥0, it follows that the
process {Z(i)(t)}t≥0 is indeed a Lévy process on (IR2,+) in our situation. In
particular, under condition (ii) of Theorem 1, {Z(i)(t)}t≥0 resp. {Y (i)(t)}t≥0

are compound Poisson processes on (IR2,+) resp. A with the “same” (in the
analogous sense as before) Lévy measures.

The principal tool of the proof of Theorem 1 will be a recursive calculation
of moments of the non-trivial coordinate of convolution roots on A. By the
terminus “(absolute) moments on A” we mean the same as on the underlying
vector space IR2 (i.e. with respect to the euclidean norm). The phrase that a
certain moment “exists” (and synonymous expressions) will always be under-
stood in the sense of absolute integrability of the corresponding power function.
The formulation “all moments” means “all moments of order n ∈ IN0”. Define
the process

{Ỹ (i)(t)}t≥0 := {(exp(−D(t)), A(i)(t))}t≥0.

In the following lemma we will suppress the superscript “(i)”. In what follows,
unless stated otherwise, we will always make the assumptions of Theorem 1.

Lemma 1. Assume A(1) possesses all moments. Then all moments of
A(1/2) exist and can (the law of the process {D(t)}t≥0 supposed to be given)
be calculated out of those of A(1) recursively.

Proof. The law of Ỹ (1) possesses all moments due to the hypothesis made
in Theorem 1. Since L(Y (1)) = (L(Y (1/2)))∗2 (convolution of probability
measures on the group A) it can easily be shown (by the group property of A)
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that the tails of L(Ỹ (1/2)) (i.e. P (||Ỹ (1/2)|| ≥ y)) cannot have a qualitatively
(in the sense of absolute integrability of all power functions) heavier decrease
than those of L(Ỹ (1)) (y → ∞). Hence, L(Ỹ (1/2)) possesses all moments,
too. For random variables X, denote by X ′ an independent copy of X. By the
Binomial Theorem we find

E(A(1)m) = E(e−D(1/2)A(1/2) +A(1/2)′)m

= E(e−mD(1/2) + 1)E(A(1/2)m) +R,

where

R =

m−1
∑

k=1

(

m

k

)

E(e−kD(1/2))E(A(1/2)k)E(A(1/2)m−k)

is an expression in which (up to the moment-generating function of D(1/2) on
the negative half-axis) only the moments of order ≤ m−1 of A(1/2) occur.

Corollary 1. Assume A(1) possesses all moments. Then the moments of
all A(2−n) (n ∈ IN0) exist and are (the law of the process {D(t)}t≥0 assumed
to be given) uniquely determined by the law of A(1).

We will use the “Poisson Approximation Theorem” (or “Accompanying
Laws Theorem”) on a strongly root-compact group in the following form (cf.
Nobel [8], Remark 2. (b); by Heyer [3], 3.1.25, A is indeed strongly root-
compact with no non-trivial compact subgroup).

Lemma 2. Let {µt}t≥0 be a c.c.s. on H (where as before H denotes either
A or (IR2,+)). Then we have

exp((s/t)(µt − ε0))
w→ µs (t → 0) (s ≥ 0) .

Together with the calculations of the different parts (the primitive one,
the centered Gaussian one, and the generalized Poisson distribution) of the
generating distribution of a limit c.c.s. (which follows from Hazod, Scheffler [2],
Fact 2.2, the identification of generating distributions on A and on (IR2,+)
(as explained before), and the well-known convergence criteria for infinitely
divisible laws on finite-dimensional vector spaces), Lemma 2 implies Lemma 3.
In the formulation of Lemma 3 we will use the notation z[1] := d, z[2] := x for
z = (d, x) ∈ H.

Lemma 3. Assume {µt}t≥0 is a c.c.s. on H with generating distribution
[ζ,M, η]. Write the matrix M =: (mi,j). Then

(1/t)µt(B) → η(B) (t→ 0)

(for every Borel subset B of H bounded away from 0 and carrying η-measure
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zero on its boundary). Furthermore

lim sup
n→∞

∫

{z∈H:||z||≤ε}

z[i]z[j]2
nµ2−n(dz) → mi,j (ε→ 0).

In what follows, the symbols C and x0 will be used for generic positive
finite constants. For the proof of sufficiency of hypothesis (i) we will have to
know the tail behavior of the laws of A(1)(t) in the case that {X(1)(t)}t≥0 is a
Brownian motion. We will suppress the superscript “(1)”.

Lemma 4. Assume {X(t)}t≥0 is a Brownian motion. Then there are
constants C, x0 > 0 not depending on t ≤ 1 such that

P (|A(t)| ≥ x) ≤ t exp(−C(log x)2) (0 ≤ t ≤ 1;x ≥ x0).

Proof. We first assume that {X(t)}t≥0 is a centered Brownian motion (i.e. it
has expectation parameter zero). Let the Brownian motion {DB(t)}t≥0 be that
centered Brownian motion with the same variance parameter as the Brownian
part of the Lévy process {D(t)}t≥0. Denote by

V (t) :=

t
∫

0

exp(−2D(s))ds

the conditional variance (conditioned on {D(s)}0≤s≤t) of A(t). On the other
hand, write

VB(t) :=

t
∫

0

exp(−2DB(s))ds.

Of course, it holds that V (t) ≤ VB(t). Let W be a standard Gaussian random
variable independent of {D(t)}t≥0. By the reflection principle for standard
Brownian motion and standard estimates, we find that for suitable positive
constants C and x0 we have (for 0 ≤ t ≤ 1 and x ≥ x0)

P (|A(t)| ≥ x) = P (
√

V (t)|W | ≥ Cx)

≤ P (
√
t|W | ≥ C

√
x) + P (V (t)/t ≥ Cx)

≤ P (
√
t|W | ≥ C

√
x) + P (VB(t)/t ≥ Cx)

≤ P (
√
t|W | ≥ C

√
x) + P (exp(−2DB(t)) ≥ Cx)

≤ exp(−Cx/t) + exp(−C(log(x/t))2)

≤ t exp(−C(log x)2).

In case {X(t)}t≥0 is not centered, then a similar estimation as before with
{X(t)}t≥0 replaced by {ct}t≥0 yields the same upper bound for the tail behavior.
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So the result holds for general Brownian motions {X(t)}t≥0.

Now we can proceed to the proof of Theorem 1.

Proof of Theorem 1. We first verify the sufficiency of condition (i). To
begin, we want to show that the process {X(2)(t)}t≥0 is also a Brownian motion.

Denote by µ
(i)
t the law of Y (i)(t). Define the bounded non-negative measures

η
(i)
t := (1/t)µ

(i)
t and (for Borel subsets B of IR) the non-negative measures

ι
(i)
t (B) :=

∫

B

x4p(η
(i)
t )(dx).

Lemmas 3 and 4 imply uniform integrability of the fourth moments of the

measures p(η
(1)
t ) for t ≤ 1. We obtain from Lemma 3 that

ι
(1)
t (IR) → 0 (t→ 0).

By Corollary 1 also the measures p(µ
(2)
2−n

) possess all moments and, moreover,

for every fixed n,m we have that the m-th moment of p(µ
(1)
2−n

) and p(µ
(2)
2−n

)

coincide. Thus also ι
(2)
2−n

(IR) → 0 (n → ∞). By Lemma 3 it follows that

indeed {X(2)(t)}t≥0 has to be a Brownian motion, too. It remains to show that
the expectation and the variance parameters of {X(i)(t)}t≥0 are the same for

i = 1, 2. In analogy to the measures ι
(i)
t , we can define the measures κ

(i)
t , where

the integrand will be x2 instead of x4:

κ
(i)
t (B) :=

∫

B

x2p(η
(i)
t )(dx)

for Borel subsets B of IR. By an analogous reasoning as above for ι
(i)
t it fol-

lows that κ
(i)
2−n

(IR) tends to the variance parameter of the Brownian motion

{X(i)(t)}t≥0 and that this implies that the variance parameters of {X(1)(t)}t≥0

and {X(2)(t)}t≥0 coincide. It remains to verify that also the expectation pa-
rameters of both these Brownian motions have to be identical. Assume that
X(1)(1) and X(2)(1) + c coincide in law. By taking expectations of A(i)(1),
i = 1, 2, we find that

E(A(1)(1)) = E(A(2)(1) + c

1
∫

0

exp(−D(t))dt) = E(A(2)(1)),

which is of course only possible if c = 0. So we have proved the sufficiency of
condition (i).

Now we want to show the sufficiency of condition (ii). Unless stated oth-
erwise, we will keep the notation of the first part. Suppose (in contrast to the
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first part of this proof) that (for i = 1, 2) the processes

{Z(i)(t)}t≥0 := {(D(t),X(i)(t))}t≥0

are compound Poisson processes on (IR2,+) with Lévy measures η(i). W.l.o.g.
we may of course assume η(i) are non-zero. We first must show that for both

i = 1, 2, the measures p(η
(i)
2−n

) = 2np(µ
(i)
2−n

) possess all moments and that for

every fixed m ∈ IN0 the p(η
(1)
2−n

)-tail-integrability of |x|m is uniform in n ∈ IN0.

Define η(i) := η(i)/||η(i)||. Let us for the beginning have a look at the projections
of the convolution powers onto the second (i.e. non-trivial) coordinate given
by p((η(1))∗k). Take i.i.d. A-valued random variables Tn, each one obeying the
law η(1), and consider the non-trivial coordinate of their products: p(

∏k
i=1 Ti).

If we want to estimate a m-th absolute moment of the non-trivial coordinate
of such a k-fold group product, then we can develop the m-th power of the
absolute value of the latter object p(. . .) (which consists of k summands of
the obvious form as in (3)) by the multinomial theorem. We get for the m-th
absolute moments (counted with the corresponding multiplicities given by the
multinomial coefficients) an expression of km such summands. Now (by the
Dominated Convergence Theorem) we obtain (for fixed m and fixed n) a finite

upper estimate for the m-th absolute moments of p(η
(1)
2−n

) and moreover (for
fixed m) also the uniform integrability of the tails of the power functions of
x for n ∈ IN0. Now by analogy with part (i), it follows that all moments of

p(η
(1)
2−n

) tend to those of p(η(1)). From Corollary 1 it follows that for every m

the sequence of measures {p(η(2)
2−n

)}n≥0 is Lm-bounded. So it follows from the

determinacy of p(η(1))|IR∗ together with Lemma 3 and with a classical “diagonal
subsequence” argument that for any subsequence {n′} ⊂ {n} there is a sub-

subsequence {n′′} ⊂ {n′} such that p(η
(2)

2−n
′′ )(B) → p(η(1))(B) (sic!) (n′′ → ∞)

for every Borel subset B of IR bounded away from zero and carrying p(η(1))-

measure zero on its boundary. Hence, we have that p(η
(2)
2−n

)(B) → p(η(1))(B)
as n → ∞ for every Borel subset B of IR of the same type as above. So
p(η(1))(B) = p(η(2))(B) for every Borel subset B of IR bounded away from
zero, which finishes the proof.
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