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1. Introduction

We say that a function f has a fixed point xp if f(xp) = xp (see [2]). Similarly,
we say that a function is fixed point free if it has no fixed points. In [1],
Mohammad K. Azarian studies the fixed points of a function, f(x). In this
paper, we considers how the fixed points of f are related to the fixed point of
the iterates

fn(x) = f(f(. . . f(x) . . . ))
︸ ︷︷ ︸

n×

,

where n ≥ 1. The main result of [1] is the following:
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Proposition 2.1. (i) If xp is a fixed point of the function f(x), then xp is
a fixed point of the composite function fn(x) (n ≥ 2), and

(ii) if f(x) is fixed point free, then fn(x) (n ≥ 2) is fixed point free as well.

The purpose of this exposition is to discuss the validity of the statement
(ii) above. The issue is that there is no asserted domain for f . The main result
of this paper is as follows:

Proposition 1. (i) For a continuous function f : R → R, f(x) is fixed
point free if and only if fn(x)(n ≥ 2) is fixed point free as well.

(ii) There exists a continuous function f : C → C such that f(x) is fixed
point free, yet there are infinitely many iterates fn(x) with each have infinitely
many fixed points xp.

2. Iterates of Real-Valued Functions

Proof of Proposition 1(i)

We shall prove the following:

(i) For a continuous function f : R → R, f(x) is fixed point free if and only
if fn(x)(n ≥ 2) is fixed point free as well.

Proof. First assume that each iterate fn(x) is fixed point free for all n ≥ 2.
We show that f(x) is fixed point free by contradiction, so assume that f(x) has
a fixed point xp. Then f2(xp) = f

(
f(xp)

)
= f(xp) = xp, so that xp is a fixed

point for fn(x) for n = 2. In fact, Proposition 2.1 (i) of [1] shows that xp is a
fixed point fn(x) for all n ≥ 2. This is clearly a contradiction.

Conversely, assume that f(x) is fixed point free. We show that fn(x) is
fixed point free for all n ≥ 2. Consider the function F : R → R defined by
F (x) = f(x) − x. Since f is continuous and fixed point free, F is continuous
and nonzero. Hence F has the same sign for all real numbers x, say positive.
We have the telescoping sum

fn(x) − x = fn(x) − f0(x) =
n−1∑

k=0

[

fk+1(x) − fk(x)
]

=
n−1∑

k=0

F (fk(x)).

As this is a sum of positive numbers, say, it itself must be strictly positive. This
shows that there cannot exist xp such that fn(xp) − xp = 0.
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Figure 1: Graph of f(x) = x − 2
x

Counterexample

The continuity of R → R seems necessary indeed. Consider the function

f(x) = x − 2

x
=⇒ f

(
f(x)

)
= x − 4 (x2 − 1)

x3 − 2x
.

Hence f(x) has no fixed points yet f2(x) has two real-valued fixed points xp =
±1. We shall use mathematical induction to show that

fn(xp) =

{

±1 if n is even,

∓1 if n is odd.

We have already shown this to be true for n = 1 and n = 2. Assume that
fn is true. We show that the case fn+2 is true. Now fn+2(x) = (fn ◦ f2)(x)
and since f2(xp) = xp, we have fn+2(xp) = fn(xp). Note that n is odd (even,
respectively) if and only if n + 2 is odd (even, respectively).

In particular, fn(xp) = xp for all nonnegative even integers n. However, we
have to be a little careful with this function because the domain of definition
of the iterates fn is unclear. Note that f

(√
2
)

= 0 but f2
(√

2
)

is undefined.

3. Iterates of a Complex-Valued Function

In this section, we show the following:

(ii) There exists a continuous function f : C → C such that f(x) is fixed
point free, yet there are infinitely many iterates fn(x) with each have infinitely
many fixed points xp.
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Proof. Consider the complex-valued function as well as the complex number

f(x) = x + πiex and xp = 2πip

for any integer p. Then

f1(xp) = f(xp) = xp + πiexp = 2πip + πie2πip = πi
(
2p + 1

)

=⇒ f2(xp) = f
(
f(xp)

)
= f(xp) + πief(xp) = πi

(
2p + 1

)
+ πieπi(2p+1)

= πi
(
2p

)
= xp.

We shall use mathematical induction to show that

fn(xp) = πi ·
{

2p + 1, if n is odd,

2p if n is even.

We have already shown this to be true for n = 1 and n = 2. Assume that fn

is true. We show that the case fn+2 is true. Now fn+2(x) = (fn ◦ f2)(x) and
since f2(xp) = xp, we have fn+2(xp) = fn(xp) and n is odd (even, respectively)
if and only if n + 2 is odd (even, respectively).

In particular, fn(xp) = xp for all nonnegative even integers n.

4. Moral of the Story

If a function f is fixed point free, fn is fixed point free if f is a continuous, real-
valued function. However, this does not necessarily hold true if the function f

is not continuous or is a complex-valued function. That is, when one utilizes
complex numbers, sometimes properties of functions can get a bit more complex.
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