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k-fold basis if each edge of G occurs in at most k of the cycles in the basis. In
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1. Introduction

Throughout this paper we consider only finite, connected, simple, unweighted,
undirected graphs. For the undefined terms see [9]. Let G be a graph, the
set WE of all subsets of the edge set of G, E(G), form an |E(G)|-dimensional
vector space over Z2 with vector addition X ⊕ Y = (X\Y )∪ (Y \X) and scalar
multiplication 1 · X = X and 0 · X = ∅ for all X,Y ∈ WE (⊕ is the ring sum).
A cycle space, C(G), of a graph G is the vector subspace of (WE ,⊕,·) spanned
by the cycles of G. It follows that the non-zero elements of C(G) are cycles or
union of edge disjoint cycles. A cycle basis of G is a basis of C(G). A basis of a
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cycle space, C (G), is called a k-fold basis if each edge of G occurs in at most k

of the cycles in the basis. The basis number of the graph G, denoted by b(G), is
the smallest integer k such that the cycle space, C (G), has a k-fold basis. The

dimension of the cycle space denoted dimC (G) is |E(G)| − |V (G)| + 1, where
denotes the vertex sew of G. The length of a cycle C is the number of its edges
and denoted |C|. The length of a cycle basis B, denoted ρ (B), is the the sum of
the lengths of all cycles in B. A minimal cycle basis is a cycle basis of minimum
length. In general, the basis number and the minimal cycle bases are not very
well behaved under graph operations in the sense that there is no way to extend
these properties from subgraphs to the whole graph.

The cycle space and its analysis has various applications in different fields
of sciences like electrical engineering (see [12]), structural analysis (see [7]),
biology and chemistry (see [8]) and periodic timetabling (see [13]). Some of
these applications require cycle bases with special properties (see [14]).

In 1937 [15] MacLane proved that the basis number of a graph G is at least
3 iff the graph is nonplanar. In 1981, Schmeichel [16] introduced the definition
of the basis number of a graph and found the basis number of the most known
nonplanar graphs like the complete graph, the complete bipartite graphs and
he proved the existence of graphs of arbitrary basis number. Then, Banks and
Schmeichel proved that the basis number of the n-cube is 4, see [6]. In light
of MacLane’s ideas and Schmeichel’s formal definition we notice that studying
the basis number of nonplanar graphs is very interesting.

Graph products are the best natural way to enlarge the space of graphs. In
the literature, one can find a lot of graph products such as; Cartesian product,
direct product, strong product, semi strong product and lexicographic product.
Many authors have investigated the basis number of different graph products;
see [1-5,10 ] and their references.

Definition 1.1. The strong product of two graphs G1 and G2, denoted by
G1 ⊗ G2, is a graph whose vertex set is V1 × V2 and edge set is

E =







(u1,v1) (u2, v2) : either [u1 = u2 and v1v2 ∈ E2]
or [u1u2 ∈ E1 and v1 = v2 ]

or [u1u2 ∈ E1 and v1v2 ∈ E2]







.

Imrich and Stadler [11] constructed minimal cycle bases for the direct, the
Cartesian and strong products of graphs. For the strong product of graphs they
proved that the minimal cycle bases must contain cycles of length 3 and 4. In
this paper, we give explicit examples of such bases.

The purpose of this paper is to investigate the basis number of the strong
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product of paths and cycles with tenets. Also, we give explicit minimal cycle
bases for the strong product of paths and cycles with tenets.

2. The Main Results

In this section, we use the notations Pn, Cn, T2m+1 to denote a path, a cycle
and a tenet respectively. We will investigate the basis number of the graphs
Pn ⊗ T2m+1 and Cn ⊗ T2m+1.

Throughout this work, we use Pn to denote the path 1, 2...n and Cn to
denote the cycle 1, 2 ...n1, such that E(Pn) = {i(i + 1): 1 ≤ i ≤ n − 1}
and E(Cn) = E(Pn) ∪ {n1}. We consider the tenet graph, T2m+1; m ≥ 3, as
a graph consisting of a center vertex a and two concentric m-cycles Cu and
Cv in addition to m paths of the form αuivi for each i = 1, 2, . . . ,m; where
Cu = u1u2 . . . umu1 is the inner cycle and Cv = v1v2 . . . vmv1 is the outer cycle.

We consider the graph of Pn ⊗ T2m+1, where Pn and T2m+1 are as defined
above. It is clear that T2m+1 has the following path as a spanning tree:

Pα = αu1u2 . . . umvmvm−1...v2v1 = au1u2 . . . umum+1...u2m,

where u2m−j+1 = vj for all j = 1, 2, . . . ,m. Note that Pn ⊗Pα is a subgraph of
Pn ⊗T2m+1, so we will start by finding a basis for C (Pn ⊗ Pα) and then enlarge
it to get a basis for C (Pn ⊗ T2m+1). In fact, it is proved by Ali and Marougi
[2] that b(H ⊗ G) = 3, where H is a path of order at least 2 and G is a path of
order at least 3, and here we construct a basis similar to their basis. It is easy
to see that if we remove the set of edges;

E∗ =

n−1
⋃

i=1

({(i, uj) (i + 1, uj+1) : j = 1, 2, . . . , 2m − 1} ∪ {(i, α) (i + 1, u1)}) ,

from the graph Pn⊗Pα we get a planar subgraph call it F . Let BF be the set of
all cycles that represent the boundaries of all the finite faces of F then BF is a
basis of C (F ) which is a subspace of C (Pn ⊗ Pα). Note that |BF | = 4mn− 4m.

Define the set of cycles B∗ = Bα∪

(

n−1
⋃

i=1

Bi,i+1

)

, Bα and Bi,i+1 are defined

as follows:

Bα = {(i, α) (i + 1, u1) (i + 1, α) (i, α) : i = 1, 2, ..., n − 1} ,

Bi,i+1 = {(i, uj) (i + 1, uj+1) (i + 1, uj) (i, uj) : j = 1, 2, ..., 2m − 1} ,

where |B∗| = 2mn−2m. If we define B (Pn ⊗ Pα) = BF∪B∗, then |B (Pn ⊗ Pα)| =
6mn − 6m.
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Lemma 2.1. (see [2]) The set B (Pn ⊗ Pα) = BF ∪ B∗ is a 3-fold basis of

C (Pn ⊗ Pα).

Now, let Ti = i × T2m+1 for each i = 1, 2, ..., n. Then, Ti is homeomorphic

to the planar graph T2m+1, and so
n
⋃

i=1

Ti is a planar subgraph of Pn ⊗ T2m+1.

We define B (Ti) to be the set of all cycles that obtained from the boundaries
of the finite faces of Ti.

Note. E(B) denotes the set of all edges that used to form the cycles in B,
where B is a set of cycles.

Lemma 2.2. BT =
n
⋃

i=1

B (Ti) is linearly independent set of cycles in

C (Pn ⊗ T2m+1).

Proof. It is clear that B (Ti) is a basis of the cycle subspace C (Ti), hence
B (Ti) is linearly independent set of cycles in C (Pn ⊗ T2m+1), moreover

E (B (Ti)) ∩ E (B (Tj)) = φ

for all i 6= j for which 1 ≤ i, j ≤ n. Therefore,
n
⋃

i=1

B (Ti) is linearly independent

set of cycles in C (Pn ⊗ T2m+1).

It is easy to find that |BT | = 2mn, and |BT ∪ B (Pn ⊗ Pα)| = 8mn − 6m.

Lemma 2.3. BT ∪ B (Pn ⊗ Pα) is linearly independent set of cycles in

C (Pn ⊗ T2m+1).

Proof. Every linear combination of cycles from BT contains an edge of
the form (i, α) (i, uj); j = 2, ...m, (i, uj) (i, vj) ; j = 1, ...,m, (i, u1) (i, um) or
(i, v1) (i, vm), where i = 1, 2, ..., n, and such an edge does not occur in any linear
combination of cycles from B (Pn ⊗ Pα), and so all cycles in BT are linearly
independent with the cycles of B (Pn ⊗ Pα), hence BT ∪ B (Pn ⊗ Pα) is linearly
independent set of cycles in C (Pn ⊗ T2m+1).

Define Buv =
n−1
⋃

i=1

Bi,i+1
uv , where

Bi,i+1
uv = {βj = (i, uj) (i + 1, vj) (i, vj) (i, uj) : 1 ≤ j ≤ m − 1} ∪

{γj = (i + 1, uj) (i + 1, vj) (i, vj) (i + 1, uj) : 1 ≤ j ≤ m − 1} .

It is clear that |Buv| =
n−1
∑

i=1

∣

∣

∣
Bi,i+1

uv

∣

∣

∣
= 2mn − 2m − 2 (n − 1).

Lemma 2.4. Buv is linearly independent set of cycles in C (Pn ⊗ T2m+1).

Proof. For each j = 1, 2, ...m − 1 the cycles βj and γj share the edge
(i + 1, vj) (i, vj) and their sum is a 4-cycle, and so they are linearly indepen-
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dent and {βj , γj} ∩ {βk, γk} = φ for all j 6= k ; 1 ≤ j, k ≤ m − 1. Thus,

for fixed i, Bi,i+1
uv is linearly independent. To prove that Buv =

n−1
⋃

i=1

Bi,i+1
uv is

linearly independent we use induction on n. For n = 3; consider B1,2
uv ∪ B2,3

uv ,
then every linear combination of cycles from B2,3

uv contains an edge of the form
(2, uj) (3, vj), (2, vj) (3, vj) or (2, vj) (3, uj) and such an edge does not occur in

any linear combination of cycles from B1,2
uv , thus every linear combination of cy-

cles from B2,3
uv is linearly independent with all cycles in B1,2

uv , therefore B1,2
uv ∪B2,3

uv

is linearly independent set of cycles in C (Pn ⊗ T2m+1). Suppose that
k−1
⋃

i=1

Bi,i+1
uv

is linearly independent, we will prove that
k
⋃

i=1

Bi,i+1
uv is linearly independent.

Since
k
⋃

i=1

Bi,i+1
uv =

(

k−1
⋃

i=1

Bi,i+1
uv

)

∪ Bk,k+1
uv , every linear combination of cycles

from Bk,k+1
uv contains an edge of the form (k, uj) (k + 1, vj), (k, vj) (k + 1, vj) or

(k, vj) (k + 1, uj) and each of which does not occur in any linear combination of

cycles from
k−1
⋃

i=1

Bi,i+1
uv , thus all linear combinations of cycles from Bk,k+1

uv cannot

be obtained from linear combinations of cycles from
k−1
⋃

i=1

Bi,i+1
uv , hence

k
⋃

i=1

Bi,i+1
uv

is linearly independent set of cycles. Therefore, Buv =
n−1
⋃

i=1

Bi,i+1
uv is linearly

independent set of cycles in C (Pn ⊗ T2m+1).

Let Bαu =
n−1
⋃

i=1

Bi,i+1
αu , where for each i = 1, 2, ...n − 1, we define Bi,i+1

αu as

follows;

Bi,i+1
αu =

{

βαj
= (i, α) (i + 1, uj) (i, uj) (i, α) : 2 ≤ j ≤ m

}

∪
{

γαj
= (i + 1, α) (i + 1, uj) (i, uj) (i + 1, α) : 2 ≤ j ≤ m

}

.

Lemma 2.5. Bαu =
n−1
⋃

i=1

Bi,i+1
αu is linearly independent set of cycles in

C (Pn ⊗ T2m+1).

Proof. For each j = 2, ...,m, βαj
and γαj

are linearly independent with
common edge (i + 1, uj) (i, uj) and βαj

⊕ γαj
is a 4-cycle. So,

{

βαj
, γαj

}

is
linearly independent set of cycles and

{

βαj
, γαj

}

∩{βαk
, γαk

} = φ, for all j 6= k ;

2 ≤ j, k ≤ m, thus Bi,i+1
αu is linearly independent set of cycles in C (Pn ⊗ T2m+1).
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To prove that
n−1
⋃

i=1

Bi,i+1
αu is linearly independent, it is easy to notice that Bi,i+1

αu ∩

Bk,k+1
αu = φ if k 6= i + 1, also if k = i + 1, then E

(

Bi,i+1
αu

)

∩ E
(

Bk,k+1
αu

)

generates the zero subspace of C (Pn ⊗ T2m+1); i.e., it contains no cycles, and

so
〈

Bi,i+1
αu

〉

∩
〈

Bk,k+1
αu

〉

= 〈0〉. Thus, Bi,i+1
αu ∪ Bk,k+1

αu is linearly independent set

of cycles in C (Pn ⊗ T2m+1). Therefore,
n−1
⋃

i=1

Bi,i+1
αu = Bαu is linearly independent

set of cycles in C (Pn ⊗ T2m+1).

Note that we can use induction with similar arguments to those used in the

proof of Lemma 2.5 to prove that
n−1
⋃

i=1

Bi,i+1
αu is linearly independent.

Define Bu1,um =
n−1
⋃

i=1

Bi,i+1
u1,um , where

Bi,i+1
u1,um

= {(i, u1) (i + 1, u1) (i, um) (i, u1) , (i + 1, u1) (i + 1, um) (i, u1) (i + 1, u1)} ,

and Bv1,vm =
n−1
⋃

i=1

Bi,i+1
v1,vm, where

Bi,i+1
u1,um

= {(i, v1) (i + 1, v1) (i, vm) (i, v1) , (i + 1, v1) (i, v1) (i + 1, vm) (i + 1, v1)} .

Lemma 2.6. B∗ = Bu1,um ∪ Bv1,vm is linearly independent set of cycles in

C (Pn ⊗ T2m+1).

It is easy to notice that the cycles of Bu1,um when we put them together
they form boundaries of the finite faces of a planar graph, so they constitute a
basis for this planar subgraph, thus Bu1,um is linearly independent set of cycles.
The same words work to prove that Bv1,vm is linearly independent. Moreover
E (Bu1,um) ∩ E (Bv1,vm) = φ, therefore Bu1,um ∪ Bv1,vm is linearly independent
set of cycles in C (Pn ⊗ T2m+1).

We define the following set of cycles:

B (Pn ⊗ T2m+1) = BT ∪ B (Pn ⊗ Pα) ∪ Buv ∪ Bαu ∪ B∗.

Theorem 2.1. For m,n ≥ 3, B (Pn ⊗ T2m+1) is a minimal cycle basis of

C (Pn ⊗ T2m+1).

Proof. It is clear from the way we have defined the cycles in each of Buv

and Bαu that E (Buv)∩E (Bαu) = φ, then Buv ∪Bαu is linearly independent set
of cycles in C (Pn ⊗ T2m+1). Moreover, every linear combination of cycles from
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B∗ contains an edge of the form

(i, um) (i + 1, u1) , (i, vm) (i + 1, v1) , (i, u1) (i + 1, um) , (i, v1) (i + 1, vm)

which does not occur in any linear combination of cycles of Buv ∪Bαu, so Buv ∪
Bαu ∪B∗ is linearly independent set of cycles in C (Pn ⊗ T2m+1). Also, we have
proved in Lemma 2.3 that BT ∪B (Pn ⊗ Pα) is linearly independent set of cycles
in C (Pn ⊗ T2m+1). Now, every linear combination of cycles from Buv ∪Bαu∪B∗

contains at least an edge from the set E(Pn ⊗ T2m+1)\ (E (Pn ⊗ Pα) ∪ E (BT ))
and such an edge does not occur in any linear combination of cycles from
BT ∪ B (Pn ⊗ Pα), thus it is clear that BT ∪ B (Pn ⊗ Pα) ∪ Buv ∪ Bαu ∪ B∗ =
B (Pn ⊗ T2m+1) is linearly independent set of cycles in C (Pn ⊗ T2m+1). More-
over,

|B (Pn ⊗ T2m+1)| = |B (Pn ⊗ Pα)| + |BT | + |Buv| + |Bαu| + |B∗|

= (6mn − 6m) + 2mn + (2mn − 2m − 2 (n − 1)) + (2mn − 2m − 2 (n − 1))

+ 4n − 1 = 12mn − 10m = dimC (Pn ⊗ T2m+1) .

Therefore, B (Pn ⊗ T2m+1) is a basis for C (Pn ⊗ T2m+1).

Furthermore, from the way we have defined the cycles of B (Pn ⊗ T2m+1) it
is clear that we have found a maximal linearly independent set of triangles and
we added a set of linearly independent rectangles to end up with a minimal
cycle basis for C (Pn ⊗ T2m+1).

We consider the graph of Cn ⊗ T2m+1as a graph obtained from the graph
of Pn ⊗ T2m+1 by adding the set of edges

En1 = E (Cn ⊗ T2m+1) \E (Pn ⊗ T2m+1), where |En1| = 10m + 1.

It is clear that

|E (Cn ⊗ T2m+1)| = 14mn + n, |V (Cn ⊗ T2m+1)| = 2mn + n,

and

dimC (Cn ⊗ T2m+1) = 12mn + 1.

We define the set B (n1 ⊗ Pα) in the same way we have defined the set
B (Pn ⊗ Pα) just for the case Pn = n1 (a path of order 2). We define the sets
of cycles Bn,1

uv , Bn,1
αu and B∗

n1 = Bn,1
u1,um ∪ Bn,1

v1,vm where these sets are defined in
the same way we have defined the sets in Lemmas 2.4, 2.5 and 2.6, respectively,
with replacing i by n and i + 1 by 1. Using similar arguments to those used in
the proofs of the above lemmas one can easily prove that B (n1 ⊗ Pα) ∪ Bn,1

uv ∪
Bn,1

αu ∪ B∗

n1 is linearly independent set of cycles. Define the set of cycles

Bn1 = B (n1 ⊗ Pα) ∪ Bn,1
uv ∪ Bn,1

αu ∪ B∗

n1 ∪ {Q} ,

where Q = (n, v1) (1, v1) (2, v1) (1, v2) (n, v1). It is clear that Q is linearly inde-
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pendent with all other cycles of Bn1 being it contains 2 edges that do not join
in forming any of the cycles of Bn1, and so Bn1 is a linearly independent set
of cycles, moreover any linear combination of cycles from Bn1 contains at least
one edge from En1 which does not occur in any linear combination of cycles
from B (Pn ⊗ T2m+1). Thus, the set B (Cn ⊗ T2m+1) = Bn1 ∪ B (Pn ⊗ T2m+1) is
linearly independent set of cycles and we have

|B (Cn ⊗ T2m+1)| = |B (Pn ⊗ T2m+1)| + |Bn1|

= (12mn − 10m) + (10m + 1) = dim C (Cn ⊗ T2m+1) .

Remark. |B (n1 ⊗ Pα)| = 6m,
∣

∣

∣
Bn,1

uv

∣

∣

∣
= 2m − 2 =

∣

∣

∣
Bn,1

αu

∣

∣

∣
and |B∗

n1| =
∣

∣

∣
Bn,1

u1,um ∪ Bn,1
v1,vm

∣

∣

∣
= 2 + 2 = 4, and so |Bn1| = 10m + 1.

Therefore, B (Cn ⊗ T2m+1) is a basis of C (Cn ⊗ T2m+1). From the way we
have defined B (Cn ⊗ T2m+1) it is clear that it consists of a maximal linearly
independent set of triangles in addition to a linearly independent set of rectan-
gles to end up with a minimal cycle basis for C (Pn ⊗ T2m+1). Hence, we have
proved the following theorem.

Theorem 2.2. For each m,n ≥ 3, B (Cn ⊗ T2m+1) is a minimal cycle basis

of C (Cn ⊗ T2m+1).

Theorem 2.3. For each m,n ≥ 3, we have 3 ≤ b(Cn ⊗ T2m+1) ≤ 5.

Proof. Since Cn ⊗ T2m+1 is nonplanar graph then by MacLane’s Theorem
(see [15]) we have b(Cn ⊗ T2m+1) ≥ 3. To prove that b(Cn ⊗ T2m+1) ≤ 4, we
exhibit a 5-fold basis for Cn ⊗ T2m+1. In fact, one can easily see from counting
folds of edges that the basis B (Cn ⊗ T2m+1) which has been constructed in
Theorem 2.2 is a 5-fold basis which completes the proof.

We are going now to exhibit another basis for the cycle space C (Pn ⊗ Pα)

which will be a 4-fold basis. Define H∗ =
n−1
⋃

i=1

Hi; where for 1 ≤ i ≤ n − 2 we

define

Hi = {(i, uj) (i + 1, uj−1) (i + 2, uj) (i + 1, uj+1) (i, uj) : 1 ≤ j ≤ 2m − 1} ∪

{(i, α) (i + 1, u1) (i + 2, α) (i + 1, α) (i, α)} ,

and for i = n − 1 we define

Hn−1 = {(n − 1, uj) (n, uj+1) (n, uj) (n − 1, uj) : 1 ≤ j ≤ 2m − 1} ∪

{(n − 1, α) (n, u1) (n, α) (n − 1, α)} .

It is clear that |Hi| = 2m for all i = 1, 2, . . . , n−1, and so |H| = 2m (n − 1).

Lemma 2.7. The set BH(Pn ⊗ Pα) = BF ∪H∗ is a 4-fold basis of C(Pn⊗
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Pα).

Proof. If we fix i with i = 1, 2, ..., n − 1, then the cycles of Hi are edge
disjoint and so the cycles of Hi are linearly independent. Alo, if we fix j for
j = 1, 2, ..., 2m − 1 and let i changes from i = 1 to n− 1, then we get a linearly
independent set of cycles in C (Pn ⊗ Pα). Thus, it easy to notice that H∗ is a
linearly independent set of cycles in C (Pn ⊗ Pα). Every linear combination of a
set of cycles from H∗ contains at least a n edge from the set E∗ which does not
occur in any linear combination of cycles from the set BF , so BH (Pn ⊗ Pα) =
BF ∪ H∗ is a linearly independent set of cycles in C (Pn ⊗ Pα). It is clear that
|BH (Pn ⊗ Pα)| = dim C (Pn ⊗ Pα), thus BH (Pn ⊗ Pα) is a basis of C (Pn ⊗ Pα).
Moreover, it is easy to see that it is a 4-fold basis C (Pn ⊗ Pα).

Define the following sets of cycles:

N n−1,n
uv = {(n − 1, uj) (n − 1, vj) (n, vj) (n − 1, uj) : j = 1, ...,m − 1}

∪ {(n − 1, uj) (n − 1, vj) (n, uj) (n, vj) (n − 1, uj) : j = 1, ...,m − 1} ,

N n−1
αu = {(n − 2, α) (n − 1, uj) (n, α) (n − 1, uj+1) (n − 2, α) : j = 1, ...,m − 1}

∪ {(n − 1, α) (n, uj) (n − 1, uj−1) (n − 1, α) : j = 3, ...,m}

∪ {(n − 1, α) (n, u2) (n − 1, u1) (n, u1) (n − 1, α)} ,

and

N n−1
u1,um

= {(n − 1, u1) (n, um) (n − 1, um) (n − 1, u1)}

∪ {(n − 1, u1) (n − 1, um) (n, u1) (n, um) (n − 1, u1)} .

Also, define Nuv =

(

n−2
⋃

i=1

Bi,i+1
uv

)

∪N n−1,n
uv , Nαu =

(

n−2
⋃

i=1

Bi,i+1
αu

)

∪N n−1
αu and

N ∗ = Nu1,um ∪ Bv1,vm where Nu1,um =

(

n−2
⋃

i=1

Bi,i+1
u1,um

)

∪ Nn−1
u1,um

.

Theorem 2.3. For each m,n ≥ 3, we have 3 ≤ b(Pn ⊗ T2m+1) ≤ 4.

Proof. For each n,m ≥ 3, the graph Pn ⊗ T2m+1 is nonplanar, so by
MacLane’s Theorem (see [15]) we have b(Pn ⊗ T2m+1) ≥ 3. On the other hand,
we define the following set of cycles

BH (Pn ⊗ T2m+1) = BT ∪ BH (Pn ⊗ Pα) ∪Nuv ∪ Nαu ∪ N ∗.

Now, in the proof of Lemma 2.3 if we replace B (Pn ⊗ Pα) by BH (Pn ⊗ Pα),
we conclude that BT ∪ BH (Pn ⊗ Pα) is linearly independent set of cycles in
C (Pn ⊗ Pα). Also, we notice that Nuv, Nαu and N ∗ differ, respectively, from
the sets Buv, Bαu and B∗ in the last layers (n − 1) n ⊗T2m+1. So if we mimic the
proofs of Lemmas 2.4, 2.5 and 2.6, we can easily prove that BH (Pn ⊗ Pα) is lin-
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early independent set of cycles in C (Pn ⊗ T2m+1). Thus, BH (Pn ⊗ T2m+1) is a
basis of C (Pn ⊗ T2m+1), being |BH (Pn ⊗ T2m+1)| =dimC (Pn ⊗ T2m+1). More-
over, from the construction of BH (Pn ⊗ T2m+1) one can easily follow the folds
of the edges and see that BH (Pn ⊗ T2m+1) is a 4-fold basis of C (Pn ⊗ T2m+1)
which completes the proof.
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