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Abstract: In this paper we prove the existence of transverse submanifolds
intersecting each orbit in the region of attraction of a general attractor exactly
once. We call these complete Lyapunov surfaces. We relate this novel way at
looking at the familiar Lyapunov function theory to the geometric notion of
transverse foliations. We examine in some detail how Lyapunov surfaces can
be moved along the flow and give arguments as to why they are in a sense more
fundamental than Lyapunov functions.
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1. Introduction

The use of Lyapunov functions in determining the stability of a system is a well-
established method in nonlinear dynamics and in control theory. The essential
point is that the gradient dynamics of a function that is a Lyapunov func-
tion candidate are as simple as possible: they have a single stable equilibrium
point, which is an attractor. In the theory of dynamical systems, more general
Lyapunov functions are considered: it is enough that the gradient dynamics
describe the dynamical behaviour away from some subset where the Lyapunov
function cannot be defined (the chain-recurrent set). By “describe”, we mean
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that the given dynamics and the gradient dynamics of some Lyapunov function
are homotopic; in essence, this is the familiar condition dV (X) < 0 (see in this
context [8] and [7]).

The inverse Lyapunov philosophy is to derive conditions on the dynamics
from the existence of Lyapunov functions. This paper will argue that even
more fundamental in studying the qualitative behaviour of the dynamics is the
notion of Lyapunov surface, especially in the context of an attracting set, in
which case we discuss complete Lyapunov surfaces, that is submanifolds which
intersect each trajectory in the region of attraction exactly once. We develop
several techniques and give results for handling these surfaces and for relating
them to problems of stability and the description of the region of attraction.
Our work is related to the work of Wilson ([14], [13]) but has distinct concerns.

2. Existence of Lyapunov Surfaces

2.1. Basic Definitions and Properties

We begin by briefly giving some basic definitions and notations from the theory
of dynamical systems that are used especially in connection with the theory of
the Conley index, but are of course quite general. We will not linger on the
details, as they can be found in many texts.

We consider vector fields X on a manifold M which are forward complete,
in the sense that the solution exists for all t ≥ 0 for any initial condition. We
assume the manifold has been endowed with a riemannian metric. We shall be
concerned with closed invariant sets of the flow φ of X that are isolated. Our
main interest is in isolated invariant sets (IISs) which are attractors: Let K be
a compact, connected, subset of M . Define the distance function to K:

d(x,K) = inf
y∈K

|x− y|

Since K is compact, the distance function d is well-defined and continuous.
Now define, for ǫ > O , the ǫ-neighbourhood of K:

Nǫ(K) = {x ∈M ; d(x,K) < ǫ}.

It is well-known (Hirsch [5]) that ifK is a compact submanifold ofM , for ǫ small
enough, we have the ǫ-tubular neighborhood of K in M (assuming dimK <
dimM). More precisely, a tubular neighborhood (TN) of the submanifold K
is a pair (f,B), where B = (p,E,K)) is a vector bundle over K and f is an
embedding of E in M such that: (a) f restricted to K is the identity map (b)
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f(E) is an open neighborhood of K in M . We shall, by abuse of notation, refer
to f(E) as the tubular neighborhood of K (see Hirsch for details). The fibre

over any x ∈ K can be taken to be the normal space to TxK, which, in the
riemannian manifold M is identified with T⊥

x K and we talk about the normal

tubular neighborhood (NTN) of K.

We use these neighborhoods as the open sets in the definition of an attract-
ing set.

Definition 1. The compact, connected IIS K is an attractor if:

1. given any neighborhood Nǫ(K) of K, we can find a neighborhood Nδ(K)
such that:

x ∈ Nδ(K) ⇒ φ(x, t) ∈ Nǫ(K), ∀t ≥ 0;

2. there is a neighborhood Nǫ(K) whose ω-limit set is K.

It will be convenient to define the region of attraction RK of an attractor
K to be the set of points x /∈ K with ω(x) ⊂ K (so K 6⊂ RK). The region of
attraction is known to be an open set.

Now the region of attraction of an attracting set K is foliated in an obvious
way by the 1-dimensional orbits of the vector field X: each x in RK belongs to
a unique orbit and the vector field is non-singular in all of RK .

The global Lyapunov theory we are developing gives foliations dual to the
above: there are foliations of RK with leaves which are (n − 1)-dimensional
submanifolds, which we call Lyapunov surfaces and which are transverse to the
1-dimensional foliation by the orbits of X. This is developed independently of
the notion of Lyapunov functions, in which case the level sets of any Lyapunov
function obviously provide a dual foliation. The extra freedom we have in
considereing transverse submanifolds to the flow and moving them along the
flow is one of the main points of the paper.

The construction of Lyapunov surfaces has two steps: first, relying on the
flow-box theorem, we get local Lyapunov surfaces. Then, the properties of
the attracting set K are used to patch together the local surfaces to obtain a
Lyapunov surface intersecting all orbits of X in RK .

Definition 2. A Lyapunov surface S for the vector field X is a compact
submanifold of M , with the property that at all points x ∈ S:

< X(x) > +TxS = TxM.

(the first term means “span of X(x)” and so we want S to be transverse to the
flow of X) and such that each orbit of X intersects S at most once.
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We shall be interested in Lyapunov surfaces that are contained in RK , for
K ∈ A(b). In this case we have:

Definition 3. A Lyapunov surface S is complete for the attracting set K
if S is contained in RK and if all orbits of X in RK intersect S (exactly once).

A Lyapunov surface may have more than one connected component. Each
component of S has an orientation induced on its normal bundle NS by the
flow: we say that the vector n(x) ∈ NxS points inwards if X(x) · n(x) > O.

Every non-singular point x of the vector field X has a Lyapunov surface
locally: just find a hypersurface whose tangent space at x is transverse to
< X(x) >; then a neighborhood of x on the hypersurface is transverse to the
vector field by openness of transversality. We shall need the above result in a
stronger form, where we simultaneously rectify the vector field around x. This
is given by the flow-box theorem (for a proof, see Arnol’d [2], p.227):

Theorem 1. (Flow-Box) Let X be a Cr vector field (r ≥ 1). Let x ∈ M
be such that X(x) 6= O. Then there is a Cr-diffeomorphism ψ mapping a
neighborhood U of x onto an open ball Bδ(0) ⊂ M , with ψ(x) = 0 and the
vector field X to the constant vector field:

ψ∗X(ψ−1(y)) = e1(y), y ∈ Bδ(0),

where {el, . . . , en} is a standard Euclidean basis for T0R
n.

Corollary 1. Let X(x) 6= O; then there exists a Lyapunov surface con-
taining x.

Proof. Let V = {y ∈ Bδ(0), y1 = 0}, where Bδ(0) is as above. Then
V = ψ−1(V ) is the desired Lyapunov surface.

A basic property of Lyapunov surfaces is that they can be moved along the
flow in an arbitrary manner, while remaining transverse to the flow. We can
use the diffeomorphisms φt of the flow or general maps that move each point
on the Lyapunov surface by a variable amount along its orbit. We summarize
the above in the two basic lemmas:

Lemma 1. Let S be a Lyapunov suface and t ∈ R be given. Then the
image of S under φt is again a Lyapunov surface.

Lemma 2. Let a be a smooth, real-valued function on S. Define the map
χ from S to RK by:

χ(x) = φ(a(x), x).

Then the image of S under χ is again a Lyapunov surface.
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Proof of Lemma 1. Let i be the embedding map of S. Then φt ◦ i is the
embedding map of φt(S) and it is clear that φt(S) is a submanifold, since φt is
a diffeomorphism. To prove transversality, choose a basis {el(x), . . . , en−1(x)}
for TxS, viewed as a subspace of TxR

n, for x ∈ S. Since X(x) is trasverse to
S, {el(x), . . . , en−1(x),X(x)} is a basis for TxR

n. The vectors

{(Txφt)(el(x)), .., (Txφt)(en−l(x)), (Txφt)(X(x)}

are linearly independent, since Txφt is an isomorphism.

Furthermore, we have the identity:

(Txφt)X(x) = X(φt(x)).

It suffices to show that (Txφt)(ei(x)) ∈ Tφt(x)φt(S). Since:

Tp(φt ◦ i) = Ti(p)φt ◦ Tpi, p ∈ Rn−1, i(p) = x ∈ S,

if ei(x) = (Tpi)ν, for some ν ∈ TpR
n−1, we have:

Tp(φt ◦ i)(ν) = Ti(p)φt ◦ Tpi(ν) = Ti(p)φt ◦ φt ◦ ei(x) = (Txφt)(ei(x)),

and so (Txφt)(ei(x)) is in (Tp(φt ◦ i)R
n−1 = Tφt(i(p))φt(S).

Proof of Lemma 2. We distinguish two cases: (i) χ(x) 6= 0 and (ii) χ(x) = O.

Case (i). Pick a neighborhood U of x in S such that x is non-zero on U .
Re-scale the vector field X locally:

It is easily seen that the map defined in the lemma is the map φ′|U , where
φ′ is the flow of X ′. Then, φ′1U is transverse to X ′ and therefore to X.

Case (ii). Pick a neighborhood U of x and a time τ such that τ > supx∈U χ(x).
Now φtU is tranverse to X at x. If we define χ′(z) = χ(φ−τz)− τ for z ∈ φτU ,
then χ′(z) 6= 0 and φ(χ(x), x) = φ(χ′(φτx), φτx). We are now back to Case
(i).

2.2. Complete Lyapunov Surfaces for Attracting Sets

Consider the flow-equivalence relation ∼ in M :

x ∼ y ⇐⇒ ∃t ∈ R such that y = φt(x).

In the region of attraction RK of an attractor K, we shall prove that this
equivalence will yield a quotient space Q that is a compact manifold and is
diffeomorphic to any complete Lyapunov surface for K. As a result, RK is dif-
feomorphic to Q×R and Lyapunov functions are easily obtained from functions

on Q× R.

Theorem 2. (Existence of Complete Lyapunov Surfaces for Attracting
Sets) Let K be an attractor for the vector field X. Let an arbitrary open



190 E. Kappos

neighborhood of K be given in RK . Then there is a complete Lyapunov surface
for K in that neighborhood.

Corollary 2. The quotient space Q of RK under the equivalence relation
∼ is a compact manifold. Moreover, RK is diffeomorphic to the product space
Q× R.

Proof. There is no loss in generality in assuming that the open neighborhood
of K is an ǫ-neighborhood Nǫ(K), such that Nǫ(K) ⊂ RK .

Our first task is to examine the flow-equivalence relation in RK . It yields
the quotient space Q = RK/ ∼ which we show has a manifold structure. This
is because each element of Q is an orbit γ of X in RK : γ = {φt(x), t ∈ R}
and, by the flow- box theorem, we can find a neighborhood U of x in RK (since
RK is open) mapped onto Bδ(0). The equivalence relation in Bδ(0) is simple:
it yields the quotient space V of the corollary in [3] and hence a coordinate
map β for a neighborhood of γ (since π ◦ ψ−1 maps V to π(V ) = π ◦ ψ−1(V )
diffeomorphically and hence the inverse β of π ◦ ψ−1 exists).

The canonical map π : RK → Q, sending each point to its orbit in Q is
locally onto since, when transformed via ψ to a flow-box, it can be written as:

π = ψ−1 ◦ π′ ◦ ψ,

where π′ is the canonical projection in Rn, taking (y1, y2, . . . , yn) to (y2, . . . , yn)
and is clearly onto. The flow-equivalence relation is thus a regular equivalence
and Q the quotient manifold (see Abraham et al [1], p. 173).

Next, we want to show that Q is compact. First, we claim that every orbit
of X in RK intersects ∂Nǫ(K) . This is because RK , and therefore Nǫ(K),
contains no α-limit points of X.

Now if we restrict the canonical projection map to ∂Nǫ(K) we get, by the
above, that π(∂Nǫ(K)) = Q. Since ∂Nǫ(K) is compact and π a smooth map,
we get that the image of the continuous map, Q is compact (see Munkres [10],
p. 167).

An open cover of Q is obtained as follows: first, find another neighborhood
Nǫ′(K) such that φt(Nǫ′(K)) ⊂ Nǫ(K) for all t ≥ 0. For all points x ∈ Nǫ′(K),
find a neighborhood Ux in Nǫ′(K) and a local Lyapunov surface Vx as in the
previous corollary that is mapped diffeomorphically to π(Vx), a neighborhood
of π(x) in Q. The π(Vx) obviously cover Q:

Q = ∪x∈N
ǫ′

(K) π(Vx).

Therefore, since Q is compact, we can find a finite subcover : Q = ∪m
i=1π(Vi),

where the Vi are neighborhoods of the points xi, i = 1, . . . ,m.
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This finite cover will be used to get a global section of the quotient π : RK →
Q, i.e. a smooth map s : Q → RK such that π(s(x)) = x on Q. Note that we
already have local sections (sections defined on open subsets of Q). These are
obtained by mapping back to RK , using the rectifying diffeomorphism ψi, the
neighborhoods of the xi:

si = ψ−1
i ◦ βi, si : π(Vi) → Vi ⊂ RK .

To get the global section, we need to patch together the local ones; this is
accomplished using a partition of unity subordinate to the open sets {π(Vi), i =
1, . . . ,m} and the transition maps defined as follows:

On a non-empty intersection π(Vi) ∩ π(Vj) 6= ∅, the map

γij : sj(π(Vj) ∩ π(Vi) → R

sending x to

γij(x) = inf
t∈R

{|t| : φt(x) ∈ Vi}

is smooth and satisfies:

si(p) = φ(γij(sj(p), sj(p)), for p ∈ π(Vi) ∩ π(Vj).

When i = j, we have γii(p) = 0 ∀i. On triple intersections, we have the
consistency condition:

γki(si(p)) = γkj(sj(p)) + γji(si(p)),

proved using the group property of the flow.

Next, let αi, i = 1, . . . ,m be the functions that define the partition of unity
(so that supp αi ⊂ π(Vi)). The expression for the global section s can now be
given on each open set π(Vi):

s(p) = φ





m
∑

j=1,j 6=i

αj(p)γji(si(p)), si(p)



 , for p ∈ π(Vi).

We claim that this gives a consistently-defined s on all of Q. To show this, take
a non-empty intersection π(Vi) ∩ π(Vk) 6= ∅. We have two expressions for s(p)
for points p in the intersection:

s(p) = φ





m
∑

j=1,j 6=i

αj(p)γji(si(p)), si(p)





and

s(p) = φ





m
∑

j=1,j 6=k

αj(p)γjk(sk(p)), sk(p)



 .
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We must show that these expressions for s(p) are equal. This is accomplished
through the use of the consistency condition and will not be given in detail.

It is clear that s is smooth and one-to-one. It remains to show that the
image of Q under s is transverse to the flow. We know that the local sections
are transverse to X by construction of the local Lyapunov surfaces Vi. On each
Vi, s modifies the local section si using the flow π and a smooth function f that
moves each point of si(π(Vi)) along the orbit. Here, the function f is:

f(si(p)) =
∑

j

αj(p)γji(si(p)).

Therefore, Lemma 2 applies and the modified section is also transverse to the
flow.

Proof of Corollary. It has already been proved that Q is a compact man-
ifold. To show RK is diffeomorphic to Q × R, assume given a global section
s, constructed as in the previous proof. Then, the flow φ gives the required
diffeomorphism Φ; we have:

Φ : Q× R → RK , (p, t) 7→ φ(t, s(p))

and Φ is obviously smooth.

It is onto since, for any y ∈ RK , we can find a t′ ∈ R such that φt′(y) =
x′ ∈ S; then (−t′, p′) maps to y, where s(p′) = x′.

It is one-to-one since if Φ(t, p) = Φ(t′, p′), we must have p = p′ since s
is one-to-one and orbits do not intersect. Then t = t′, by the uniqueness of
solutions to the flow.

3. Lyapunov Functions from Complete Lyapunov Surfaces

We have established that, for an attractor K, its region of attraction RK is
diffeomorphic to Q × R, where Q is the quotient manifold under the regular
equivalence of belonging to the same orbit. The diffeomorphism Φ : Q× R →
RK can then be used to map functions on Q×R to Lyapunov functions on RK .

Definition 4. A function V defined on an open subset U ⊂M containing
a single compact attractor K is a Lyapunov function for the vector field X if:

1. V is constant on the attractor,

2. V is C1 smooth on U −K, and

3. dV (X) < O everywhere on U −K.

Definition 5. Define the class of functions L(K) on Q × R as follows:
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A ∈ L(K) iff (i) A is a C1 smooth function on Q × R, A(p, t) ∈ R; (ii) for
every p ∈ Q, A(p, .) : R → R is a diffeomorphism and we may as well assume
that ∂A

∂τ
(p, τ) > 0

Also consider a smooth, strictly monotone increasing function ν : R → R+.

Theorem 3. To every A ∈ L(K) and ν as above, there corresponds a
Lyapunov function V defined on RK . Conversely, if V is a Lyapunov function
on RK , we can find functions A of class L(K) and v as above, such that V is
obtained from them.

Remark 1. It is very important to point out a significant difference in
our definition of a Lyapunov function from the usual one: we do not require the
function to be C1 smooth in the whole of RK , but only away from the attractor!
This remark also asserts that the qualitative conclusions of Lyapunov stability
theory do not change if we relax the condition on Lyapunov functions, as we
have done (in particular, in showing the simple asymptotic structure of the
dynamics, in having K contain the omega-limit sets of all points in the region
of attraction).

Proof. For each τ ∈ R, A(., τ) is a smooth function from Q to R and, as τ
varies, we foliate Q× R with the graphs of the functions A(., τ). The map:

Q×R → Q× R, (p, τ) 7→ (p,A(p, τ))

is a diffeomorphism.

We also have the diffeomorphism Φ, mapping Q × R to RK . Now simply
define, for x ∈ RK :

V (x) = ν ◦ πτ ◦ A−1 ◦ Φ−1(x),

where πτ is the projection (p, τ) 7→ τ . The function V is obviously smooth from
RK to R+.

To check that this is a Lyapunov function, note that the level sets V =
constant are the images under Φ of A(., τ) for each τ . These, as we can see
from Lemma 2, are transverse to the flow and hence are complete Lyapunov
surfaces.

4. Conclusion

We have looked at the familiar correspondence between the simple dynamical
behaviour near an attractor and a geometric object that captures this dynamics
in an effective manner: instead of the traditional Lyapunov function, we devel-
oped the theory – in some generality (general attractor) – in terms of complete
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submanifolds transverse to the flow (which we christened Lyapunov surfaces).

We gave an independent and novel proof of the existence of Lyapunov sur-
faces and examined how the simple product or foliation structure is the main
geometrical fact which permits the study of dynamics near the attractor, but
not actually on the attractor. This work needs to be related more compre-
hensively to the topological study of dynamics which constitutes the Conley
index theory and, for example, Franks’s work (see [4]). More detailed analysis
is carried out in the forthcoming book [7] and relations to necessary conditions
are examined in [8].
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