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Abstract: The hybrid cellular automaton (HCA) method is a biologically
inspired algorithm capable of topology synthesis. Karush-Kuhn-Tucker (KKT)
optimality conditions have been derived to determine the expression for the
local evolutionary rules that guide synthesis process. While averaging tech-
niques have been used to mitigate numerical instabilities such as checkerboard
patterns and mesh dependency, some questions have been raised whether KKT
conditions are fully satisfied in the final topologies. Furthermore, the averag-
ing procedure might result in cancellation or attenuation of the error between
the field variable and its target. The objective of this work is to develop an
adaptive neighboring scheme to guarantee the satisfaction of the KKT condi-
tions while minimizing numerical instabilities. This approach is demonstrated
in the topology optimization of a classic Mitchell-type structure using the HCA
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1. Introduction

Topology optimization strives to distribute material in a design domain in or-
der to maximize desired mechanical performance. Typically, this problem is
constrained by the volume or mass of the final structure. To this end, the
design domain is divided into a sufficiently large number of elements. In this
domain, the optimization algorithm removes or adds material to every element
until the process converges. Finite element analysis (FEA) is typically used to
evaluate the merit function. Classical gradient-based optimization methods are
prohibitively expensive due to the large number of function evaluations. There-
fore, new techniques have been proposed in order to efficiently solve topology
optimization problems. Rozvany [14] presents a review of two commonly used
approaches referred to as solid isotropic microstructure (or material) with penal-
ization (SIMP) [2] and evolutionary structural optimization (ESO) [24]. Other
approaches include the method of moving asymptotes (MMA) [18] and the
homogenization method [3]. A family of methods characterized by its compu-
tational efficiency (i.e., naturally parallel algorithms) is the cellular automaton
(CA) approach [8, 10, 6, 20, 21], reviewed for topology optimization by [1].

In particular, the hybrid cellular automaton (HCA) method proposed by
[20] is a well developed approach, derived from Karush-Kuhn-Tucker (KKT)
conditions, that combines FEA (i.e., global structural analysis) with distributed
control rules (i.e., local design scheme) [21, 22]. In this method, a local field
variable is driven to a desired optimal value by modifying a local design vari-
able. Control rules applied to individual elements in the structure are utilized
to find the optimal states, see [21]. This method has been utilized to synthesize
noncompliant structures subject to mass, stress, and displacement constraints
[23], compliant mechanisms [12], and energy absorbing structures for crashwor-
thiness [11]. A study of the convergence of this method has been presented by
the authors in [13].

The neighboring technique in the HCA method is inspired by the cellular
communication occurring in biological structures such as bones, see [19]. In
this way, the algorithm defines an effective field variable value by averaging the
values obtained in the vicinity of each element, which results in a reduction of
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checkerboard patterns (i.e., alternating solid elements and voids resembling a
checkerboard) in the final structure. These patterns are undesirable as they are
the result of the discretization of the design domain and do not correspond to an
optimal continuous distribution of material, see [4]. In fact, some finite element
discretizations make checkerboard patterns appear to be artificially efficient.
Some procedures for dealing with checkerboards were reviewed by [17]. These
approaches include image filtering, higher-order finite elements, and patches
(superelements on the finite element mesh), with filtering being the simplest
and more efficient approach.

The use of filtering, such as the neighboring implementation of HCA method,
fails to achieve strict KKT conditions. This is an issue for any type of filtering
or image processing technique. Therefore, there is a need for a methodology
that mitigates numerical instabilities of the topology optimization algorithm
and guarantees the satisfaction of the optimality conditions for the final design.

This investigation presents a novel neighboring technique that achieves a
KKT point final topology while reducing checkerboarding. This technique is
presented using quadrilateral bilinear finite elements. A two-dimesional simply
supported beam example is used to show its implementation and its main ad-
vantages. In the next section, the main components and methods used by the
classical HCA algorithm are briefly reviewed.

2. The Hybrid Cellular Automaton Method

In nature, numerous biological structures occur that achieve an efficient form in
correspondence with their function. In particular, bone undergoes remodeling
precesses to functionally adapt its structure to changes in the local mechanical
environment. This process has inspired the development of the hybrid cellular
automata (HCA) algorithm as presented by Tovar [19].

This methodology utilizes the cellular automaton (CA) computing paradigm
where a regular lattice of cells can exist in any finite number of dimensions. Each
cell or element itself represents a discrete dynamical system. The basis for CA
is that an overall global behavior can emerge from local rules acting over an
automaton that possesses only local state information. In the case of the HCA
algorithm, the local state at each cell is defined in terms of a field variable and
a design variable. The field (independent) variable is determined from a global
finite element analysis (FEA) while the design (dependent) variable is modified
using control rules. These control rules strive to minimize the error between
the field variable and an optimal state (set point).
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2.1. Optimization Problem and KKT Conditions

The basis of HCA is that a global optimality condition can be achieved by the
minimization of a local error. This concept results from observations of bio-
logical structures, such as our bones, in which functional adaptation occurs as
a result of a local mechanical stimulus imbalance detected by well distributed
sensor cells, see [19]. The structure is optimized once it reaches a state of
equilibrium. Assuming this criterion as a premise, let us state a general struc-
tural optimization problem in which two conflicting objectives, mass M and
compliance U , are to be minimized. This is

min
0≤x≤1

c(x) = f(U) + g(M), (1)

where c is a global merit function and x are the normalized design variables.
The Lagrangian of the aforementioned optimization problem can be written as

L = f(U) + g(M) + (λ1)
T
(x − 1) − (λ0)

T
x, (2)

where λ0 and λ1 are the Lagrange multiplier vectors associated with the limits of
the design variables. Subsequently, the KKT optimality conditions are satisfied
when

∂L

∂xi

=
∂f(U)

∂U

∂U

∂xi

+
∂g(M)

∂M

∂M

∂xi

+ λ1
i − λ0

i = 0, (3)

along with

λ1
i ≥ 0, λ0

i ≥ 0, λ1
i (xi − 1) = 0, and λ0

i xi = 0. (4)

Let f(U) = ωU/U0 and g(M) = (1−ω)M/M0, where ω is a weighting parameter
(0 ≤ ω ≤ 1), and M0 and U0 are the mass and the compliance of the solid
structure, respectively. In a discretized system, the mass can be expressed as
M =

∑n
i=1 mi, where mi corresponds to the mass of every element i and n is the

total number of elements in the design domain. Furthermore, the compliance
can be written as U =

∑n
i=1 ui, where ui represents the elemental contribution

to the compliance.

Let us define the design variable as the relative density xi = ρi/ρ0, where
ρi is the elemental density and ρ0 its maximum value. If mi = xim0, where m0

is the elemental solid mass, then

∂g(M)

∂M

∂M

∂xi

=
(1 − ω)

M0

m0. (5)
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Assuming linearly elastic conditions in a discretized system, ui = di
Tkidi where

di is the elemental nodal displacement vector and ki is the elemental stiffness
matrix. Now, let xi = ρi/ρ0 = Ei/E0, where Ei represents the elemental
Young’s modulus and E0 its optimum value, then ki = xik0 where k0 corre-
sponds to the stiffness matrix of the solid element. In this case,

∂f(U)

∂U

∂U

∂xi

= −
ω

U0

di
Tk0di. (6)

Using the popular SIMP model, xp
i = (ρi/ρ0)

p = Ei/E0, where p is referred to
as the penalization power, one observes that ki = xp

i k0 which yields

∂f(U)

∂U

∂U

∂xi

= −
ω

U0

pxp−1

i di
Tk0di = −p

ω

U0

di
Tkidi

xi

= −p
ω

U0

ui

xi

. (7)

The details of the derivation are presented in [22]. Now, three cases can be
considered: (a) interior point (i.e., 0 < xi < 1), (b) void element (i.e., xi = 0),
and (c) solid element (i.e., xi = 1). For case (a), the KKT conditions (3) and
(4) are satisfied when λ1

i = λ0
i = 0 and

−p
ω

U0

ui

xi

+
(1 − ω)

M0

m0 = 0. (8)

Let us define the field variable as yi = ui/xi and the corresponding set point as

y∗i =
(1 − ω)

ω

U0

M0

m0

p
, (9)

where 0 < ω ≤ 1. Then the optimality conditions are satisfied when yi = y∗.
For case (b), xi = 0, λ1

i = 0, and the optimality conditions are satisfied when
yi ≤ y∗i . Finally, for case (c), xi = 1, λ0

i = 0, and the optimality conditions are
satisfied when y∗i ≤ yi.

2.2. Algorithm Implementation

The state Sk
i of a cell at a discrete location i at a discrete time k can be defined

by the design variable xk
i and the field variable yk

i ,

Sk
i =

(

xk
i

yk
i

)

. (10)

The central cell i together with its surrounding cells is called the neighborhood
Nk

i of cell i. Some common neighborhood layouts for a two-dimensional lattice
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Figure 1: Neighborhood layouts for a cellular automaton in a two-
dimensional lattice: (a) empty, (b) von Neumann, (c) Moore, (d) radial,
(e) extended Moore.

are depicted in Figure 1. For instance, a von Neumann neighborhood is formed
by 5 cells: the central cell and its four adjacent cells. A Moore neighborhood
is formed by 9 cells, a radial neighborhood by 13 cells, and a extended Moore
neighborhood by 25 cells. An empty neighborhood only contains the central
cell. In the context of CA computing, no restrictions are generally placed on
the size of the neighborhood, only that the neighborhoods are consistent for
each cell in the lattice.

The state of the field variable yk
i in the neighborhood Nk

i can be defined by

ȳk
i =

1

|Nk
i |

∑

j∈Nk
i

yk
j , (11)

where |Nk
i | represents the number of cells of the neighborhood Nk

i . The state of
the design variable xk

i in the neighborhood Nk
i is similarly determined. There-

fore, the state of the cell for this neighborhood is S̄k
i =

(

x̄k
i , ȳ

k
i

)

. In bone,
mechanically stimulated sensor cells (i.e., osteocytes) are connected with each
other through a network of cellular processes. Hypothetically, the mechanical
signal perceived by an osteocyte is influenced by other cells in a local neighbor-
hood, see [7]. This condition can be represented by the averaged field variable
ȳk

i .
To define the neighborhood of a boundary cell, the lattice is virtually ex-

tended. The state of the virtually added cells is defined according to a pre-
scribed boundary condition. Figure 2 illustrates some common CA boundary
conditions. For example, a fixed boundary is defined so that the neighbor-
hood is completed with cells having a pre-assigned fixed state. An adiabatic
boundary is obtained by duplicating the state of the central cell. A reflect-
ing boundary replicates the state of the opposite neighbor in the virtual cell.
Finally, a periodic boundary wraps the lattice in a torus-like shape.

Following from the observations of bone adaptation, the deviation between
the field variable and the set point is used to control the addition and removal
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Figure 2: Boundary conditions for a cellular automaton: (a) fixed, (b)
adiabatic, (c) reflecting, (d) periodic.

of material. Fundamentally, when the field variable is less than a prescribed set
point, material is removed. On the other hand, when the field variable surpasses
the set point, material is added. If the normalized error signal is defined as

ek
i =

ȳk
i − y∗i
y∗i

, (12)

then a positive error signal would lead to the addition of material, while a
negative error signal would lead to its removal. Once the error signal becomes
zero the structure is optimized.

Various computational models of bone remodeling have simulated bone’s
adaptation process using a proportional controller, see [5, 7, 15]. Previous
investigations with HCA have utilized strategies including a ratio technique [20],
binary controller, and proportional, integral, and derivative (PID) controllers
[21]. Using a PID controller, the iterative updating rule for the HCA algorithm
can be described as

xk+1
i =

min
{

max
{

0, xk
i + cpe

k
i + ci(e

k
i + ek−1

i + · · · + e0
i ) + cd(e

k
i − ek−1

i )
}

, 1
}

, (13)

where cp, ci, and cd are the proportional, integral, and derivative control gains,
respectively. Observe that no averaging is applied over the design variable. It
has been observed that a PID controller may improve the order of convergence
of the algorithm, see [21].

The iterative changes of the design variables result in changes of the elastic
modulus of the material. The most commonly used model is the popular SIMP
model Ek

i = (xk
i )

pE0 where E0 is set to the modulus of fully dense material and
p is an empirical value typically satisfying 2 ≤ p ≤ 3, see [2]. This interpolation
scheme is inspired by a relaxed composite material model, see [3, 25]. As a
result of the use of this power law relation, intermediate densities (0 < xi < 1)
are penalized, driving the final structure closer to a 0-1 topology. In other
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words, the final structure is comprised of areas of solid material (xi = 1) or
void (xi = 0).

2.3. Convergence

Using only proportional control (i.e., cp 6= 0 and ci = cd = 0), the HCA
algorithm (13) can be expressed by the iterative scheme xk+1 = G(xk), where

G(xk) = min
{

max
{

0, xk + cpe
k
}

, 1
}

. (14)

A fixed point x∗ of G satisfies the expression x∗ = G(x∗), see [9]. If the HCA
iteration is converging to a fixed point x∗, then it must be true that

‖G(xk) − x∗‖ ≤ L‖xk − x∗‖, (15)

where 0 < L < 1. In this case G is referred to as a contraction. Using the mean
value theorem and Cauchy-Schwarz inequality, one observes that for some point
x̂ between xk and x∗,

‖G(xk) − x∗‖ ≤ ‖DG(x̂)‖ ‖xk − x∗‖, (16)

where DG corresponds to the Jacobian matrix of G. Comparing (15) and
(16), the convergence condition can be written as ‖DG(x̂)‖ ≤ L < 1. If this
condition is satisfied for all 0 ≤ x̂ ≤ 1, then the topology optimization algorithm
is said to be globally convergent, reaching the fixed point x∗ starting from
any initial design x0. Since the iterative scheme G is a function of the field
variable yk, the parameter ranges in which the HCA algorithm is convergent
are problem dependent. The paper [13] shows that the fixed points of the HCA
algorithm are attractive and convergence is guaranteed when the initial point
is sufficiently close to x∗. For a great deal of cases, the algorithm is convergent
for 0 < cp < 1/4.

2.4. Termination Criterion

Given a small number ǫ > 0, the algorithm is said to converge if there is a
number k∗ such that ‖xk − x∗‖ ≤ ǫ for all k ≥ k∗. Using ‖ · ‖∞, this can be
expressed as

max
1≤i≤n

|xk
i − x∗

i | ≤ ǫ. (17)

Since x∗ is unknown, a termination criterion should be imposed to the algo-
rithm. Assuming that G is a contraction, a suitable criterion based on the



KKT CONDITIONS SATISFIED USING... 253

change in the state of the cells can be expressed as

max
1≤i≤n

|xk
i − xk+1

i | ≤ ǫx, (18)

where ǫx is a small positive number. From the definition of the iterative scheme
(14), the maximum change in the field variable occurs when 0 < G(xk) < 1. In
this case, xk+1

i = xk
i + cpe

k
i , which yields

|xk
i − xk+1

i | = cp|e
k
i | =

cp

y∗i
|ȳk

i − y∗i | (19)

and

max
1≤i≤n

|ȳk
i − y∗i | ≤

y∗i
cp

ǫx. (20)

Let ǫx = 1 × 10−4.

3. Neighboring Reduction Techniques

Several filtering techniques have been used in topology optimization in order
to mitigate numerical instabilities such as mesh dependency and checkerboard
patterns. Mesh dependency refers to fact that changes of the size of the finite el-
ement mesh result in qualitatively different optimum topologies. Checkerboard
patterns refer to regions of alternating solid and void elements in the final de-
sign. In general, filtering methods can be applied over the field and/or the
design variables. The paper [16] compares different filtering methods classified
as density filtering and sensitivity filtering.

Two main problems are associated with filtering methods in topology op-
timization. The first one is the treatment of boundary cells and the second
is the satisfaction of optimality conditions. With the use of a CA lattice, the
first problem is solved by assigning proper boundary conditions as explained
in Section 2.2. In the HCA method, when designing microstructues, periodic
boundary conditions are used. When designing structural components, fixed
boundaries are implemented in which the field variable yk

i of the virtual cells
corresponds to the set point y∗i . In order to solve the second problem, satis-
faction of KKT conditions, this paper introduces two neighborhood reduction
techniques: sequential neighboring and adaptive neighboring. The use of these
techniques results in the mitigation of checkerboarding and the satisfaction of
KKT conditions for the final design.
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3.1. Sequential Neighboring

In the proposed sequential neighboring strategy, an initial neighborhood N0
i is

iteratively reduced to the desired final neighborhood N∞
i , typically empty. In

the simplest case, only one reduction is required, e.g., from a von Neumann to
an empty neighborhood or from |N0

i | = 5 to |N∞
i | = 1.

3.2. Adaptive Neighboring

In the proposed adaptive neighboring strategy, the influence of each neighbor βk
i

is incorporated in the averaging scheme (11), where 0 ≤ βk
i ≤ 1. The resulting

weighted averaged scheme over the field variable can be expressed as

ŷk
i =

∑

j∈Nk
i

βk
j yk

j
∑

j∈Nk
i

βk
j

. (21)

For example, for a given lattice defined by the following indices

i =





1 4 7
2 5 8
3 6 9



 ,

the von Neumann neighborhood of the fifth cell is defined as Nk
5 = {5, 4, 2, 6, 8}.

Given the following field variables and influence parameters

yk =





1.1 2.4 3.2
0.9 1.8 2.5
0.8 1.0 1.2



 , βk =





0.0 0.7 0.0
0.6 1.0 0.3
0.0 0.4 0.0



 ,

the weighted size of the von Neumann neighborhood is
∑

j∈Nk
5

βk
j = 3.0. In this

example, the resulting weighted averaged value of the field variable for the fifth
cell is ŷk

5 = 5.8/3.0 = 1.73.

One strategy for weighting each neighbor is to calculate the influence of a
neighboring cell based on that cell’s closeness to the algorithm stopping criterion
in (18). This can be represented as a piecewise-linear function of βk

j with respect

to |xk
j − xk−1

j | (Figure 3). This relation can be expressed as

βk
j =







min

{

max

{

0,
|xk

j−x
k−1

j |−∆0

∆1−∆0

}

, 1

}

for j 6= i,

1 for j = i,
(22)
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Figure 3: Piecewise-linear representation for neighborhood weights wk
j

where ∆1 (fixed) is the minimum change in relative density of the j-th neighbor
whose weight is 1.0, and ∆0 (fixed) is the maximum change in relative density
of the j-th neighbor whose weight is 0.0. Let ∆0 > ǫx to ensure that the weights
of all neighbors are zero when the stopping criterion is met. When the topology
synthesis is complete,

∑

j∈N∞

i
β∞

j = 1 for all cells i in the design domain.

The reasoning behind this neighbor weighting scheme is that the optimality
conditions for interior and saturated points are different. It is reasonable that
any number of cells may have a neighbor that is converging to an optimality
condition other than that of the current cell. For example, this situation would
arise when a cell saturated at full density and a cell saturated at the minimum
density are both in the neighborhood of a cell with an intermediate density
(i.e., interior point). The influence of these neighbors on the current cell would
be in conflict with one another as their states are associated with different
optimality conditions. Furthermore, if it is not possible for the cell with an
intermediate density to become saturated, then the influence of the saturated
neighbors would not be consistent with achieving the optimality condition for
an interior point. Thus, allowing the influence of neighboring cells that are
undergoing sufficiently small changes in relative density to decrease to zero will
eliminate the adverse influence of neighbors that are converging to different
optimality conditions.

4. Comparative Studies

The effect of incorporating neighborhood information was assessed by studying
an empty neighborhood, fixed neighborhood, sequential neighboring, and the
aforementioned adaptive neighboring technique. These techniques were applied
to a simply supported structure modeled with 50×25 cells (Figure 4), as done in
[22]. For this example, a one to one mapping is used between the cells of the CA
lattice and the FE model. Quadrilateral bilinear finite elements are used. The
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node at the bottom left corner is constrained in both coordinate directions to
have zero displacement so that the node is fixed, while the node in the bottom
right corner is constrained only in the vertical direction to resemble a rolling
support. A downward force of 100 N is applied to the node at the midspan of
the bottom edge. The dimensions of the structure are 25 mm in width by 50 mm
in height. As mentioned before, the HCA algorithm operates on the relative
density of each cell, therefore, the density is interpolated between zero and one,
using a SIMP power law relationship with exponent p = 3. The initial structure
is assumed to be fully dense (i.e., xi = 1 for all i). The Young’s modulus is set
at E = 20 GPa and the Poisson’s ratio to ν = 0.3. Choosing ω = 0.25 in the
optimization problem, (9) yields a set point value y∗i = 1.8084× 10−9 Pa for all
i. In the HCA algorithm (13), let cp = 0.2 and ci = cd = 0.

Figure 4: Simply supported beam structure composed of 50 × 25 ele-
ments.

4.1. Classic Averaging

As a benchmark, let us solve this test problem using the classic averaging scheme
described by (11) applied on the field variable yk

i . For these examples, three
neighborhood layouts are used: empty, Moore, and von Neumann. The result-
ing topologies are shown by Figures 5, 6, and 7, respectively. For an empty
neighborhood, one can observe checkerboard patterns, which makes it unde-
sirable to a designer. However, in terms of the objective this design has met
the algorithm termination criterion (18) and satisfies the optimality criterion
within the specified tolerance by (20). The objective function value for this
structure is c = 0.73646 and was obtained in 81 iterations.

In the case of Moore and von Neumann neighborhoods, significantly more
iterations were required to meet the termination criterion (18) as compared to
the empty neighborhood case. For the Moore neighborhood, the structure was
synthesized in 237 iterations with a function value of c = 0.74488. For the von
Neumann neighborhood, the structure was synthesized in 753 iterations with
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Figure 5: Structure
generated with an
empty neighborhood,
|Nk

i | = 1, in 81 itera-
tions. This structure
is optimal and has a
final objective function
value of c = 0.73646

Figure 6: Structure
generated with Moore
neighborhood, |Nk

i | =
5, in 237 iterations.
This structure is not
optimal and has a final
objective function value
of c = 0.74488

Figure 7: Structure
generated with von
Neumann neighbor-
hood, |Nk

i | = 9, in
753 iterations. This
structure is not optimal
and has a final objec-
tive function value of
c = 0.74312

a function value of c = 0.74312. The objective function value in both cases is
larger than that of the empty neighborhood result.

Although the last two structures do not contain any checkerboarding, these
topologies do not strictly satisfy the optimality conditions and, therefore, they
are not local minima. This is due to the fact that as k increases, |ȳk

i − y∗i | → 0,
which does not imply that the optimality condition |yk

i − y∗i | → 0. However,
these solutions are indeed fixed points of the HCA iteration function given in
(14) for their respective neighborhood sizes.

4.2. Sequential Neighboring

The previous structures generated with non-empty neighborhoods are not op-
timal; however, they provide a suitable starting point for an improved design.
To this end, the sequential neighborhood strategy from |N0

i | = 5 to |N∞
i | = 1,

and from |N0
i | = 9 to |N∞

i | = 1 can be applied. This will allow each element in
these designs to meet both the stopping criterion and the optimality criterion
within the specified tolerance, yet retain the benefits of utilizing neighborhood
information. From |N0

i | = 5 to |N∞
i | = 1, the structure was synthesized in 299

iterations with a function value of c = 0.74008 (Figure 8). From |N0
i | = 9 to

|N∞
i | = 1, the structure was synthesized in 810 iterations with a function value

of c = 0.73880 (Figure 9). The objective function value in both cases is larger
than that of the empty neighborhood result but improved with respect to their
initial designs.

For completeness, the opposite simulations were conducted, from |N0
i | = 1
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to |N∞
i | = 5, and from |N0

i | = 1 to |N∞
i | = 9. Both of these cases yielded the

same result as the empty neighborhood case in the same number of iterations,
which was expected. This is due to the fact that each cell has already met the
specified stopping criterion tolerance, therefore, the average change over the
neighborhood will be within the tolerance as well.

Figure 8: Structure
generated from |N0

i | =
5 to |N∞

i | = 1 in 299 it-
erations. This structure
is optimal and has a
final objective function
value of c = 0.74008

Figure 9: Structure
generated from |N0

i | =
9 to |N∞

i | = 1 in 810 it-
erations. This structure
is optimal and has a
final objective function
value of c = 0.73880

4.3. Adaptive Neighboring

The adaptive neighboring strategy incorporates a new method for weighting
the influence βk

j of neighbors. For this study, let us fix ∆0 = 0.001 > ǫx =

1 × 10−4. The selection of ∆1 will determine the steepness of the transition
between βk

j = 1 and βk
j = 0. Topologies were synthesized for values of ∆1 equal

to 0.20, 0.10, and 0.05, selected based on the value of cp = 0.20. Since the error
is normalized in (4), a large change in relative density in (6) would be on the
order of cp. To compare this strategy with the previous examples, Moore and
von Neumann neighborhoods were utilized. The resulting topologies are shown
in Figures 10 to 15.

It is interesting to note that all of the structures synthesized for both Moore
and von Neumann neighborhoods are improved designs as compared to the
empty neighborhood result. The topology with the best objective function
value was obtained for ∆1 = 0.05 in a von Neumann layout. From these results,
it is not apparent that the reduction in ∆1 is related to either a decrease in
objective function value or the number of iterations required to carry out the
design synthesis. However, it was found that if ∆1 is too close to ∆0 oscillations
are induced in the synthesis process, delaying the arrival at the final design.
This is apparent from Figure 15, for which the design synthesis required over
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Figure 10: Adaptive
neighboring with Moore
neighborhood, ∆1 =
0.20, 77 iterations, and
c = 0.73251

Figure 11: Adaptive
neighboring with Moore
neighborhood, ∆1 =
0.10, 100 iterations, and
c = 0.73327

Figure 12: Adaptive
neighboring with Moore
neighborhood, ∆1 =
0.05, 81 iterations, and
c = 0.73265

Figure 13: Adaptive
neighboring with von
Neumann neighbor-
hood, ∆1 = 0.20, 88
iterations, c = 0.73216

Figure 14: Adaptive
neighboring with von
Neumann neighbor-
hood, ∆1 = 0.10, 130
iterations, c = 0.73244

Figure 15: Adaptive
neighboring with von
Neumann neighbor-
hood, ∆1 = 0.05, 4338
iterations, c = 0.73120

4000 iterations.

5. Final Comments

This study shows that it is possible to retain the benefits from utilizing neigh-
borhood information and obtain an optimal solution with HCA. Several differ-
ent neighborhood schemes were analyzed, an empty neighborhood, fixed neigh-
borhood, sequential neighboring, and adaptive neighboring. Optimal designs
were synthesized in each case, with the exception of non-empty fixed neigh-
borhoods. Compared to the empty neighborhood algorithm, the sequential
neighboring technique produced optimal designs with little to no checkerboard-
ing, but at a significant increase in iterations; the adaptive neighboring scheme
produced optimal designs with less checkerboarding and an improved objective
function value and achieved the algorithm stopping criterion in a similar num-
ber of iterations. Therefore, it seems as though the adaptive neighboring rule is
a good compromise between achieving the benefits of neighborhood smoothing,
mathematical optimality, and algorithm speed.
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Several important facts about neighborhoods are revealed by this study.

(1) It is necessary to use a local stopping criterion due to the existence of
interior points to ensure that the optimality conditions are explicitly satisfied.
This cannot be achieved with a global stopping criterion, since a global criterion
gives no meaningful measure of the satisfaction of the optimality conditions for
an interior point.

(2) Increasing the neighborhood size does not speed up the synthesis pro-
cess. While these designs typically have less checkerboarding than the empty
neighborhood design, the results of this study show that the use of a neighbor-
hood can significantly slow down convergence to a local stopping criterion.

(3) The use of neighborhood averaging in general leads to conflicting ob-
jectives when an interior point contains neighbors that are saturated points, a
situation where the cell and its neighbors are approaching different optimality
conditions. Neighborhood averaging will not allow the interior point to achieve
its optimality criterion as illustrated by the fixed neighborhood results here.
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