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Nomenclature

α – the Stefan constant;
∆t – the temporal meshsize in computation;
∆x – the spatial meshsize in computation;
eav – normalized 1-norm of errors in calculated temperature over all spatial
nodes;
emax – maximum norm of errors in calculated temperature over all spatial nodes;
e

S
– signed error in the calculated interface position;

k
I

– thermal conductivity of the solid phase (ice);
k

W
– thermal conductivity of the liquid phase (water);

nt – total number of time steps in marching;
ni – the number of computational nodes in water region at initial time;
nf – the number of computational nodes in water region at final time;
nx – the number of interior computational nodes in the spatial variable;
rav – normalized 1-norm of the residual vector in calculation of the discrete
algebraic system;
rmax – maximum norm of the residual vector in calculation of the discrete al-
gebraic system;
S – one-point interface as the water-ice boundary;
t – the temporal variable in the semi-infinite interval;
T

Ice
– constant temperature at the far-field;

T
Water

– constant temperature at the left boundary;
t1cpu – the cpu-time in the whole time marching in solving the discrete system,
excluding report on screen;
t2cpu – the cpu-time in the whole time marching, without overhead in pre- and
post-processing;
u – temperature distribution in semi-infinite interval, OC;
v – transformed image of u in finite interval, OC;
x – spatial coordinate in models in semi-infinite interval ;
ξ – spatial coordinate in models in finite interval ;
ξ

S
– transformed image of S in finite interval.

Subscripts

t – temporal derivatives in semi-infinite interval;
τ – temporal derivatives in finite interval;
x – spatial derivatives in semi-infinite interval;
ξ – spatial derivatives in finite interval.
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1. Introduction

We consider in this work the temperature function u = u(x, t), defined for
temporal variable t ≥ 0 and one-dimensional spatial variable x in the semi-
infinite interval. Traditionally the study of directional solidification was and is
performed within the framework of the classical model [23], leading to the Ste-
fan boundary-value problem. However, often the plane front of solidification is
broken by the constitutional supercooling arising under certain circumstances
ahead of the front [15]. For this reason, some parts of the front grow in more
favorable conditions than others, i.e. the front becomes morphologically un-
stable [18]. An evolution of such an instability leads to the appearance of a
metastable zone between solid and liquid phases, which is called the two-phase
zone or mushy region. Thus, after a lapse of time, solidification is divided into
three parts: solid, mushy and liquid regions. The theoretical description of such
a scenario of binary melt crystallization was suggested by a number of authors
[13, 12, 7]. Attempts at obtaining approximate solutions were made by a num-
ber of investigators [13, 12, 7, 27, 9]. However, approximate analytical solutions
were obtained by Alexandrov (see, among others, [1, 2, 3]), who analyzed the
solidification of a binary melt with a mushy region, in which heterogeneous
inclusions of the new phase grow in such a manner that this region is virtually
totally desupercooled. Huppert and Worster [14] outline six different regimes
that arise depending on whether the initial liquid concentration is less than,
equal to, or greater than the eutectic composition, and whether the liquid is
cooled from an upper or a lower horizontal boundary. Following the model by
Worster [27], we shall investigate solidification in the absence of gravity, though
this situation may almost be realized in the laboratory [14] by cooling from be-
low, a liquid whose initial concentration is less than the eutectic value, since
then the temperature and concentration fields are individually statically stable
to convective turnover.

We formulate in Section 2 the classical model problem in semi-infinite inter-
val with fixed or moving coordinates. Both one-phase and two-phase problems
are explicitly stated. Numerical methods for all these models are investigated
in Section 3, followed in the next section are numerical experiments and dis-
cussions. Conclusion on the relative spirits of all these numerical modelings is
given in the final section.

The authors have been working on solving the real life problem [17, 26], for
which no explicit solution is expected and very long time computation needed.
Many decisions in the associated DNS (Direct Numerical Simulation) are made
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based on observations noted from kind of burning tests in this paper. We
mention that the phase field function approach (see [11, 16]) is not considered
in this work since the approach we take in the currect paper is natural for an
extended mushy layer model, and that in a sense the level set method (see
[21, 19]) is embedded and simplified in our algorithm and software design.

2. Stefan Problem in Semi-Infinite Interval

A classical model of the application problem is in the semi-infinite interval
0 ≤ x < +∞. Since some research work focused numerically in the one-phase
problem [4], we list below explicitly both the two-phase and one-phase problems,
separately, for clarity and ease of reference.

2.1. Fixed Coordinate System in Semi-Infinite Interval

Model I. Semi-infinite interval [0,+∞) with fixed coordinate system.

Two-phase Stefan problem in semi-infinite interval:

Water zone, 0 ≤ x ≤ S(t)

PDE: ut = k
W

uxx , 0 < x < S(t), 0 < t, (2.1)

B.C.:
u(x = 0, t) = T

Water
> 0,

u(x = S, t) = 0,

0 ≤ t,

0 ≤ t.
(2.2)

Interface, x = S(t)

ODE: α
dS(t)

dt
= k

I
ux(S+, t) − k

W
ux(S−, t), (2.3)

I.C.: S(t = 0) = 0. (2.4)

Ice zone, S(t) ≤ x < +∞,

PDE: ut = k
I
uxx , S(t) < x < +∞, 0 < t, (2.5)

B.C.:
u(x = S(t), t) = 0,

u(x = +∞, t) = T
Ice

< 0,

0 ≤ t,

0 ≤ t,
(2.6)

One-phase Stefan problem in semi-infinite interval:

Water zone, 0 ≤ x ≤ S(t),

PDE: ut = k
W

uxx , 0 < x < S(t), 0 < t, (2.7)
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B.C.:
u(x = 0, t) = T

Water
> 0,

u(x = S, t) = 0,

0 ≤ t,

0 ≤ t.
(2.8)

Interface, x = S(t),

ODE: α
dS(t)

dt
= −k

W
ux(S

−, t), (2.9)

I.C.: S(t = 0) = 0. (2.10)

Ice zone, S(t) ≤ x < +∞,

u(x, t) = constant = T
Ice

= 0. (2.11)

Analytic similarity solution to the two-phase model exists as follows [11, 25].

u
W

(x, t) = T
Water

(1 − erf(η)
erf( α

2
√

k
W

)), η = x

2
√

k
W

√
t
,

u
I
(x, t) = T

Ice
( erfc(η)
erfc( α

2
√

k
I

) − 1), η = x

2
√

k
I

√
t
.

(2.12)

This includes the one-phase model as a special case. We note the interface
position S(t) is uniquely determined in deriving the solution. We leave details to
the cited references. Plots of the solution and its temporal derivative at several
specific time instances and two-hundred spatial nodes are shown in Figures
C.1(a,b).

An alternative of analytic solution, subject to the Dirichlet boundary con-
dition at the far-field and a Robin type boundary condition at the origin, is the
following traveling wave solution with a one-point interface

u
W

(x, t) = −µ
W

+ µ
W

exp (t−x)
k

W
,

u
I
(x, t) = −µ

I
+ µ

I
exp (t−x)

k
I

,

S(t) = t.

(2.13)

Here the positive constants µ
I

and µ
W

satisfy a constraint

0 < µ
I
≤ 1 < µ

W

which implies, among other things, the positivity of the Stefan constant. A
transformed system of this, in a finite interval and in one-phase version, was
used as a test problem in some research [4]. However, if reformulated with
Dirichlet data at both the infinity and the origin, the temperature at the origin
grows unbounded in time. Aiming at obtaining relevant knowledge in solving
the classical Stefan problem and further solving the real life problem [17, 26],
we will not consider this (system and the) explicit solution in the sequel.
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2.2. Moving Coordinate System in Semi-Infinite Interval

Consider the time-dependent coordinate transform and its inversion

ξ = ξ(x, t) =
x

S(t)
, x = ξS(t).

This maps the triple x ∈ {0, S,+∞} to ξ ∈ {0, 1,+∞}, and {0, S,MS} to
{0, 1,M} with M a sufficiently large integer for computational purpose.

The relation u(x, t) = v(ξ, τ) with τ = t and ξ as defined above implies, by
application of chain rule,

ut = vτ + ξtvξ, ux = ξxvξ, uxx = (ξx)2vξξ + ξxxvξ.

These, together with the substitution that,

ξt =
−ξS′(t)

S(t)
, ξx =

1

S(t)
, ξxx = 0,

yield a transformed system in terms of v(ξ, τ). A final formal replacement gives
following system, still in u(x, t).

Model II. Semi-infinite interval [0,+∞) with moving coordinate system.

Two-phase Stefan problem in semi-infinite interval:

Water zone, 0 ≤ x ≤ 1,

PDE: S2(t)ut = k
W

uxx + xS(t)
dS(t)

dt
ux, 0 < x < 1, 0 < t, (2.14)

B.C.:
u(x = 0, t) = T

Water
> 0 ,

u(x = 1, t) = 0 ,

0 ≤ t,

0 ≤ t.
(2.15)

Interface, x = 1,

ODE: αS(t)
dS(t)

dt
= k

I
ux(1

+, t) − k
W

ux(1−, t), (2.16)

I.C.: S(t = 0) = 0. (2.17)

Ice zone, 1 ≤ x < +∞,

PDE: S2(t)ut = k
I
uxx + xS(t)

dS(t)

dt
ux, 1 < x < +∞, 0 < t, (2.18)

B.C.:
u(x = 1, t) = 0 ,

u(x = +∞, t) = T
Ice

< 0 ,

0 ≤ t,

0 ≤ t.
(2.19)

One-phase Stefan problem in semi-infinite interval:
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Water zone, 0 ≤ x ≤ 1,

PDE: S2(t)ut = k
W

uxx + xS(t)
dS(t)

dt
ux, 0 < x < 1, 0 < t, (2.20)

B.C.:
u(x = 0, t) = T

Water
> 0,

u(x = 1, t) = 0,

0 ≤ t,

0 ≤ t.
(2.21)

Interface, x = 1,

ODE: αS(t)
dS(t)

dt
= −k

W
ux(1

−, t), (2.22)

I.C.: S(t = 0) = 0. (2.23)

Ice zone, 1 ≤ x < +∞,

u(x, t) = constant = T
Ice

= 0. (2.24)

A spatial transformation is applied in Appendix A to yield Stefan problems
on the finite interval [−1, 1] in fixed coordinate.

3. Numerical Methods and Software Issues

The application problem consists of three subsystems:

1. The solid (ice) zone, with PDE and B.C. depending on a moving bound-
ary.

2. The solid-liquid interface, with ODE describing the interface dynamics.

3. The liquid (water) zone, with PDE and B.C. depending on a moving
boundary.

The idea of shooting for one-dimensional (nonlinear) boundary value prob-
lems, by solving iteratively an initial value problem, is adopted here. However,
no variational technique is implemented for the outer loop due to the compli-
cations and expensive cost in cpu-time of a fully implicit approach in possible
multi-dimensional extensions of our work. Details of the method are described
below.

One way to tackle the application in semi-infinite interval is to truncate the
domain to a finite interval somehow appropriately. This is what we did (Table
B.3) and will be explained in a later subsection when discussing numerical
experiments. With computational domain being a finite interval, the methods
described below are applied to systems of equations in all models previously
discussed.
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Two-level finite difference is applied to the temporal derivative. For spa-
tial derivatives, finite difference (FD) or differentiation matrix (DM) approach
(see [8], [10], [22]) is taken. Central differences are applied in the former case.
Spatial differentiations for subsystems in the solid or liquid zone can be im-
plicit or explicit. In the implicit FD approach, the resulting discrete algebraic
(sub)systems are solved by three-point stencil GS (prefered over SOR for bet-
ter consistence) with various types of node ordering, and also by tri-diagonal
Gaussian elimination (GE) as a double check for some test runs. The discrete
subsystems in the spatial spectral approach, involving the Chebyshev differen-
tiation matrix, are solved by dense LU and dense BCGstab [20] as a double
check for some tests.

More details follow.

Discretization of the Geometry. The coordinate systems can be either
of the following:

1. Fixed coordinate grid.

Within this group, we can further consider:

— Static Grid: A single grid is deployed here. It is uniform in the FD
approach, while in the DM approach Chebyshev nodes are chosen.

— Dynamic Grid: Time dependent grid. This is sub-uniform in the FD
approach, uniform in both water and ice zones with probably different mesh
sizes. In the DM approach, the numbers of Chebyshev nodes in water and ice
regions may (or need to) be adjusted as the interface moves in time.

2. Moving coordinate grid.

Here the one-point interface is always an integral node. The number of
nodes to the left, the water zone, is kept a constant in a straight-forward im-
plementation in the FD approach. The methods and software design with a
moving grid are complicated issues and we refer to [24] for further discussion.

Some of the resulting effects in our algorithmic design are noted below, with
more discussions and observations on experimental tests later.

1. The fixed static grid approach was regarded as unstable in the literature
[11]. We designed a threshold strategy as an improvement. This works very
well in the current problem, and also works for a mush-layer model in a real-life
problem.

2. The dynamic fixed coordinate grid is very costly and the (cubic) spline
interpolation, although quite stable, cannot keep up with the high precision
obtained in nonlinear iterations. It is expected, in this situation, that Hermite
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splines may perform better, although not easily extendable to higher dimen-
sional Stefan problems.

3. The moving grid approach, for a two-phase problem, seems inferior to
all the above in both accuracy and efficiency. This may be due to the generic
difficulty that the water zone is small in size compared to the ice zone, in all
tests of our applications.

Discretization of the Equations. Two-level FD scheme is applied to the
temporal variable. Options are:

— Explicit forward Euler scheme,

— Implicit backward Euler scheme.

We note that MOL type approach for temporal discretization is a popular
method for the moving grid, at least easy for one-phase problem. But it is im-
practical for (static or dynamic) fixed grid approache to the two-phase problems
because of computational inefficiency due to the moving interface.

The spatial derivatives are resolved through either of the following:

— Finite Differencing
Second order central in the diffusion term in both water and ice zones, and
one-sided approximation optionally in various orders for the interface dynamics
(the Stefan condition). We note that Gauss-Seidel type (nonlinear) functional
iteration, other than Jacobi one, is preferred for the coupled system. The re-
ported on-screen statistics about the iteration counts and the resulting residuals
show infomation in the convergence status about strength of the nonlinearities.
Although, tri-diagonal version of LU works slightly more efficient as an optional
double check.

— Spectral Collocation via Differentiation Matrices
Chebyshev nodes are taken and dense-version LU and BCGstab methods serve
as linear solver in each nonlinear procedure.

Other Numerical Issues in FD-FD Approach. Here we discuss several
things which may be important to practictioners.

— extrapolation
When solving the interface dynamics, we need one-sided derivatives in the Ste-
fan condition at the interface. Various one-sided schemes are designed for this
purpose. These include:

— Scheme 1: two-point first-order finite difference approximation.

— Scheme 2: three-point second-order finite difference extrapolation.

— Scheme 3: four-point third-order finite difference extrapolation.
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— Schemes 5, 6, 7: Crank-Nicolson type variants of the above three
schemes.

— Others: exponential type extrapolation scheme.

Our numerical experiment suggests usage of the four-point scheme for accu-
racy as shown in Table B.4. The Crank-Nicolson type variants are not worthy
of the (doubled) efforts.

— interpolation.
In the moving and the dynamic fixed grid approaches, interpolations are needed
at the end of each time step. Among various options, the natural and the not-a-
knot cubic spline interpolations are designed for the current second order PDE
system. The latter are fourth-order accurate in theory as proved by de Boor
[5, 6]. Although, we found no significant difference in choosing either of the
spline interpolants in long time simulation, with the (fine) spatial meshes we
deployed.

— threshold strategy for the static grid.
In the fixed coordinate approach, the application of a static grid is much more
difficult and complicated than that of a dynamic grid. When the interface
front approaches an integral computational node, the regular three-point finite
difference approximation becomes close to singular and is sensitive to truncation
error. This inevitably leads to the loss of significant digits. The propagation of
error can be fatal in a task of long time simulation. To overcome this intrinsic
difficulty, we designed a threshold strategy in which a frontal position, when
approaching a computational node and getting close within a threshold, is re-
assigned forward and cross the integral node appropriately, in the direction
of current frontal velocity. Housekeepings are carried out accordingly, i.e., all
relevant variables including the clock time are modified properly in a time
march. This may yield, at the time step, a linearly compatible continuation of
the physical process, provided that the threshold is roughly at the scale of the
motion at one computational time step. We note the threshold we used in all
results shown later is 1.0e-06 relative to the spatial mesh size. In a sense, the
threshold signifies the level of relative error.

Other Numerical Issues in FD-DM Approach. We note in the FD-
DM approach, the dense spectral differentiation matrix works well for grid of
moderate size.

A Recursive Relation. For our test problem with analytic solution (equa-
tion (2.12)), the interface coordinate is proportional to square root of the tem-
poral variable, or equivalently, square of the interface coordinate is linear in
time. This yields a three-term recursion, which can be used as a quality check
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in computation, that we did, and also as a prediction, that we found not accu-
rate enough to be valuable in our DNS computation.

Numerical Justification via Convergence of Residuals. Our imple-
mentation of both the FTCS (Forward in Time and Central in Space) and the
BTCS (Backward in Time and Central in Space) numerical schemes are about
second order in the convergence of residuals as predicted in theory, for the
moving grid and dynamic fixed coordinate grid cases, as shown in Tables B.5,
B.6 and B.7. Although, the convergence in the errors behaves like such only
for appropriate combinations of the spatial and temporal resolutions, probably
because of saturation of accuracy.

4. Numerical Experiments and Discussion

4.1. Computer Environment

All numerical experiments, with cpu-time recorded in this paper, are running on
a Tyan VX50B4985-E server system with AMD Opteron 8350 CPU at 2.0 Ghz.
Other experiments without cpu-time statistics, are running on a Tyan server of
previous generation. The software is designed in the C-language and compiled
by gcc with O2 optimization. The run time environment is practically single
user and single task via remote shell.

4.2. Numerical Models

Test results are obtained with static or dynamic fixed coordinate grid, and also
moving grid, as indicated in Table B.1. Actually, some more numerical models
are tested and regarded as being inferior and therefore not included in the list.
The classification of these numerical models is aiming at an integrated software
design, and differs from the numbering of PDE systems discussed in Sections 2.

4.3. Parameters in Test Runs

Since all one-phase models are special cases of the corresponding two-phase
models, with the far-field temperature set equal to zero (the freezing tempera-
ture), we report here only results of two-phase models.

Listed in Table B.2 are two sets of defaulted parameters used in all numerical
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experiments reported in this paper. These include the diffusivity constants, k
W

and k
I

of water and ice region respectively, the Stefan constant α, and boundary
temperatures. These nondimensional constants are chosen for no particular
reasons. On the other hand, in computations for models in the semi-infinite
interval, specific temporal and spatial ranges for each parameter set are chosen
based on observations shown in Table B.3. Using the first set of parameters, the
Dirichlet data in the truncated finite interval matches that in the semi-infinite
domain in about 5 digits with spatial range [0, 10] and 16 digits with range
[0, 20], and also 16 digits with range [0, 6] using the second set of parameters.

Not-a-knot cubic splines are used for interpolants. It is the four-point third
order extrapolation scheme that we adopted at the interface frontals. The
decision is made as explained in next subsection.

The above are defaults for all tests, if not stated otherwise.

4.4. Experiments and Observations

We describe below our experiments, the resulting tables and figures, and some
at-a-glance observations. More observations are noted in the next subsection.

4.4.1. Numerical Treatment in Flux Cross the Moving Boundary

Numerical procedure in the treatment of the moving boundary is critical in long
time simulation. We report test on this in Table B.4. It can be concluded that,
to resolve the interface dynamics, the four-point third order extrapolation to
the primitive variable is the most accurate. We mention that the idea of fitting
by exponential (decay) is tested but the result is not as good as that of the FD
scheme presented here. Super-exponential fitting might help, probably in very
high spatial resolution.

4.4.2. Five Groups of Tests

These are described below with first set of parameters. The results are sum-
marized in Table B.5, which consists of five groups of tests corresponding to
numerical models 1a, 1b, 1c, 1d and 2 as described in Table B.1. Results of
mixing of schemes in the two tables are not promising. The initial and the
final time for all tests are 2.0 and 12.0, respectively. The computational spatial
domains is [0, 10] for all tests reported here. Indicated in columns labeled by ni
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and nf are the numbers of spatial nodes in the interior of the water region at the
initial and final time, respectively. Compared with the analytic solution (equa-
tion (2.12)), errors in the calculated solution at the final time and at all spatial
nodes, are reported in discrete max− and normalized 1−norm in the emax and
eav columns. The error in the calculated interface coordinate appears in the
e

S
column. The accumulated cpu-time spent within the whole time marching,

with overhead in pre- and post-processing, is shown in the t2cpu column, and
the t1cpu column for only solving the coupled discrete system. Convergence
history, in the residuals and errors, and the preserving of the recursions, are
shown in Figures C.2-6.

We note the numerical far-field boundary temperature we used is accurate
in 5 digits only (Table B.3), to mimic the situations of possible applications.

More details follow.

— Within the first three groups in Table B.5, the spatial mesh is refined
three times by halving, while the corresponding temporal mesh size decreases
at a ratio of a quarter. The cpu-time spent in the time march, with or without
overhead, increases roughly eight times each run as expected. Except for results
on the finest grid (fourth row data of each group), which show saturation of ac-
curacy, both the maximal and averaged errors in the calculated results decrease
as of second order for model 1b (the second group). It performs better than
second order with model 1a (the first group). Actually model 1a is the winner
in all respects, most accurate and most economic in cpu-time spent. Model 1b
ranked the second while model 1c the third, in both accuracy and efficiency.
We note the signed-error in the calculated interface position, shown in the e

S

column, behaves also as second order.

— The mixings of implicit and explicit solves on dynamic grid perform only
slightly different than the strict explicit solve, and are much inferior to implicit
solve on dynamic grid and also the static grid computation. It makes very little
difference, in one step of time march, whether the interface dynamics is solved
firstly (mix-1 data in table), or lastly (mix-2 data).

— The moving grid approach, as the second last group in the table, seems
not appropriate for our problem. This may be due to the fact that, at the start
time, the interface position is very close to the left boundary while the truncated
numerical right boundary is relatively far away. Nonlinear differential equations
(equations (2.14), (2.16), (2.18)) are coupled here, in contrast to the previous
groups in the table, in which linear diffusions (equations (2.1), (2.5)) present in
two subsystems. We mention that explicit spatial differentiation works better
than the implicit one in the moving grid approach with results not shown.
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— The last group in Table B.5 is concerned about the spectral collocation
for dynamic grid in the semi-infinite interval, using dense BCGstab (first run)
and LU (second run) as linear solver, respectively. While achieving at about
the same accuracy, the computation costs more cpu-time in the former. It is
apparent that, for current problem in the semi-infinite interval, the Chebyshev
DM approach is not efficient as the FD method.

— More on history of convergence are shown in Figures C.2-6. These help
to shed light on the relative spirits among the five numerical models. Implicit
computations on static and dynamic grids are compared with results shown in
Figures C.2 and C.3. The calculated moving interface coordinates are smooth
for both model 1a (static implicit) and 1b (dynamic implicit), as shown in Fig-
ures C.2(a) and C.3(a) respectively. The derived melt speed is visually smooth
in static grid (Figures C.2(b)) but not in dynamic grid (Figures C.3(b)). This
indicates that too many interpolations are performed in the dynamic grid ap-
proach to keep derived physics (the melt speed) physically correct in long time
simulation. Maximal and averaged residuals are shown in Figures C.2(c) and
C.3(c). Errors in the calculated interface coordinates, maximal and averaged
errors in the calculated temperatures are shown in Figures C.2(d) and C.3(d).
The residuals and errors are about one or two magnitudes smaller in the static
grid than dynamic grid. Same with the recursive relation of the moving inter-
face (Figures C.2(e) and C.3(e). More comparison of models 1a, 1b, 1c and 1d
is shown in Figures C.4, which confirms that static grid is indeed the winner,
while dynamic implicit grid the second and moving grid the least desired. Here
maximal and averaged residuals are shown for the corresponding models in
Figures C.4(a,c,e,g). Errors in the calculated interface, maximal and averaged
errors in the calculated temperature are shown in Figures C.4(b, d, f, h). The
moving grid model does exhibit smoothest convergence in the recursions (Fig-
ures C.5), while the static grid the fastest convergence. The numerical behavior
of model 2, the FD-DM approach, is shown in Figures C.6 with not so good
accuracy. From these (sub)figures, we see that errors accumulate very soon for
both the moving grid (model 1d) and the spectral nodes (model 2).

4.4.3. The First Parameter Set with 16-Digit-Accurate B.C.

For comparison, we re-run most tests for some models from above with a wider
spatial range, [0, 20], while keeping the same temporal and spatial mesh sizes.
The results are shown in Table B.6. Compared with the case of 5-digit-accurate
B.C. (Table B.5), the calculated errors in the interface and the maximal errors
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in the calculated solution at the final time remain about the same (the e
S

and
the emax column), while the averaged error reduces more than fifty-percent.
Relative spirits between the static and dynamic grids remain the same as in
Table B.5. The fixed static grid approach, with our threshold strategy, is both
the most accurate and most efficient. The second favorable is the fixed coordi-
nate with dynamic grid and implicit PDE solves. To make certain about this,
we try different constants of physical properties next.

4.4.4. The Second Parameter Set

We test more on four numerical models, 1a, 1b, 1c and 1d. The results are
shown in Table B.7 and Figures C.7. With the second parameter set being
used, the numerical far-field temperature as part of the boundary condition is
accurate up to 16 digits as shown in Table B.3. We note the following:

— These four numerical models behave qualitatively the same as in Table
B.5, except that numerical model 1c runs very well with now truly accurate
boundary data. Model 1c, dynamic grid with explicit solve, is therefore regarded
not stable as the dynamic implicit and the static implicit models. The latter
two can live up well with as moderate as 5-digit accurate input data (Table
B.5).

— We mention that, for computation on static grid with threshold strategy,
the result with explicit scheme is unstable and not shown. That with moving
grid is not promising and not shown either.

4.4.5. Convergence in FD-FD Approach

Justification of our implementation in terms of residuals in calculation can
be seen in Tables B.5, B.6, and B.7. We conclude that both the FTCS and
BTCS finite difference schemes for the coupled nonlinear system, in our software
design, are about second order accurate in spite of an internal moving boundary.

4.4.6. Second Order Extrapolation in the Semi-Infinite Interval

The story here, shown in Table B.8, is quite similar to the third order extrap-
olation used in Table B.5. But here the convergence in error is slightly inferior
to second order, while it is superior previously.
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4.4.7. The Recursion

For models in the semi-infinite interval, the interface coordinates satisfy a three-
term recursion. We might therefore predict it by simple extrapolation and a
predictor-corrector type fast algorithm might be thus derived. However, prelim-
inary experiments showed unsatisfactory results along this line. On the other
hand, the expected relation can be used simply as a check. The calculated
interface coordinates do satisfy the three-term recursion in discrete uniform
time-steping, in very high precision, as shown in the chk

S
column in tables.

This suggests a fact that in direct numerical simulation a perturbed system is
being solved with truncation errors decay in time. Recall the qualitative and
quantitive behaviors in computation on static and dynamic grid, Figures C.2
and C.3 the recursions are kept numerically on both grids, with results Figures
C.2(e) and C.3(e) showing advantages in static grid.

4.5. Observations

Refering to the numerical models and experiments discussed in previous sub-
sections, we summarize below all observations.

1. Problem domains, grid arrangements and equation discretizations.

— Semi-infinite interval in fixed coordinate with FD-FD approach.

— Numerical models: 1a, 1b, 1c.

— Advantages.
Linear PDE of diffusion process. Slightly nonlinear coupling through the inter-
face dynamics. Easily solved by efficient tridiagonal GE or 3-point stencil GS
linear solve. Error propagation is not a serious problem.

— Disadvantages.
Need relatively large spatial domain for reasonably accurate boundary condi-
tion. And therefore need more grid points, which in turn calls for much finer
time steps.

— Conclusion.
Very accurate and stable, at the cost of relatively more spatial nodes and long
time computation.

— Semi-infinite interval in moving coordinate with FD-FD approach.

— Numerical model: 1d.

— Facts.
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Application of the moving grid in the current situation encounters an intrinsic
improper grid distribution. Adaptive grid methods may be needed [24].

— Semi-infinite interval in fixed coordinate dynamic grid with FD-DM ap-
proach.

— Numerical model: 2.

— Facts.

(1) Finer mesh is needed if the start time t0 is too close to 0. In such a case,
initial x

S
can be as small as 0.2, therefore small spatial mesh size is needed,

posing difficulty to the application of both (sub-)uniform mesh and Chebyshev
nodes. With such, the situation with Chebyshev nodes in the FD-DM approach
is much severer than that with FD-FD on sub-uniform mesh.

(2) More nodes are needed towards the infinity to reasonably represent the
boundary value at the truncated spatial interval. For not so small initial time,
the final time will be relatively large and demands large computational domain
for which numerical boundary temperature is reasonably close to the far-field
temperature.

(3) There is a trade-off bewteen the above. It is difficult to satisfy both.

— Advantages.
The spectral approach needs relatively coarse spatial grid and time steps, com-
pared to the FD-FD approach. Dense versions of both LU and BCGstab work
well.

— Disadvantages.
Still the cost in computation time grows rapidly with refinements in spatial
resolution.

— Conclusion.
Can achieve moderate accuracy at moderate cost. But may be impractical for
application in which initial condition involves very small interface coordinate
and relative large computational spatial domain.

2. Numerical solve.

— The implicit spatial FD method works for both dynamic and static grid.
It is more stable than explicit one in solving heat conduction in either solid
or liquid region. The interface ODE is resolved by Euler method, with third
order extrapolation for primitive variable, in semi-infinite interval. We mention
without showing numbers that second order extrapolation is prefered in finite
interval models.

— The explicit spatial FD method works for moving grid better than im-
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plicit one, but only in very short time.

5. Conclusion

In summary,

— The static grid approach, with the proposed threshold strategy and im-
plicit algebraic solve, provides the most accurate results among all models in
semi-infinite interval. Using the third order extrapolation scheme is helpful for
this purpose.

— The dynamic grid approach is accurate and stable. Implicit algebraic
solve is prefered in general. Although, explicit solve achieves better accuracy
in some cases.

— As for time-dependent coordinate, the moving grid approach, the coupled
system is nonlinear and advection-dominant in some spatial subdomain. How-
ever, explicit scheme with upwind FD for advection term shows very smooth
convergence. A critical issue for current application is about the grid distribu-
tion.

— At the time of writing this paper, we have made successful simulations
for a mushy layer model, (only) by the fixed coordinate static grid approach
with the threshold strategy.
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Appendiax A: Stefan Problem in Finite Interval

The Stefan problem can be formulated in a finite interval as well. Considered
here are a coordinate transform and its inversion

ξ = ξ(x) , x = x(ξ),

where x denotes spatial variable in semi-infinite interval [0,+∞) and ξ in the
finite interval [−1, 1).

The relation v(ξ, t) = u(x, t) and application of chain rule yields

ut = vt, ux = ξxv
ξ
, uxx = (ξx)2v

ξξ
+ ξxxv

ξ
.

One such coordinate transform will be discussed in the sequel.

A.1. Fixed Coordinate System in Finite Interval

With a real positive parameter, xref , we consider the algebraic transformation
and its inversion

ξ(x) = 1 − 2xref

x + xref
=

x − xref

x + xref

x(ξ) = xref
1 + ξ

1 − ξ
.

This maps the triple x ∈ {0, xref ,+∞} to ξ ∈ {−1, 0, 1}.
We note that for a uniform grid in the finite interval [−1, 1] with mesh size

ε = 2
n
, the right-most interior node, ξ = 1 − ε, corresponds to x = (n − 1)xref

in the semi-infinite interval.

Similar to the derivation of model II, consider the relation v(ξ, t) = u(x, t)
and note that

ux =
(1 − ξ)2

2xref
v

ξ
, uxx =

(1 − ξ)4

4x2
ref

v
ξξ
− (1 − ξ)3

2x2
ref

v
ξ
.

We are thus led to the following transformed problem.

Model III. Finite interval [−1, 1] with fixed coordinate system

Water zone: − 1 ≤ ξ ≤ ξ
S
,

PDE: vt = k
W

[

(1 − ξ)4

4x2
ref

v
ξξ
− (1 − ξ)3

2x2
ref

v
ξ

]

, −1 < ξ < ξ
S
, 0 < t, (A.1)
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B.C.:
v(ξ = −1, t) = T

Water
> 0 , 0 ≤ t,

v(ξ = ξ
S
, t) = 0 , 0 ≤ t,

(A.2)

Interface: ξ = ξ
S
,

ODE: αxref
dS(t)

dt
= k

I

(1 − ξ)2

2xref
v

ξ
(ξ+

S
) − k

W

(1 − ξ)2

2xref
v

ξ
(ξ−

S
) (A.3)

I.C.: ξ
S
(t = 0) = −1 (A.4)

Ice zone: ξ
S
≤ ξ < 1,

PDE: vt = k
I

[

(1 − ξ)4

4x2
ref

v
ξξ
− (1 − ξ)3

2x2
ref

v
ξ

]

, ξ
S

< ξ < 1, 0 < t, (A.5)

B.C.:
v(ξ = ξ

S
, t) = 0, 0 ≤ t,

v(ξ = 1−, t) = T
Ice

< 0, 0 ≤ t.
(A.6)

Specialization to one-phase problem is omitted here. We remark that (i) the
spatial boundary ξ = 1, which corresponds to infinity in model I, is a removable
singularity here, and (ii) the interface point is related to that of the semi-infinite
interval by

ξ
S

=
S(t) − xref

S(t) + xref
,

which depends on τ(= t) only.

Appendix B: Tables

Model Discretization Coordinate Grid
Spatial

differentiation

1a FD-FD fixed static implicit
1b FD-FD fixed dynamic implicit
1c FD-FD fixed dynamic explicit
1d FD-FD moving explicit

2 FD-DM fixed dynamic implicit

Table B.1: Numerical models
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Parameter− Spatial− k
W

k
I

α T
Water

T
Ice

set range k
W

k
I

α T
Water

T
Ice

first 0 ≤ x ≤ 10 5.5967e-02 2.0260e-01 1.0 1.0 -1.0
second 0 ≤ x ≤ 6 5.5967e-03 2.0260e-02 1.0 1.0 -1.0

Table B.2: Two sets of physical parameters

parameter − set tend xmax analytic − solution

first 12.0 2.0 -5.5760888305236378e-01
first 12.0 4.0 -9.1540961863156045e-01
first 12.0 6.0 -9.9209835612639885e-01
first 12.0 8.0 -9.9965322317623884e-01
first 12.0 10.0 -9.9999300606173236e-01

first 12.0 12.0 -9.9999993602806814e-01
first 12.0 14.0 -9.9999999973683862e-01
first 12.0 16.0 -9.9999999999951583e-01
first 12.0 18.0 -9.9999999999999956e-01
first 12.0 20.0 -1.0000000000000000e+00

second 12.0 2.0 -9.9479873343245229e-01
second 12.0 4.0 -9.9999998781166299e-01
second 12.0 6.0 -1.0000000000000000e-00

Table B.3: Dirichlet data towards infinity with two sets of parameters
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Extrapolation
Scheme

Grid Sch ∆t ∆x rmax rav emax eav e
S

1 sta im 1.0e-4 1.0e-2 5.9e-8 1.8e-10 2.5e-3 8.5e-5 4.3e-4
2 sta im 1.0e-4 1.0e-2 5.3e-8 1.8e-10 4.4e-4 1.6e-5 7.7e-5
3 sta im 1.0e-4 1.0e-2 5.4e-8 1.8e-10 8.0e-5 4.0e-6 -1.2e-5
5 sta im 1.0e-4 1.0e-2 failed
6 sta im 1.0e-4 1.0e-2 5.3e-8 1.8e-10 4.4e-4 1.6e-5 7.7e-5
7 sta im 1.0e-4 1.0e-2 5.4e-8 1.8e-10 8.0e-5 4.0e-6 -1.2e-5

1 dyn im 1.0e-4 1.0e-2 4.1e-6 1.5e-07 5.0e-3 1.7e-4 8.8e-4
2 dyn im 1.0e-4 1.0e-2 4.1e-6 1.5e-07 6.8e-4 2.8e-5 1.2e-4
3 dyn im 1.0e-4 1.0e-2 4.1e-6 1.5e-07 2.1e-4 6.7e-6 -2.8e-5
5 dyn im 1.0e-4 1.0e-2 4.1e-6 1.5e-07 4.9e-3 1.7e-4 8.8e-4
6 dyn im 1.0e-4 1.0e-2 4.1e-6 1.5e-07 6.6e-4 2.7e-5 1.2e-4
7 dyn im 1.0e-4 1.0e-2 4.1e-6 1.5e-07 2.6e-4 8.4e-6 -3.7e-5

1 dyn ex 1.0e-4 1.0e-2 4.1e-6 1.5e-07 4.9e-3 1.7e-4 8.7e-4
2 dyn ex 1.0e-4 1.0e-2 4.1e-6 1.5e-07 7.4e-4 3.0e-5 1.3e-4
3 dyn ex 1.0e-4 1.0e-2 4.1e-6 1.5e-07 1.1e-4 3.0e-6 -1.0e-5
5 dyn ex 1.0e-4 1.0e-2 4.1e-6 1.5e-07 4.9e-3 1.7e-4 8.7e-4
6 dyn ex 1.0e-4 1.0e-2 4.1e-6 1.5e-07 7.1e-4 2.9e-5 1.3e-4
7 dyn ex 1.0e-4 1.0e-2 4.1e-6 1.5e-07 1.6e-4 4.7e-6 -1.9e-5

Table B.4: Effects of extrapolation schemes using second parameter set
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G Me Sch ∆t ∆x nx ni nf rmax rav emax eav e
S

chk
S

t1cpu t2cpu

st FD im 1.6e-3 4.0e-2 250 6 13 2.0e-5 9.8e-08 1.7e-4 1.9e-5 -5.6e-5 -6e-12 1 4
st FD im 4.0e-4 2.0e-2 500 11 25 2.2e-6 8.5e-09 3.5e-5 4.4e-6 -1.0e-5 -1e-13 9 28
st FD im 1.0e-4 1.0e-2 1000 20 49 3.3e-6 3.5e-09 7.8e-6 1.2e-6 -2.0e-6 1e-16 68 220
st FD im 2.5e-5 5.0e-3 2000 40 99 3.7e-7 2.2e-10 6.9e-6 5.3e-7 -4.3e-7 -5e-17 490 1689

dy FD im 1.6e-3 4.0e-2 250 6 13 6.9e-5 4.3e-06 4.2e-4 3.2e-5 -1.3e-4 1e-10 1 4
dy FD im 4.0e-4 2.0e-2 500 11 25 1.8e-5 1.1e-06 1.0e-4 7.3e-6 -3.0e-5 1e-12 13 33
dy FD im 1.0e-4 1.0e-2 1000 20 49 4.5e-6 2.7e-07 2.5e-5 1.9e-6 -6.2e-6 2e-13 102 252
dy FD im 2.5e-5 5.0e-3 2000 40 99 1.1e-6 6.8e-08 6.9e-6 7.0e-7 -1.5e-6 2e-15 758 1965

dy FD ex 1.6e-3 4.0e-2 250 6 13 6.3e-5 4.3e-06 9.0e-4 5.7e-5 5.9e-4 7e-11 1 3
dy FD ex 4.0e-4 2.0e-2 500 11 25 1.6e-5 1.1e-06 5.5e-4 3.5e-5 3.2e-4 1e-12 5 24
dy FD ex 1.0e-4 1.0e-2 1000 20 49 4.2e-6 2.7e-07 3.0e-4 1.9e-5 1.6e-4 1e-13 37 188
dy FD ex 2.5e-5 5.0e-3 2000 40 99 1.1e-6 6.8e-08 1.5e-4 1.0e-5 8.4e-5 1e-15 284 1470

dy FD mix-1 1.0e-4 1.0e-2 1000 20 49 4.5e-6 2.7e-07 3.4e-4 2.2e-5 -1.7e-4 3e-13 67 217
dy FD mix-2 1.0e-4 1.0e-2 1000 20 49 4.2e-6 2.7e-07 3.0e-4 1.9e-5 -1.6e-4 1e-13 24 175

mo FD ex 1.0e-4 5.0e-2 998 20 20 3.6e-6 3.3e-07 3.6e-2 4.9e-3 -9.2e-2 -1e-14 40 181
mo FD ex 5.0e-5 5.0e-2 998 20 20 1.8e-6 1.6e-07 3.6e-2 4.9e-3 -9.2e-2 -2e-15 80 360
mo FD ex 2.5e-5 2.5e-2 1995 40 40 9.2e-7 8.2e-08 3.6e-2 4.9e-3 -9.2e-2 -5e-16 309 1420

dy DM im 1.0e-3 300 7 15 1.4e-2 5.4e-05 9.7e-4 8.6e-5 -4.6e-4 1837 1843
dy DM im 1.0e-3 300 7 15 1.4e-2 5.4e-05 9.7e-4 8.6e-5 -4.6e-4 1723 1729

Table B.5: Semi-infinite interval models with first parameter set
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G Me Sch ∆t ∆x nx ni nf rmax rav emax eav e
S

chk
S

t1cpu t2cpu

st FD im 4.0e-4 2.0e-2 1000 10 24 2.2e-6 4.3e-09 3.5e-5 2.0e-6 -1.0e-5 -1e-13 17 51
st FD im 1.0e-4 1.0e-2 2000 20 49 3.3e-6 1.8e-09 7.8e-6 4.8e-7 -2.0e-6 1e-16 134 408
st FD im 2.5e-5 5.0e-3 4000 41 98 3.7e-7 1.1e-10 1.8e-6 1.1e-7 -4.3e-7 -5e-17 967 3139

dy FD im 4.0e-4 2.0e-2 1000 10 24 1.8e-5 5.7e-07 1.0e-4 3.5e-6 -2.9e-5 1e-12 25 60
dy FD im 1.0e-4 1.0e-2 2000 20 49 4.5e-6 1.4e-07 2.5e-5 8.3e-7 -6.1e-6 2e-13 202 477
dy FD im 2.5e-5 5.0e-3 4000 41 98 1.1e-6 3.6e-08 6.3e-6 2.0e-7 -1.5e-6 2e-15 2426 4644

dy FD ex 4.0e-4 2.0e-2 1000 10 24 1.6e-5 5.7e-07 5.5e-4 1.7e-5 3.2e-4 1e-12 9 44
dy FD ex 1.0e-4 1.0e-2 2000 20 49 4.2e-6 1.4e-07 3.0e-4 9.4e-6 1.6e-4 1e-13 73 343
dy FD ex 2.5e-5 5.0e-3 4000 41 98 1.1e-6 3.6e-08 1.5e-4 4.8e-6 8.4e-5 1e-15 1477 3673

mo FD ex 1.0e-4 5.0e-2 1994 20 20 3.6e-6 1.6e-07 3.6e-2 2.4e-3 -9.2e-2 -1e-14 54 310
mo FD ex 2.5e-5 2.5e-2 3989 40 40 9.2e-7 4.1e-08 3.6e-2 2.4e-3 -9.2e-2 -5e-16 1277 3362

Table B.6: First parameter set and xmax = 20
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G Me Sch ∆t ∆x nx ni nf rmax rav emax eav e
S

chk
S

t1cpu t2cpu

st FD im 4.0e-4 2.0e-2 300 3 7 4.9e-7 2.1e-09 4.0e-4 1.9e-5 -6.6e-5 -4e-13 3.7 14.5
st FD im 1.0e-4 1.0e-2 600 6 25 5.4e-8 1.8e-10 8.0e-5 4.0e-6 -1.2e-5 -7e-15 24.1 108.8
st FD im 2.5e-5 5.0e-3 1200 12 31 1.6e-7 1.4e-10 1.6e-5 8.7e-7 -2.5e-6 -2e-17 180.0 842.7

dy FD im 4.0e-4 2.0e-2 300 3 7 1.6e-5 5.8e-07 1.0e-3 3.4e-5 -1.5e-4 9e-13 6.1 17.0
dy FD im 1.0e-4 1.0e-2 600 6 15 4.1e-6 1.5e-07 2.1e-4 6.7e-6 -2.8e-5 5e-14 43.2 127.7
dy FD im 2.5e-5 5.0e-3 1200 12 31 1.1e-6 3.8e-08 4.8e-5 1.4e-6 -5.4e-6 2e-14 336.2 1004.2

dy FD ex 4.0e-4 2.0e-2 300 3 7 1.5e-5 5.8e-07 7.9e-4 2.5e-5 -1.1e-4 9e-13 3.2 14.2
dy FD ex 1.0e-4 1.0e-2 600 6 15 4.1e-6 1.5e-07 1.1e-4 3.0e-6 -1.0e-5 5e-14 22.8 107.3
dy FD ex 2.5e-5 5.0e-3 1200 12 31 1.0e-6 3.8e-08 7.5e-6 4.6e-7 3.3e-6 2e-14 183.9 861.4

mo FD ex 1.0e-3 1.0e-1 947 10 10 3.4e-5 1.7e-06 3.6e-2 2.5e-3 -2.9e-2 -5e-13 3.9 16.2
mo FD ex 5.0e-3 1.0e-1 947 10 10 1.7e-5 8.6e-07 3.6e-2 2.5e-3 -2.9e-2 -1e-13 7.7 32.2
mo FD ex 2.5e-3 1.0e-1 947 10 10 8.6e-6 4.3e-07 3.6e-2 2.5e-3 -2.9e-2 -2e-14 16.5 65.9
mo FD ex 2.5e-4 5.0e-2 1892 20 20 9.0e-6 4.3e-07 3.6e-2 2.6e-3 -2.9e-2 -2e-14 30.3 127.3
mo FD ex 1.0e-4 5.0e-2 1892 20 20 3.6e-6 1.7e-07 3.6e-2 2.6e-3 -2.9e-2 -3e-15 77.2 321.1
mo FD ex 5.0e-5 5.0e-2 1892 20 20 1.8e-6 8.7e-08 3.6e-2 2.6e-3 -2.9e-2 -7e-16 155.2 642.4

Table B.7: Semi-infinite interval models with second parameter set
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st FD im 1.0e-4 1.0e-2 600 6 15 5.3e-8 1.8e-10 4.4e-4 1.6e-5 7.7e-5 1e-13 16.9 103.5
st FD im 2.5e-5 5.0e-3 1200 12 31 1.5e-7 1.3e-10 1.1e-4 4.0e-6 1.9e-5 1e-14 124.3 788.6

dy FD im 1.0e-4 1.0e-2 600 6 15 4.1e-6 1.5e-07 6.8e-4 2.8e-5 1.2e-4 4e-14 29.5 114.7
dy FD im 2.5e-5 5.0e-3 1200 12 31 1.1e-6 3.8e-08 1.8e-4 7.2e-6 3.3e-5 1e-14 220.3 883.2

dy FD ex 1.0e-4 1.0e-2 600 6 15 4.1e-6 1.5e-07 7.4e-4 3.0e-5 1.3e-4 4e-14 15.9 100.3
dy FD ex 2.5e-5 5.0e-3 1200 12 31 1.0e-6 3.8e-08 2.0e-4 8.0e-6 3.7e-5 1e-14 116.6 780.9

Table B.8: Second order extrapolation and second parameter set
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Appendix C: Figures

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5  6  7  8  9  10

 u
 

 x 

 Time slices of exact_u(x,t) 

u(x,t_01)
u(x,t_02)
u(x,t_03)
u(x,t_04)
u(x,t_05)
u(x,t_06)
u(x,t_07)
u(x,t_08)
u(x,t_09)
u(x,t_10)

(a) u in semi-infinite interval

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0.14

 0  1  2  3  4  5  6  7  8  9  10

 d
u/

dt
 

 x 

 Time slices of numerical du/dt(x,t) 

du/dt(x,t_01)
du/dt(x,t_02)
du/dt(x,t_03)
du/dt(x,t_04)
du/dt(x,t_05)
du/dt(x,t_06)
du/dt(x,t_07)
du/dt(x,t_08)
du/dt(x,t_09)
du/dt(x,t_10)

(b) du/dt in semi-infinite interval

Figure C.1: Analytic solution and temporal derivative at ten specific
times
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Figure C.2: Computation on static grid using first parameter set
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Figure C.3: Computation on dynamic grid using first parameter set
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Figure C.4: Accuracy of FD-FD using first parameter set



NUMERICAL MODELING OF ONE-DIMENSIONAL... 413

 1e-07

 1e-06

 1e-05

 0.0001

 2  3  4  5  6  7  8  9  10  11  12

 r
es

 

 Time 

 Residual, Two-phase Dynamic Grid Explicit Scheme extrap_3

max resi
averaged

(e) Residuals on dynamic grid explicit

 1e-07

 1e-06

 1e-05

 0.0001

 0.001

 2  3  4  5  6  7  8  9  10  11  12

 e
rr

 

 Time 

 Error, Two-phase Dynamic Grid Explicit Scheme extrap_3

err in melt point
max err 

averaged

(f) Errors on dynamic grid explicit

 1e-07

 1e-06

 1e-05

 0.0001

 2  3  4  5  6  7  8  9  10  11  12

 r
es

 

 Time 

 Residual, Two-phase Moving Grid Explicit Scheme extrap_3

max resi
averaged

(g) Residuals on moving grid explicit

 1e-05

 0.0001

 0.001

 0.01

 0.1

 2  3  4  5  6  7  8  9  10  11  12

 e
rr

 

 Time 

 Error, Two-phase Moving Grid Explicit Scheme extrap_3

err in melt point
max err 

averaged

(h) Errors on moving grid explicit

Figure C.4: Continuation: Accuracy of FD-FD using first parameter
set
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Figure C.5: Recursion for FD-FD using first parameter set
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Figure C.7: Accuracy for FD-FD using second parameter set
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Figure C.7: Continuation: Accuracy for FD-FD using second parameter
set
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