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Abstract: Beam physics is a branch of physics that concerns itself with
the study of the formation, transport, control and manipulation of streams of
particles or waves that undertake a directed energy and information transfer.
Besides the fundamental importance of understanding their behavior, they are
enabling a vast array of scientific endeavors ranging from the ubiquitous cathode
ray tube to the largest man-made scientific instrument in existence, the Large
Hadron Collider. In this paper, several symmetries and their applications are
surveyed, which provide simple conceptual approaches to studies spanning de-
sign optimization of charged particle beam optical devices to development of
numerical algorithms for long term stability of particle orbits in accelerators.

AMS Subject Classification: 37J05, 37M15, 65P10, 70H15
Key Words: beam physics, symmetries, symplecticity

1. Introduction

Beam physics is a newer field of physics that acquired stand-alone status only
over the last few decades. The subject of study of beam physics, obviously
beams, carry a wide range of applications in almost every field of science and
underlie the “big science” performed at particle accelerators. As societal im-
pacts go, probably none caries more significance than the ubiquitous cathode-
ray tube (CRT), the television tube. Besides large-scale accelerators for basic
science in high energy, nuclear, and condensed matter physics, and related areas
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in chemistry and biology, accelerators and other charged particle beam devices
find applications in industry, medicine, homeland security, energy, environment,
etc.

This focus on applications marked the nature of the evolution of the meth-
ods employed in beam physics. Beams, by their nature, can be defined as
ensembles of close-by state vectors that undergo a directed translational mo-
tion. As such, it is convenient to think about beams as rays, and all constituents
being close to a “reference particle” it is advantageous to utilize perturbation
methods for their description. That is why, historically, the methods employed
in beam physics resembled most closely classical mechanics and electrodynamics
with techniques borrowed from geometric light optics and celestial mechanics.
Only lately a convergence with some methods of plasma physics can be noticed.

In the lowest order perturbation analysis of beam physics, the so-called
linear beam optics, the first high-level language specific for beam physics was
developed by Courant and Snyder [15]. A matrix formalism and its exten-
sion to second order in the perturbation order was developed by Brown [10].
A comprehensive Lie algebraic theory for beams followed in the early ’80s by
Dragt and his students [16, 17], which extended the perturbation calculation
and analysis to even higher orders. Berz’s differential algebraic methods [6, 8]
finally provided a straightforward method of arbitrary order. These methods
can be categorized as transfer map methods, i.e. functional relationships be-
tween initial and final coordinates that transfer a beam of particles from an
initial location in a device to a final location in possibly another device. The
maps comprise all necessary information about the system, and their analysis
by normal for methods [28, 7] give the global properties of the system and allow
efficient and accurate system design optimization. For more detailed informa-
tion we refer the reader to [13].

However, these methods and an extensive literature based on these methods
emphasize the algebraic and analytic structure and properties of the systems
relevant to beam physics. In this paper we emphasize some geometric structures
and properties. The basic well-known observation in beam physics is that the
dynamics of beams can be described by weakly nonlinear Hamiltonian systems,
possibly perturbed by small stochastic effects. The correct framework for the
study of the properties arising from the Hamiltonian nature of beams is sym-
plectic geometry and topology [24, 19, 23, 63]. In addition, the careful analysis
of the Lorentz force, the electromagnetic force felt by each particle forming the
beam, leads to further insights in the behavior of the beams.

Clearly, once the geometry of the beam dynamics is the object of study,
the identification, classification and applications of symmetries becomes indis-
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pensable. We classify these symmetries into two main groups: the symmetries
arising from the properties of the Lorentz force and the symmetries arising from
the Hamiltonian time-evolution. The first category has more of a strict geomet-
ric flavor, while the second one has more dynamical aspects. We will elaborate
on both categories in the following sections.

The structure of the paper is as follows: first, we show that random differ-
ential equations can be regarded as deterministic equations with random initial
conditions. The deterministic part is a Hamiltonian system, describing motion
of charged particles in electromagnetic fields. The random initial conditions
van be regarded as the initial beam itself. This solution decomposition method
gives insight into various simulation-based design optimization problems for
randomly perturbed dynamical systems and suggests a hybrid Monte-Carlo-
deterministic numerical method that retains the maximum amount of efficiency
of the differential algebra-based mapping methods developed for weakly non-
linear deterministic systems. We illustrate the applications of the method with
a couple of examples from beam physics, namely the design optimization of
rare isotope accelerators and nonlinear dynamics in storage rings. Next, the
concept of a Taylor transfer map is introduced, along with symmetries arising
from the Lorentz force law, and implications for the transfer map and beam
physical system design and optimization. The following symmetries are de-
scribed: some elementary symmetries such as scaling with size and rigidity,
time independence, planar symmetries, rotational symmetries, and time rever-
sal symmetry. An especially significant symmetry is the symplectic symmetry.
We devote a section to its study, from the perspective of symplectic geometry
and topology. Implications are analyzed in the context of symplectic integra-
tors, symplectification of truncated order-by-order symplectic maps, and the
optimality of these techniques. Symplectic rigidity and flexibility phenomena
are explored from the point of view of group-action transitivity, symplectic ca-
pacities, embeddings and packings. Finally, we conclude with a brief summary.

2. Solution Decomposition of Stochastically Perturbed Weakly

Nonlinear Deterministic Systems

Random differential equations are ubiquitous in science and engineering, see
[64]. They arise as a means to model uncertainty in physical systems. In
the absence of random elements the system is deterministic. In real systems
noise is present, which can be modeled by piecewise smooth functions, and the
corresponding differential equations can be solved by the usual deterministic
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methods, see [42]. A mathematical idealization of the random processes leads
to the development of stochastic differential equations and their mathemati-
cal description based on stochastic flows of diffeomorphisms, see [43]. It was
shown that the support of the Brownian flows can be determined through the
deterministic flows associated with certain control functions, see [43]. A vari-
ety of numerical methods have been developed for both the deterministic [11]
and stochastic case, see [42, 52]. Also, it was realized that structure-preserving
algorithms perform better, see [59]. Specifically, if the underlying system is
Hamiltonian, symplectic methods are the methods of choice, see [34, 52]. If the
system is weakly nonlinear and/or is forced by small random perturbations,
perturbative methods work best, see [52]. In beam physics most systems are
weakly nonlinear with possibly small random perturbations “on top”. The de-
terministic part is Hamiltonian, or close to being Hamiltonian. The random
perturbations appear as uncertainties in the initial beam distribution, errors
in electromagnetic element placement and powering, beam-material scattering,
quantum fluctuations due to photon emission, and so on, see [9, 13].

In general, random differential equations can be organized into three cate-
gories: randomness arising from a random initial condition (quasi-deterministic),
from a random state-independent forcing (additive noise), or from random coef-
ficients (multiplicative noise). Of course, some combination of the above might
hold, as is the case in general in beam physics. It is shown below that the
most general random differential equation can be regarded as a random differ-
ential equation with the only source of randomness being the initial condition.
This formal statement allows to draw some conclusions regarding the design
optimization strategy of weakly nonlinear systems with small random pertur-
bations. Moreover, it suggests that a kind of hybrid Monte-Carlo-deterministic
simulation-based optimization might be an efficient method for such systems.
These statements are detailed below.

Assume the system is described by the following random differential equa-
tion:

d~z

dt
= ~f0 (~z, ~α, t) +

n
∑

l=1

~fl (~z, ~α, t) vl (t) , (1)

where ~z denotes the phase space variables, ~α the system parameters, ~f0 is the
deterministic part, and ~v (t) = (v1 (t) , ..., vn (t)) is a vector of smooth noise
processes with coefficients ~fl. In beam physics the independent variable t is
usually the arclength along the trajectory of a reference charged particle in
electromagnetic fields. Examples of system parameters are magnet locations
and strengths. The phase space is six dimensional, and ~z = (x, a, y, b, l, δ)
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usually consists of three pairs of canonically conjugate variables, see [8]. Often,
~f0 arises from a Hamiltonian H, ~f0 = J · ∇H, where

J =

(

0 I
−I 0

)

(2)

in block form, I being the 3 × 3 unit matrix. We assume that ~fl are weakly
nonlinear and ~v is small.

First, we analyze the deterministic part. If the random part can be ne-
glected, ~v = ~0, the deterministic part can be efficiently solved by differen-
tial algebraic (DA) methods, see [8]. DA is a well-established method, based
on computational differentiation, that allows the explicit determination of the
Taylor series of the solution. The solutions can be obtained as functional rela-
tionships between initial and final conditions of variable order. Orders between
10 and 20 are not unusual in beam physics. The numerical accuracy of the high
order derivatives necessary for the implementation of the method is guaranteed.
For more information see [8]. Denote the solution of the deterministic part by
ϕd,t. Then, the DA method allows to obtain the arbitrary order Taylor series
approximation ϕT,t explicitly. The high approximation order implies small lo-
cal error. Moreover, if the underlying system is Hamiltonian, the approximate
solution will be symplectic through expansion terms of the same order. This
guarantees good long time behavior under the iteration of the map for periodic
Hamiltonian systems, see [23].

At this point we allow the first source of randomness, the initial condition.
Hence, the deterministic equation becomes quasi-deterministic. It is well-known
that the solution in this case is basically the same as in the deterministic case
if the initial condition is replaced by a random vector, see [64]. The statistical
properties of the solution can be determined by the properties of the initial
random vector, namely the joint density function ρ transforms according to

ρ (~z, t) = | Jac
(

ϕ−1
d,t (~z)

)

|ρ0

(

ϕ−1
d,t (~z)

)

. (3)

If the initial statistical properties are known analytically, the final also can be
explicitly obtained in DA, since it allows explicit inversion of the solution [8].
Unfortunately, this is not the case in practice. The uncertainty in initial condi-
tions comes from the fact that beam physics deals with ensembles of particles,
which occupy a certain volume in phase space, the so-called emittance. Often,
even the emittance itself is uncertain, i.e. there are uncertainties in the density
function of initial conditions. Therefore, in practice the method of sample paths
is employed, by tracing out a large number of trajectories with initial conditions
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contained in a volume in phase space that is an estimate of the volume occupied
by the real physical beam. This is where the above-described DA method is
very efficient, by allowing fast and accurate tracking of particle trajectories, see
[44].

Now we are ready to discuss other sources of randomness. If the coefficients
of the differential equations are random but constant in time, the situation de-
scribed in the previous paragraph can be recovered by rewriting the differential
equation in terms of a new, expanded variable vector. If the random coefficients
are denoted by ~r , we introduce ~Z = (~z,~r), and the differential equation (1) in
terms of ~Z becomes a differential equation with random initial conditions. In
the DA framework this has been implemented under the name of “maps with
knobs”. Examples in beam physics are static placement errors of magnets and
uncalibrated power supplies. For more details, we refer the reader to [44].

In case the randomness is time-dependent, additive and/or multiplicative,
the pervious case can be recovered again, at least formally. To see this, for ease
of notation the deterministic part of the vector field in (1) is denoted by X and
the purely random part by Y. The differential equation (1) then can be written
as

dϕt

dt
= (X + Y ) ◦ ϕt, (4)

where ϕt is the solution of the full equation, ϕt

(

~Z0

)

= ~Z (t), ϕ0 = I; I being

the identity map. Also, let us denote by ϕd,t and ϕr,t the solutions of

dϕd,t

dt
= X ◦ ϕd,t, (5)

dϕr,t

dt
= Y ◦ ϕr,t. (6)

Assume that the solution ϕt can be decomposed into ϕt = ϕ1,t ◦ ϕ2,t with
unknown factors at this point. Differentiating, we obtain

dϕt

dt
=

d

dt
(ϕ1,t ◦ ϕ2,t) (7)

=
dϕ1,t

dt
◦ ϕ2,t + dϕ1,t ◦ ϕ2,t ·

dϕ2,t

dt
. (8)

Therefore,

(X + Y ) ◦ ϕt (9)

= V1 ◦ (ϕ1,t ◦ ϕ2,t) + dϕ1,t ◦ ϕ2,t · V2 ◦ ϕ2,t (10)

= V1 ◦ (ϕ1,t ◦ ϕ2,t) + (dϕ1,t · V2) ◦ ϕ2,t (11)



SYMMETRIES AND THEIR APPLICATIONS IN... 307

= V1 ◦ (ϕ1,t ◦ ϕ2,t) +
(

dϕ1,t · V2 ◦ ϕ−1
1,t

)

◦ (ϕ1,t ◦ ϕ2,t) (12)

= (V1 + ϕ1,t∗V2) ◦ (ϕ1,t ◦ ϕ2,t) , (13)

where V1 and V2 are the vector fields associated to ϕ1,t and ϕ2,t respectively,
and ϕ1,t∗V2 is the push-forward of V2 by ϕ1,t. Hence, if we identify V1 with X,
we obtain the following solution decomposition

ϕt = ϕd,t ◦ ϕr̄,t, (14)

where ϕr̄,t is the flow associated to the pullback of Y by ϕd,t, ϕ∗
d,tY = dϕ−1

d,t ·Y ◦
ϕd,t. Notice that ϕr̄,t is not equal to ϕr,t, but they are related. If the solution

ϕt is applied to some random initial conditions ~Z0, one can regard the purely

random solution ϕr̄,t

(

~Z0

)

as the random initial condition for the deterministic

part ϕd,t. Therefore, we showed that the most general random differential
equation can be regarded as a deterministic one with random initial conditions.

This result is important in at least three different aspects. First, it gives a
prescription on how to minimize the effects of random perturbations, which in
most cases are unwanted and one has little or no control over Y. The general
idea is to minimize ϕ∗

d,tY for given Y. Optimization is done on the free system
parameters ~α. For example, the influence of additive noise will be minimized if
the volume expansion rate of the deterministic part is maximized. If Y acts only
on some degrees of freedom, it might be possible to minimize the appropriate
entries in the inverse of the Jacobian of the deterministic flow. Clearly, not
much more can be said for this general case.

Second, if the random perturbations are small (Y close to 0 in some sense)
and the uncertainty is dominated by the random initial conditions ~Z0, this result
shows that the design optimization may proceed with the deterministic part
only. This is typically the case for many systems in beam physics. Optimizing
the deterministic part will guarantee the optimization of the full system but
faster, because the CPU time needed in this case is much reduced and the
efficiency of DA methods can be retained. One can think of this situation
in two different, but equivalent, ways: we have a system in which an initial
distribution is evolving in time under the combined effect of deterministic and
random forces, or a slightly different initial distribution evolving in time under
deterministic forces only. The difference between the distributions is small if the
random forces are small. A system designed to perform well under uncertainties
in the initial distribution needs optimization of the deterministic part only.

Third, if the model of the system is complex, with elements other than dif-
ferential equations, simulation-based design is an attractive choice. If in this
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case one needs the direct computation of trajectories, the random differential
equations need to be solved numerically. As previously mentioned, there are
many numerical methods for stochastic differential equations. For direct com-
putation of trajectories strong methods are needed, see [42, 52]. In this case
most of the advantages of the DA methods are lost. However, using the solu-
tion decomposition method (14) one can solve the problem by splitting it into
two parts: use DA to compute ϕd,t and simultaneously use a weak method to
calculate ϕr̄,t. The solution is obtained by applying ϕd,t using DA methods to

samples from ϕr̄,t

(

~Z0

)

. The weak method is much faster and simpler than

the strong method and it is enough to estimate the statistical properties of the
initial distribution, [42, 52], and the efficiency of the DA methods is retained.
Overall, the method is more efficient than solution by strong methods.

As applications we consider two examples from beam physics, namely the
design of rare isotope accelerators [53] and the long-term simulation of the
nonlinear beam dynamics in storage rings, see [27]. Rare isotope accelerators
are systems for production of short-lived nuclei that are of interest in nuclear
physics and a variety of other applications, see [58]. The main random ef-
fects are due to localized beam-material interactions. Examples are stripping
foils (used to increase the charge state of certain heavy ions), targets (used
to produce exotic nuclei), energy degraders (used to separate isotopes and to
monochromatize a beam), and gas cells (used to stop a beam of rare isotopes).
In these interactions both continuous (angular and energy straggling) and dis-
crete (charge state changing) random effects are taking place. During the short
time it takes for these random effects to take place the deterministic part is
practically constant in time.

The purpose of the stripping foil is to change the charge state. The effects
of the straggling needs to be minimized, see [54]. This is an example where
some components of Y are zero. For illustration purposes consider the two-
dimensional case (x, a) , where Y = (0, σa) ξ (tr) , ξ (t) being the Dirac delta
function, is an additive noise. Also, to a good approximation the deterministic
part is Hamiltonian, hence dϕ−1

d,t is a symplectic matrix, therefore dϕ−1
d,t =

−J ·dϕT
d,t ·J , where T denotes the matrix transpose. In the linear approximation

denote the transfer matrix (standard beam physics notation, see [8])

dϕd,tr =

(

(x|x) (x|a)
(a|x) (a|a)

)

, (15)

where tr is the time the beam reaches the foil. It follows that

dϕ−1
d,tr

=

(

(a|a) − (x|a)
− (a|x) (x|x)

)

, (16)
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and

ϕ∗
d,trY =

(

− (x|a)
(x|x)

)

σaξ (tr) , (17)

so we obtain for any t > tr

ϕr̄,t = I+

(

− (x|a)
(x|x)

)

σa. (18)

To minimize the influence of random effects for a given diffusion σa one needs
to minimize (x|a) and (x|x) at the location of the stripping foil. Since the
transfer matrix is symplectic, it has determinant one, so it is not possible to
cancel both matrix elements simultaneously. One can cancel one or the other,
or minimize some norm of the first row in (15). Which strategy one adopts
depends on the statistical properties of the initial conditions ~Z0. For example,
if ~Z0 represents a large almost parallel beam, and the goal is to minimize the
increase of the volume occupied by the beam (the emittance growth) it is better
to have (x|x) = 0, that is the deterministic system should be parallel-to-point at
the location of the stripping foil. If the source for ~Z0 is a point-like source with
a range of transverse momenta a, it is best if (x|a) = 0, that is the deterministic
part is imaging at the location of the foil. Both cases imply that the beam size
at the location of the foil is minimized. It is more difficult to see, but the
same conclusion holds in the six-dimensional case, when the deterministic part
is nonlinear, and the noise may be multiplicative.

Fragment separators are a crucial part of some exotic beam facilities. Sep-
arators are used to collect, separate, and transport in identifiable form selected
isotopes from the production site to the experimental areas [25]. The separation
requires the use of profiled energy degraders [30]. In this case, the deterministic
part is not Hamiltonian anymore due to the energy-loss process, but the map
can still be calculated by DA methods. One of the most important properties
of such a device are the mass and charge resolving powers. The question is if
one can achieve a better resolving power by optimizing the system including
the stochastic effects in the energy degrader. Based on (14) we can see that
a resolving power for a given initial distribution in the absence of the random
effects in the degrader is the same as the resolving power for a slightly smaller
initial distribution in the presence of random effects in the degrader. In other
words, the reduced resolving power due to random effects in practice is indis-
tinguishable from uncertainties in the initial beam emittance. Therefore, the
deterministic resolving power for a given initial distribution is the main quan-
tity that needs to be optimized. This observation allows us to use the efficient
DA-based optimizers and reduce the amount of time needed for the design of



310 B. Erdelyi

the system [25]. After this optimization some freedom might still be available
in the system parameters in order to reduce the effect of random processes ac-
cording to the method described in the preceding paragraph. In any case, the
resolving power is always bounded from the above by the resolving power of
the deterministic system.

It is more complicated to design the system in the presence of nuclear pro-
cesses taking place in the regions of material mentioned above. Particles might
fragment, fission, hit a vacuum tube, get stopped by a slit, etc. This requires
the accurate simulation of a huge number of sample paths. Simulation-based
optimization is employed to maximize transmission and separation purity of the
selected isotope. This is a good example for the application of a simulation-
based design of a system in which one can combine weak methods with DA
methods in a hybrid Monte-Carlo-deterministic-map code [2, 22, 3, 4, 5, 20].

The last example is related to the long-term tracking of noisy, periodic,
weakly nonlinear Hamiltonian systems [61, 55]. In the absence of noise, one
can compute the deterministic map for one period and iterate the map. It
was shown how to do that efficiently and accurately using DA methods in [23].
Therefore, if ϕd is the map for one period, the scope of the simulation is to
estimate ϕN

d = ϕd ◦ϕd ◦ . . . ϕd (N times) for some large N . If the Hamiltonian
system is perturbed by noise, using the solution decomposition equation (14)
the simulation can be replaced by ϕd ◦ϕr ◦ϕd ◦ϕr ◦ . . . ϕd ◦ϕr, for some random
map ϕr that can be estimated using a fast weak method, while the iteration of
the deterministic part still can be done by the unaltered DA method. Note that
formally this also can be rewritten as the deterministic map ϕN

d with random
initial conditions.

In summary, we showed that the most general random differential equation
can be regarded as a deterministic differential equation with random initial
conditions. This solution decomposition method allows to draw some useful
conclusions regarding strategies to minimize influence of noise on the dynamics.
It also implies that in many cases the design optimization of dynamical systems
with small noise may proceed without random effects with near-optimal results.
Moreover, for simulation-based design of weakly nonlinear systems it suggests a
hybrid method that retains the efficiency of the differential algebra-based map-
ping methods developed for the deterministic case. For illustration purposes,
we presented a few examples from beam physics.
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3. Symmetries of the Transfer Map Stemming from

the Lorentz Force

In this section, we assume that we already computed the Taylor transfer map
of the system. Symmetries involved in the map, stemming from the Lorentz
force law will be reviewed and detailed. Any subpart of the system, or the
system as a whole, can be represented by a transfer map M, which, if applied
to some initial conditions, gives the final conditions. If the initial conditions
are represented by the vector of canonically conjugate (symplectic) variables
~z = (x, a, y, b, l, δ), then

~zf = M (~zi) . (19)

In ~z typically the x and y are denoting the horizontal and vertical positions
of a particle, a and b are the dimensionless scaled momenta, δ is the relative
energy dispersion, and l is the time of flight difference of the particle relative
to the reference particle up to a scaling factor. The map M can be Taylor
expanded with respect to the trajectory of a reference particle and represented
in the form (see [8])

zm,f =
6
∑

j=1

zj,i{(zm,f | zj) +
1

2

6
∑

k=1

zk,i{(zm,f | zjzk)

+
1

3!

6
∑

l=1

zl,i{(zm,f | zjzkzl) + ...}}}. (20)

The coefficients (zm|zj) are the elements of the (first order) transfer map, while
(zm|zjzk) , (zm|zjzkzl) are the aberration coefficients (appearing at second and
higher orders in the transfer map). The symmetries applied to the system, as
described next, have the effect of constraining the various coefficients. Often,
these constraints cancel many aberrations.

3.1. Elementary Symmetries

The Lorentz force is given by

~F =
d~p

dt
=

d (γm~v)

dt
= q

(

~E + ~v × ~B
)

, (21)

where ~v is the particle velocity, q its charge, m its mass, γ is the relativistic
factor, and ~E and ~B are the electric and magnetic fields, respectively. The
fields are position-dependent functions in general. There are several elementary
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symmetries incorporated in this equation: for example, if the sign of the charge
is changed simultaneously with the signs of the fields, the force stays the same.
If a charged particle is moving in a magnetic field, it follows that its antiparticle
will move in opposite direction along the same trajectory in the same magnetic
field.

Geometric scaling (see [38]) allows the scaling of the trajectories of charged
particles based on the scaling of the fields with the size of the devices gener-
ating the fields and it is also based on the following observation regarding the
Lorentz force: if the trajectory (~r (t) , ~p (t)) satisfies (21), then the trajectory
(

~R (t) , ~P (t)
)

= (α~r (t/α) , ~p (t/α)) satisfies a modified Lorentz equation

d~P (t)

dt
= q

(

1

α
~E
(

~R/α
)

+
d~R

dt
× 1

α
~B
(

~R/α
)

)

. (22)

If the independent variable is changed to arclength s, as is customary in
beam physics, we obtain

v
d~p

ds
= q

(

~E + v × ~B
)

, (23)

and by defining magnetic and electric rigidities as

χm =
p

q
, (24)

χe =
pv

q
, (25)

we obtain the rigidity scaling law, valid for electric and magnetic fields sep-
arately: the trajectory of a particle is unchanged if a scaling with magnetic
(electric) rigidity occurs simultaneously with a corresponding scaling of the
strengths of the magnetic (electric) fields by the same magnitude. For some
other elementary symmetries and of the fields themselves see, see [21, 18].

Symmetries of the Lorentz force and the fields appearing in the force law
have effects on the explicit form of the Taylor map. More specifically, the effect
of the symmetries arise as constraints on some map elements. The symmetries
may constrain some map elements to vanish, some to become 1, and yet some
others to cease to be independent, linking various map elements together by
sometimes complicated functional relationships. Next, we present some sym-
metries falling in this category.
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3.2. Time-Independence Symmetry

If no fields are explicitly time-dependent in the system the total (sum of kinetic
and potential) energy is conserved. Of course, if the system is purely magnetic
then the kinetic energy is conserved. This condition results in the following
simplifications (see [8]):

(...|...lil ...) = 0, il > 0, except (l|l) = 1, (26)

(δ|...) = 0, except (δ|δ) = 1.

3.3. Mid-Plane and Double Mid-Plane Symmetries

If it is a constraint of the layout considered that all elements have y = 0 as
a geometric symmetry plane, the motion above and below that plane must be
identical. This cancels half of the aberrations, namely (see [8]):

(x | xixaiayiybib lilδiδ ) = 0, if iy + ib is odd, (27)

(a | xixaiayiybib lilδiδ ) = 0, if iy + ib is odd,

(y | xixaiayiybib lilδiδ ) = 0, if iy + ib is even,

(b | xixaiayiybib lilδiδ ) = 0, if iy + ib is even,

(l | xixaiayiybiblilδiδ ) = 0, if iy + ib is odd,

(δ | xixaiayiybib lilδiδ ) = 0, if iy + ib is odd.

This entails canceling approximately half of the map elements of a general
system. If, in addition, the system has also x = 0 as a symmetry plane, even
more map elements vanish:

(x | xixaiayiybib lilδiδ ) = 0, if iy + ib is odd or ix + ia even, (28)

(a | xixaiayiybib lilδiδ ) = 0, if iy + ib is odd or ix + ia even,

(y | xixaiayiybib lilδiδ ) = 0, if iy + ib is even or ix + ia odd,

(b | xixaiayiybiblilδiδ ) = 0, if iy + ib is even or ix + ia odd,

(l | xixaiayiybiblilδiδ ) = 0, if iy + ib is odd or ix + ia even,

(δ | xixaiayiybib lilδiδ ) = 0, if iy + ib is odd or ix + ia even.

Only one quarter of the original map elements remain non-zero. Mid-plane
symmetry is typical in most of the practical beam physics devices. Some sub-
systems often have double midplane symmetries; the quadrupole is an example.
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In fact, planar symmetries are special cases of rotational symmetries, discussed
next.

3.4. Rotational Symmetries

Rotational symmetries come in two flavors: symmetries with respect to discrete
rotations (the planar symmetries above being special cases of) and continuous
rotational symmetry. Both can be expressed by the invariance relationship

M◦R (θ) = R (θ) ◦M, (29)

where R (θ) denotes the linear operator for a rotation by an angle θ. Con-
tinuous rotations satisfy the relation for any angle θ, while discrete rotations
only for certain discrete values of θ. Examples for the former are solenoids and
round electrostatic lenses (so-called Einzel lenses), for the latter are 2k−poles
(quadrupoles, sextupoles, octupoles, decapoles, etc.). The derivation of the
constraints stemming from (29) are best done using complex variables, and it
is beyond the scope of this paper. We refer the reader to [8] for more details.
It is worth mentioning that rotational symmetry allows to constrain many map
elements to zero; in fact, it can be shown that the transfer map of a 2k−pole is
a field-free drift up to order k − 2, the first geometric aberrations appearing at
order k−1, and first chromatic aberrations at order k. This crucial observation
allows an order-by-order correction of aberrations in charged particle beam op-
tics, contrary to light optics. On the other hand, light optics has continuous
rotational symmetry, while in beam optics the order-by-order aberration correc-
tion needs to proceed in the two transverse planes to the propagation direction
independently.

3.5. Mirror Symmetry

Basic mechanical systems, including charged particles in electromagnetic fields,
possess the so-called time reversal symmetry [39]. It means that if an initial
configuration of such a system evolves forward in time to a final configuration,
then the time-reversed final configuration evolves backward in time towards the
time-reversed initial configuration. Time-reversed configuration means switch-
ing the direction of the motion and the sign of the time. Hence, if ~zf = M (~zi),
Mr is the map of the reversed system (the same elements traversed in op-
posite order), and we define the time-reversal operator by R (x, a, y, b, l, δ) =
(x,−a, y,−b,−l, δ), we obtain Mr (R (~zf )) = R (~zi), or, since ~zi is arbitrary
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and R−1 = R,
Mr = R ◦M−1 ◦ R. (30)

This general formula offers a convenient way to compute the map of the reversed
system, if one has a method of explicitly computing the inverse of a transfer
map. Indeed, such a method exists by using differential algebraic techniques
[8], and is available in codes such as COSY Infinity, see [44]. The algorithm
is based on a fixed point iteration that converges to the exact result in finitely
many steps. While much more memory and time consuming than the numer-
ical method, the algorithm can be easily implemented in a symbolic algebra
computational tool like Mathematica. Reasonable memory requirements and
running time restricts its practical use to low orders.

Equation (30) implies that if a system is mirror symmetric about some
transverse section, the reversed system’s map must be the same as the forward
system’s map, which entails that

M◦R ◦M = R. (31)

This relation also contains many restrictions. Up to second order these rela-
tions can be found in [25]. Due to these relations, the aberrations of a mirror
symmetric system cannot take arbitrary values.

3.6. Symplectic Symmetry

Strictly speaking, this symmetry is the main topic of the next section. However,
it is useful to list it here, together with the other symmetries in order to have
a contiguous list of all of them. Symplectic symmetry, its consequences and
applications are detailed in the next section.

All Hamiltonian systems, including charged particles in electromagnetic
fields, obey this dynamical symmetry of fundamental importance. If we denote
the Jacobian of the transfer map of any section of the system by M = Jac (M),
the mathematical expression of the symplectic symmetry is [8]

MT JM = J, (32)

where T denotes the transpose of a matrix, and J is a 2n × 2n matrix with
block form

J =

(

0 I
−I 0

)

, (33)

I being the n × n unit matrix. This relation imposes many interdependencies
among the map elements. A set of such relations can be derived order-by-order.
It has been done up to second order in [67] and up to third order in [25].
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In summary, we have shown that symmetries provide a powerful tool in the
conceptual design of charged particle optical devices. We derived many rela-
tionships of general interest stemming from various symmetries, which proved
useful for generic optical design [25, 21].

4. Symplectic Geometry and Topology and Beam Physics

Symmetries

The symplectic symmetry (32) restricts the evolution possibilities of a system.
Therefore, it plays a fundamental role in the nonlinear dynamics of Hamiltonian
systems, hence motion of charged particle beams in electromagnetic fields. It is
a very strong condition: every Hamiltonian system’s flow consists of symplectic
maps. Conversely, if a dynamical system has a flow consisting of symplectic
maps, then it must be Hamiltonian. While it is still not fully known what
the various constraints entail for practical systems, it seems prudent to try to
preserve it during numerical explorations of beam dynamical systems. This
is especially true for the long-term stability of orbits in large circular particle
accelerators, called storage rings, such as the Large Hadron Collider. The topic
of preservation of the symplectic condition in numerical computations is in the
realm of geometric numerical integration, see [34]. From another point of view,
we would also like to know the limits of beam formation, transport, manipu-
lation, etc. during the beam’s evolution in time. These generic rigidity and
flexibility phenomena due to symplecticity are the subject of study of symplec-
tic geometry and topology [37, 47]. In the following we expand on these two
topics: symplectic integration and symplectic rigidity.

4.1. Preservation of the Symplectic Condition in Numerical

Computations: Symplectic Integration and Symplectification

For a better understanding of the magnitude of the problems related to the
long term behavior of charged particle beams in particle accelerators there is
the example of the Large Hadron Collider (LHC) at CERN in Switzerland.
The accelerator will accelerate two counter-rotating beams of protons to 7 TeV
(= 7 × 1012 eV) and collide them. At these energies the protons have practi-
cally attained the speed of light. The collider ring is an underground circle with
a circumference of roughly 27 km. It contains around ten thousand elements
(bending magnets, focusing magnets, correction magnets, radiofrequency cavi-
ties, etc.) that interact nonlinearly with the protons (each element having its
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own weakly nonlinear Hamiltonian). For a typical experiment, to maximize effi-
ciency, the protons in the ring are kept colliding for many hours. The size of the
beams is of the order of micrometers. A short calculation then shows that the
protons make billions of turns around the ring interacting nonlinearly with all
elements in each turn. Therefore, we would like to simulate the trajectory of a
proton having ≈ 1013 nonlinear interactions! Moreover, a proton beam contains
≈ 1011 particles/bunch and thousands of bunches; and there are two beams!
As illustrated by the LHC example, in the realm of beam physics integrators
are needed for very long time integrations. To obtain accurate solutions, this
can be achieved with very high order symplectic integrators. Combined with
the fact that the realistic Hamiltonians of charged particles in electromagnetic
fields cannot be split into a sum without violating Maxwell’s equations it poses
a difficult problem that has a long history. For a historical overview and review
of the field we refer the reader to [27].

Symplectic geometry underwent tremendous progress over the last few deca-
des and now provides a mature framework for attacking several problems in
symplectic integration and other topics related to the dynamics of Hamiltonian
systems. Here, we consider in particular the theory of the methods based on
generating functions, which are due to work started by Siegel, Moser, and es-
pecially Weinstein [66] on the more formal aspects, and more recently by Feng
[26], who emphasized the algorithmic aspects of the theory. Previously, we
combined these two approaches and generalized Feng’s methods to the more
formal framework of Weinstein [19]. Among other things, this theory proves
that there are infinitely many types of generating functions associated with
any given symplectic map, and there is a Hamilton-Jacobi equation for each
type. This is in contrast with the traditional view of most physics textbooks,
where the impression is that only four types (so-called Goldstein types) ex-
ist [31]. In fact, using methods of symplectic geometry it can be shown that
both symplectic maps and functions can be viewed as some geometric objects
called Lagrangian submanifolds. These objects can be identified by conformal
symplectic maps under some conditions. To this end, the generating function
is the function determining the appropriate Lagrangian submanifold, and the
conformal symplectic map the identification depends on gives the type of the
generating function. Since the space of conformal symplectic maps is infinite
dimensional, it follows that there are infinitely many different types of generat-
ing function that can be used to represent (at least locally) a given symplectic
map. For more details see reference [19]. In the language of geometric integra-
tion this fact leads to the existence of infinitely many symplectic integration
algorithms based on generating functions. Indeed, the symplectic integration
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methods based on numerical solution of the corresponding Hamilton-Jacobi
equations are of this type. This has been shown in [26, 12, 29, 51] for example.

However, these methods have not gained widespread recognition. On one
hand, they are implicit, so in general less efficient than explicit methods [49].
On the other hand, for high accuracy they require high order derivatives of the
Hamiltonian, which are often expensive to evaluate and riddled with numerical
errors [49]. Consequently, the advantages of the different types of generat-
ing functions for given integration problems were not known, and neither were
the advantages/disadvantages of having extra/not having derivative informa-
tion. To some extent this problem was solved through systematic studies of
a procedure called symplectification [23], described in more detail in the next
paragraph. At this point, it should be emphasized that this solution was pos-
sible due to a mathematical construct called differential algebra (DA) [8], an
augmentation of the well-known techniques of automatic differentiation [56]. By
extending it to computation of high order derivatives of multivariable functions,
and introducing a derivative operator (and its inverse, the anti-derivative), the
computational differentiation procedure becomes a differential algebra. DA
techniques are now a mature subject, and have found widespread application
in beam and accelerator physics. More details are contained in reference, see
[8].

Let us now turn our attention to our area of application, namely particle
accelerators. It is interesting to note that the spark that created the new field
of geometric numerical integration originated in accelerator physics [34], and a
recent review of the field and its history is contained in reference [27]. The defin-
ing characteristics of the applications of symplectic methods in this area are:
the Hamiltonian is a complicated function, in many cases it is time-periodic,
and for the realistic electromagnetic fields that exist in particle accelerators it
is not splittable. Quite possibly it is the most complicated Hamiltonian of great
practical importance. This opens two avenues for symplectic methods in the
study of long term dynamics of charged particles in particle accelerators: a long
time-step method in which the time-step is one turn around the accelerator (one
period) and a short time-step method in which the time-step is one magnet or
piece of an electromagnetic element. Fortunately, in most cases the dynamics
are weakly nonlinear, so a high order method has a good chance of success even
for a long time step. In this case, the long term behavior is obtained simply by
iterating the symplectic map for one period, the so-called one-turn map. The
only problem to solve in this respect is to obtain the symplectic one-turn map.
This is achieved by the so-called symplectification method. To this end, any
good integrator (where “good” means that over the region of interest the inte-
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grator produces exact results up to machine precision for one turn, which is a
short time) combined with differential algebraic methods allows the extraction
of the truncated one-turn Taylor map, which in turn allows the computation
of the truncated generating function, which in turn can be used for the iter-
ation of an exactly symplectic map that approximates the true one-turn map
of the accelerator. This has been demonstrated in the code COSY Infinity,
see [44]. However, due to the fact that this symplectification can be done in
infinitely many ways due to the existence of infinitely many different types of
generating functions, the results are not unique. Utilizing tools of symplectic
topology (Hofer’s metric specifically, a bi-invariant metric on the space of com-
pactly supported Hamiltonian symplectic maps) we proved how to optimally
approximate a symplectic map (the true, unknown one-turn map) by another
symplectic map (computable, close to the true map) by choosing the appropri-
ate type of generating function [23]. This strategy gave excellent results for the
particle accelerators studied [18, 63].

However, there are cases where this strategy is not applicable. For exam-
ple, if the Hamiltonian is no longer periodic, as for example in the case where
self-consistent space charge or beam-beam effects have to be taken into account
[62]; also, if the particle accelerator is too nonlinear to represent it by a full
turn with a single step. In these cases the symplectification method described
above might not give sufficiently accurate results over the region of interest.
The solution in this case is to revert to the Hamilton-Jacobi equation and use a
shorter time step, i.e. symplectic integration in the traditional sense. The whole
machinery developed for the symplectification algorithm can be transposed into
this setting. The only difference is to use computational differentiation in order
to obtain a high order Taylor series approximation of the generating function
directly from the Hamiltonian instead of from the truncated one-turn Taylor
map. This method is the only high-performance solution for the non-splittable
realistic Hamiltonians of particle accelerators, and they are interesting in their
own right, as for example for studies of the advantages of certain types of gener-
ating functions. Also, it is worthwhile mentioning that since we are interested in
high order methods, efficiency might be better than even the explicit methods
for separable Hamiltonians since the generating function methods do not suffer
from combinatorial explosion as some explicit methods do, see [48]. Moreover,
the symplectic integration method based on generating function deserves atten-
tion regardless of the specific applications in mind, such as the relative benefits
of using certain types of generating functions.

We note that symplectic integration of general Hamiltonian systems is pos-
sible by symplectic Runge-Kutta (SRK) methods too. Aside from possible
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efficiency issues, fundamentally they are equivalent with the proposed methods
since it is known that SRK methods can be represented by generating functions.
Moreover, for high order methods and very long time integrations SRK methods
are sensitive to truncation of the SRK coefficients since the methods are not
exactly symplectic for machine precision numbers [35]. In contrast, generating
function methods are exactly symplectic even if approximate generating func-
tions are used. Also, due to utilization of computational differentiation there is
no truncation error in the high order derivatives needed, which should improve
accuracy.

4.2. Symplectic Rigidity and Flexibility

The utility of symplectic integration and symplectification described in the pre-
ceding sections are based on the fact that exploration of the properties of beam
physical systems are often relying on particle codes, i.e. N-body simulations
(with or without the mutual interactions taken into account). Another, com-
plementary, approach is the so-called beam envelope method [57]. Here, instead
of particles, a differential equation is solved directly for the envelope of a beam.
However, the emittance of the beam appears in the equations, which is not
known a priori, rendering the beam envelope approach not rigorously closed.
The emittances are defined statistically. There are many slightly different def-
initions, but for illustration purposes consider a 1D beam with described by
canonically conjugate variables (xi, pi) , i = 1, N. Its rms emittance is defined

as ε =
(〈

x2
〉 〈

p2
〉

− 〈xp〉
)1/2

. It can be shown that if the beam undergoes a
linear symplectic transformation, its emittance stays the same. However, un-
der nonlinear symplectic transformations, it will change. There are at least two
important questions that arise: are there other quantities that are invariant
with respect to arbitrary (nonlinear) symplectic transformations? If the an-
swer is yes, then what kind of shapes correspond to these invariants, and how
can one achieve prescribed shapes in practice? Answering these questions will
go a long way towards establishing limits of beam formations, transport and
manipulation required by many practical applications. The answer to the first
question is a resounding yes. The corresponding quantities are called symplec-
tic capacities, and will be discussed below. The answer to the second question
is not fully known yet. Next we describe why it is a very difficult question to
answer.

We can think of beams in two ways: a collection of large but finite number
of particles, or a region of phase space, as for example the convex hull of the
particle set. Let us turn our attention to the particle description first. An
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important result is that every symplectic map can be approximated by the
iteration of a simple polynomial Henon-like map (see [65]):

Theorem 1. Let U be a ball in R
2n, and let F be a Cr-smooth symplectic

diffeomorphism U → R
2n. Then, for any compact set C ⊂ U and for any ε > 0

there exists a polynomial V : R
n → R, a constant vector η ∈ R

n and an integer
N > 0 such that the 4N -th iteration of the symplectic map f : (x, y) → (x̄, ȳ),
where x̄ = y + η, ȳ = −x+∇V (y), (x ∈ R

n, y ∈ R
n), approximates F with the

accuracy ε in the Cr-topology.

Also, the following theorem holds for any of the groups G ={(Hamiltonian)
symplectomorphisms with compact support, real analytic (Hamiltonian) sym-
plectomorphisms, polynomial symplectomorphisms} (see [50, 40]):

Theorem 2. For any two ordered sets {xi} and {yi} of distinct points in
R

2n there is an element g ∈ G of the group G such that g (xi) = yi, i = 1, k.,
where k is any integer. We say that G acts k-transitively on R

2n.

These two powerful theorems together paint a very flexible picture of particle-
based symplectic phenomena in beam physics: all robust symplectic phenomena
can be explored by iterations of simple Henon-like polynomial maps and we can
do (almost) anything with any beam. On the other hand, this seems to be in
contradiction with the well-known fact that symplectic maps are volume pre-
serving. In fact there is no contradiction at all; no matter how large N is, a
set of N points (particles) have vanishing volume. Nevertheless, it is notewor-
thy that particle-based simulations therefore might generate unphysical results.
With this statement we now switch viewpoints and consider the beam as a re-
gion in phase space, with some smooth distribution function. Since symplectic
maps preserve volume, clearly an initial beam of some fixed volume cannot be
mapped into a beam with a smaller volume. Also, convexity is not a symplectic
invariant. Therefore, one way to formalize the discussion is to start with a
convex beam and find its unique ellipsoid of minimal phase space volume that
includes the beam (the so-called Loewner-John ellipsoid, see [1]). Transport
the beam by a symplectic map. Find the convex hull of the resulting beam
and find its own Loewner-John ellipsoid. Then, we can talk about (symplectic)
embeddings of ellipsoids into ellipsoids. It is known that (see [60]):

Theorem 3. Let U and V be open subsets of R
2n. The set U embeds

into V by a smooth volume preserving embedding if and only if the volume of
U is less or equal than the volume of V .

Hence, volume preserving embeddings are quite flexible too. The question
is that if symplectic maps can be approximated by volume preserving maps.
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The answer is yes, if approximation is meant in measure, and the answer is no
if approximation is meant in the C0 topology! The measure-wise approximation
is due to Katok (see [41]):

Theorem 4. Given two open subset U and V of R
2n of equal volume, for

any ε > 0 there is a symplectic embedding ϕ of U into R
2n such that the volume

of the image ϕ (U) that is not in V is less than ε, i.e. vol (ϕ (U) \ V ) < ε.

Therefore, an arbitrarily large fraction of the volume of an ellipsoid rep-
resenting an initial beam can be mapped into any other ellipsoid of the same
volume. Hence, there is great flexibility from this point of view too. Neverthe-
less, what happens to the remaining measure zero set that does not fit into this
description? That’s where symplectic rigidity enters the picture, and this was
not known until 1985, see [32]! At that time Gromov established that:

Theorem 5. For n ≥ 2, the ball B2n (r) embeds symplectically into the
cylinder Z2n (R) if and only if R ≥ r.

The cylinder is defined as all points of R
2n that satisfy x2+p2

x ≤ R2. Clearly,
for n = 2 symplectic maps coincide with volume-preserving maps, so the lowest
order symplectic rigidity appears in 4D, where the ball has finite volume, while
the cylinder has infinite volume. The conclusion is that symplectic rigidity is
sensitive to measure-0 effects. The full spectrum of the manifestation of various
rigidity phenomena in symplectic geometry and topology is currently not avail-
able, but it is the subject of vigorous current research efforts. Quantitatively,
the aforementioned symplectic capacities are the methods of choice to study
the rigidity phenomena by looking for embedding obstructions.

Capacities for open subsets of R
2n equipped with the standard symplectic

structure ω are formally defined as:

Definition 6. A symplectic capacity is a map c : U → [0,∞] such that

• (Conformality) c (U, rω) = rc (U,ω) for r > 0;

• (Monotonicity) c (U) ≤ c (V ) if there exists a symplectic embedding U →֒
V ;

• (Non-Triviality) 0 < c (B) and c (Z) < ∞.

This axiomatic definition hides several specific capacities discovered over
the last couple of decades. For a survey, see [14]. The important point for us
is that symplectic capacities are symplectic invariants: if two open subsets are
symplectomorphic, then they have the same capacity. In some sense capacities
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can be viewed as generalizations of, and a potentially much more useful con-
cept for, the emittance concept described above. In view of our discussion of
ellipsoids, it is fortunate to have the so-called Ekeland-Hofer (EH) capacities
that offer a unique determination of ellipsoids, see [14]. The ellipsoid is defined
as

E (a1, a2, . . . , an) =

{

z ∈ C
n| |z1|2

a1

+
|z2|2
a2

+ · · · + |zn|2
an

< 1

}

(34)

for 0 < a1 ≤ a2 ≤ . . . ≤ an < ∞. The EH capacities cEH on ellipsoids
E (a1, a2, . . . , an) are calculated as:

Algorithm 7. Write the numbers mπai, m ∈ N, 1 ≤ i ≤ n, in increasing
order as d1 ≤ d2 . . . , with repetitions if a number appears multiple times. Then,

cEH
k (E (a1, a2, . . . , an)) = dk. (35)

These quantities have important applications in beam physics: they pro-
vide sanity checks for particle-based simulations; suggest generalizations for
the emittance concept; help in understanding and applying any phenomena
that are based on nonlinear symplectic invariance such as novel beam diagnos-
tics; provide quantifiable limits on phase space manipulations such as emittance
exchange and flat to round beam converters; clarification of reversible versus
irreversible emittance change and growth, etc.

As mentioned before, one cannot escape the volume constraint, but there are
others stemming from symplectic capacities, and these affect a set of measure
zero. How far is this set of measure zero mapped from the target volume? This
can be studied by embedding obstruction of ellipsoids into ellipsoids. There is
little known in this area. In the 4D case more is known. Consider the symplectic
embedding capacity function c for a > 1

c (a) = inf
{

µ|E (a, 1)
s→֒ B (µ)

}

. (36)

The volume constraint gives that c (a) ≥ √
a. Recently, it has been proved that

(see [45]):

Theorem 8. Let τ = 1+
√

5
2

. The graph of c (a) divides into three parts:

• if 1 ≤ a ≤ τ4 the graph is piecewise linear – an infinite Fibonacci staircase
converging to

(

τ4, τ2
)

;

• τ4 ≤ a ≤ 8 1
36

is a transitional region; c (a) =
√

a except on a finite number
of short intervals;
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• if a ≥ 8 1
36

=
(

17
6

)2
then c (a) =

√
a.

For example, c (1) = 1, c (2) = 2, c (3) = c (4) = 2, c (5) = c (6) = 5
2
,

c (7) = 8
3

and c (8) = 17
6

. Essentially, the first branch says that “fat ellipsoids
do not or are difficult to bend”. Some results are known in any dimension (see
[60]):

Theorem 9. Assume that an ≤ 2a1. Then there does not exist a smooth
symplectic embedding of the ellipsoid E (a1, a2, . . . , an) into the ball B2n (A) if
A < an.

Moreover, symplectic rigidity vanishes asymptotically, according to the third
branch. Actually, this is true for any connected symplectic manifold

(

M2n,̟
)

of finite volume in any dimension 2n. For a > 1 define

pE
a

(

M2n,̟
)

= sup
λ

vol (λE (1, 1, . . . , a))

vol (M2n,̟)
, (37)

where the supremum is taken over all those λ for which λE (1, 1, . . . , a) embeds
symplectically into

(

M2n,̟
)

. It can be shown that (see [14]):

Theorem 10.

lim
a→∞

pE
a

(

M2n,̟
)

= 1. (38)

Therefore, in principle one could fill any shape of practical interest in beam
physics with skinny ellipsoids. The applications of these findings in beam
physics should be obvious. If the initial beam looks similar in all phase plane
projections, there is limited flexibility in beam manipulations; the beam is rigid.
The restrictions are the well-known linear restrictions. If the initial beam has
very different scales in different phase plane projections then there are many
more kinds of manipulations possible; the beam is flexible. Asymptotically, the
“right kind” of beam could be manipulated symplectically into any shape one
would like, constrained only by volume.

An interesting observation, with important practical consequences, is the
“difference” between the rigid and flexible parts of the beam. Given a source
beam and a designated target volume equal to the source volume, let us assume
that we find a way to realize in practice the Katok Lemma. As a consequence, we
manage to transfer an arbitrary large fraction of the volume from the source to
the target. In beam physics jargon we would call such a beam a matched beam.
However, in practice the source beam ellipsoid (or the appropriate Loewner-
John ellipsoid) is often (almost) round, hence the beam is rigid according to
the discussion above. Therefore, some points from the source volume will always



SYMMETRIES AND THEIR APPLICATIONS IN... 325

be mapped outside the target volume. These points will be mapped at least as
far as the embedding obstructions cease to exist. Even in the best case scenario,
we will end up with a dense core and a diffuse halo surrounding the core. The
maximum amplitude of this halo will depend on the symplectic embedding
obstructions and the embedding itself. Of course, the density of the halo will
also depend on the embedding, or in other words on the degree of mismatch.
In any case, this suggest a mechanism and explanation for halo formation, and
suggest why in general halo regenerates after collimation.

Yet another interesting way of looking at symplectic obstructions is by the
phenomenon of packing obstructions. Consider the maximal packing radius

λsup = sup
{

λ|λE (a, b)
s→֒ E

(

a′, b′
)

}

, (39)

and the packing constant

v = λ2
sup

ab

a′b′
≤ 1, (40)

which is the ratio of the source volume to that of the target volume. Both
numbers are invariant with respect to constant factor stretching or shrinking
of both ellipsoids. We say that E(a, b) fully fills E (a′, b′) if v = 1. Then (see
[46]):

Theorem 11. E (1, k) fully fills B
(√

k
)

if and only if k = 1, 4 or k ≥ 9.

Moreover, for k ≤ 8 the packing constant v (k) is:

k 1 2 3 4 5 6 7 8

v (k) 1 1
2

3
4

1 4
5

24
25

63
64

288
289

An equivalent interpretation is that one needs k = 1, 4 or k ≥ 9 balls of

unit radius to fully fill B
(√

k
)

. An interesting application of this might be

in injection painting: to minimize disruptive effects of intra-beam repulsion
due to self-fields, sometimes obtaining the full beam from distinct beamlets
that are merged is what is called for. The method should paint a final target
beam that minimizes the so-called space charge effects. This would be achieved
by a uniform distribution that fills the device acceptance. In the language of
symplectic topology, one would like to fully pack a large ellipsoid by several
small ellipsoids. At least for round ellipsoids the results above suggest that one
should use at least six beamlets for optimal results, and the more the easier is
to fully fill the target.
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Finally, a word of caution is in order: in 2D there is only the area constraint;
in 4D we saw above that there are many interesting rigidity and flexibility phe-
nomena that do not show up in 2D. Furthermore, in dimensions higher than
four, new and even more interesting rigidity and flexibility phenomena might
appear as suggested by the works of Guth [33] and Hind-Kerman [36]. There-
fore, this should be a warning for beam physicist who sometimes carelessly
decompose the 6D beam into a 2D×2D×2D or a 4D×2D beam according to
horizontal-vertical-longitudinal or transverse-longitudinal components, and ne-
glect some degrees or freedom in the analysis of the behavior of the beams in the
fully nonlinear case. As the results of this section show, qualitatively different
and potentially wrong explanations might ensue.

5. Summary and Conclusions

Symmetries and their consequences played a significant role in all of physics
for a long time. This trend accelerated with the recent widespread efforts
to geometrize it. Beam physics is no exception; symmetries give insight and
deeper understanding of fundamental properties of beam and their dynamics,
and allow new methods for the design and efficient simulation of beam physical
systems. Four main topics were addressed in this paper: solution decomposition
of stochastically perturbed weakly nonlinear Hamiltonian systems, symmetries
of the Lorentz force law and their effect on the Taylor transfer map, symplec-
tic integration and symplectification for long term stability studies of particle
orbits in large storage rings, and symplectic rigidity and flexibility and its man-
ifestation in beam physics. We showed that beams can be regarded in two
ways: a distribution of particles or a region of phase space. For either ap-
proach, the evolution of beams can also be regarded in two equivalents ways:
the transport of an initial distribution under the combined effect of Hamiltonian
and stochastic forces, or the transport of a slightly modified initial distribution
under the influence of Hamiltonian forces only. Therefore, understanding the
symmetries and their consequences of Hamiltonian system is essential. The
tools used are elementary symmetry operations on the Lorentz force law and
symplectic geometry and topology. We listed several Lorentz force symmetries
and derived their effects on the transfer maps. Symplectic integration and sym-
plectification was approached from the point of view of generating functions of
canonical transformations and a bi-invariant metric on the space of symplectic
maps. Symplectic rigidity and flexibility was explored from the point of view
of symplectic capacities. We indicated where and how these results can be
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used to deepen insights, improve design optimization, and make modeling and
simulations more accurate and efficient in beam physics.

Clearly, it is not fully known yet what can one do with a symplectic map,
so significant future progress can be expected. A necessary first step in this
direction is an understanding of the size of the subgroup of symplectic maps
generated by motion of charged particles in electromagnetic fields in the full
symplectomorphism group of R

2n. This subgroup could be further restricted
by considering only a restricted class of electromagnetic fields, namely that
could be realized in practice. Symplectic rigidity phenomena might be more
stringent in these subgroups. Explicit constructions are necessary for practical
computations and realistic applications, so approximations, for example, of
symplectic folding and wrapping in this category would be very interesting to
study. Future work is envisioned in this direction.
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