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1. Introduction

The concept of fuzzy sets was originally introduced by Zadeh [14] in 1965.
Ever since, many applications of fuzzy sets have been developed. It is widely
applied in the fuzzy risk analysis, fuzzy decision-making, optimal economic
problems, fuzzy control and approximate reasoning problems. However, all
applications mentioned above are based on a concept of similarity between two
fuzzy numbers. In fact, to measure the similarity of fuzzy numbers is very
important in the research topic of fuzzy decision-making [2, 12] and fuzzy risk
analysis [3, 7, 9]. Some methods have been proposed to measure and calculate
the similarity between fuzzy numbers [3, 7, 10], but there exist some drawbacks
in different traditional methods. These drawbacks come from the fact that
the pairs of fuzzy numbers have different mean curve. In this paper, a modified
method to measure and calculate the degree of similarity between fuzzy numbers
is proposed. Furthermore the proposed method in this paper can overcome the
drawbacks of the traditional methods.
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2. Preliminaries

First, we recall some basic concepts of fuzzy numbers [8, 11, 13]. Because of the
particularity of trapezoidal fuzzy numbers, it is possible to describe uncertain
information easily for the problems of fuzzy control, fuzzy risk analysis and
fuzzy decision-making. In this paper, we only consider the trapezoidal fuzzy
numbers. Now, for two arbitrary fuzzy numbers ũ, ν̃ ∈ F (R), we define a metric
on F (R) found in Diamond and Kloeden [5]

d2(ũ, ν̃) =
1

2

(∫
1

0

(u−(α) − ν−(α))
2
dα +

∫
1

0

(u+(α) − ν+(α))
2
dα

)
,

where uα = [u−
α
, u+

α
] or uα = [u−(α), u+(α)] stands for the level sets.

Definition 1. If u−α , u+
α are linear functions, we say that the fuzzy number

ũ is a trapezoidal fuzzy number. That is, ũ: R → [0,1] is defined by

ũ (x) =





0 , if x < u1,
x−u1

u2−u1
, if u1 < x < u2,

1 , if u2 < x < u3,
u4−x

u4−u3
, if u3 < x < u4,

0 , if x > u4,

and denoted by (u1, u2, u3, u4). We call the defuzzification of ũ with [u2, u3],
fuzziness (u2 − u1)-left and (u4 − u3)-right unsymmertrically.

If ũ : (u1, u2, u3, u4), ũ : (ν1, ν2, ν3, ν4) are two trapezoidal fuzzy numbers,
then

ũ + ν̃ = (u1 + ν1, u2 + ν2, u3 + ν3, u4 + ν4);

kũ =

{
(ku1, ku2, ku3, ku4) , if k ≥ 0,
(ku4, ku2, ku3, ku1) , if k < 0.

3. A New Similarity Measure between Fuzzy Numbers

3.1. The Mean Curve for Fuzzy Numbers

Let ũ be a fuzzy number. The mean curve of the fuzzy number ũ is defined as
follows:

meu (x) =

{
α , if x = mean (uα),
0 , otherwise.
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Figure 1: The mean curve for fuzzy numbers

Here mean(uα) = 1

2
(u−(α) + u+(α)) stands for the mean of uα.

3.2. Distance Measure for Fuzzy Numbers

In most exiting definitions of distance measures of interval and fuzzy numbers,
only the lower and upper bound values are defined (e.g., those used in Bardossy
et al [1], Diamond [4], Diamond and Kloeden [5], and Diamond and Tanaka [6]).
As an example, consider the crisp number A : [0, 0] and two interval numbers
B : [−2, 3], C : [2, 3]. By using the distance measure applied in Diamond [4]
and Bardossy et al [1], it was found that d(A,B) = d(A,C) = 1

2

√
13. Since

A : [0, 0] is inside of B but outside of C, the reasonable result should be that
d(A,B) < d(A,C). In this section, the mean curve of fuzzy numbers is also
taken into consideration in the definition of the metric of two fuzzy numbers.

Definition 2. Let ũ, ν̃ ∈ F (R) be two fuzzy numbers. The distance is
defined as

D2(ũ, ν̃) =
1

3

(∫
1

0

(u−(α) − ν−(α))2dα +

∫
1

0

(mean(uα) − mean(να))2dα

+

∫
1

0

(u+(α) − ν+(α))2dα

)

Obviously, D(ũ, ν̃) =
√

D2(ũ, ν̃) is a distance between two fuzzy numbers ũ, ν̃ ∈
F (R).

Example 3. By considering the above example, the crisp number A : [0, 0]
and two interval numbers B : [−2, 3], C : [2, 3] and using the distance measure
applied in Diamond [9] and Bardossy et al [1], it was found that d(A,B) =

d(A,C) = 1

2

√
13. However, with our distance measure, D(A,B) = 1

3

√
53

4
<
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D(A,C) =
√

77

4
, which is more intuitively appealing.

Theorem 4. Let ũ = (a1, a2, a3, a4), ν̃ = (b1, b2, b3, b4) be two trapezoidal

fuzzy numbers. Their a-level sets are of the form

uα = [a1 + (a2 − a1)α, a4 − (a4 − a3)α], να = [b1 + (b2 − b1)α, b4 − (b4 − b3)α].

We have

D2(ũ, ν̃) =
1

48

{
[4(c1 + c2)

2 + (c1 + c2 + c3 + c4)
2 + 4(c3 + c4)

2]

+
1

12
[4(c1 − c2)

2 + (c2 − c1 + c3 − c4)
2 + 4(c3 − c4)

2]

}
,

where ci = bi − ai, i = 1, 2, 3, 4.

3.3. A New Similarity Measure for Fuzzy Numbers

Let ũ and ν̃ be two fuzzy numbers. Then the degree of similarity S(ũ, ν̃)
between S(ũ, ν̃) can be calculated as follows:

S(ũ, ν̃) =
1

1 + D2(ũ, ν̃)
,

where D2(ũ, ν̃) denotes the distance between ũ and ν̃.

3.4. Comparing the Similarity Measures

1) In [10], the author proposed that a similarity measure S(ũ, ν̃) between two
fuzzy numbers S(ũ, ν̃) can be calculated as follows:

S(ũ, ν̃) =
1

1 + D2(ũ, ν̃)
,

where d(ũ, ν̃)) = |P (ũ) − P (ν̃)|. P (ũ), P (ν̃) is the graded mean integral-
representation distance of ũ and ν̃. We can see that the fuzzy numbers ũ :
(1, 4, 6, 9) and ν̃ : (1, 5, 5, 9) as shown in Figure 2 are quite different. If we
apply the similarity measure in [1], i.e., P (ũ) = P (ν̃) = a1+2a2+2a3+a4

6
= 5.0,

and S(ũ, ν̃) = 1. Obviously, we can calculate the proposed similarity measure
between ũ : (1, 4, 6, 9) and ν̃ : (1, 5, 5, 9). Since D2(ũ, ν̃) = 5

6
, S(ũ, ν̃) = 6

11
.

2) In [3], the authors proposed the degree of similarity between two fuzzy
numbers ũ : (a1, a2, a3, a4), ν̃ : (b1, b2, b3, b4) as follows:

S(ũ, ν̃) = 1 −
∑

4

i=1
|ai − bi|
4

.

However, we can see that there exist some different fuzzy numbers which have
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Figure 2

Figure 3

the same degree of similarity. For examples, in Figure 3, two fuzzy num-
bers in (a): ũ1 (0.10.40.60.9), ν̃1 (0.60.91.11.4) and in (b): ũ2 (0.10.40.60.9),
ν̃2 (−0.90.40.61.9), have the same similarity which are equal to 0.5 by using the
method in [3]. However, with our similarity measure, we have the similarity
measure of fuzzy numbers in (a): D2(ũ, ν̃) = 1

4
, S(ũ, ν̃) = 4

5
, and similarity

measure of fuzzy numbers in (b): D2(ũ, ν̃) = 5

6
, S(ũ, ν̃) = 6

11
. The results of

these calculations support human’s judgment.
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