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1. Introduction

Over the last 30 years a large group of mathematicians united by the so-called
Perm Seminar [4] worked out a unified theory of a wide generalization to the or-
dinary differential equation. This theory established a close connection between
many problems, previously studied without any connection, and proposed more
sophisticated methods to solve those problems.

In this paper, we give a brief survey of the general theory and demonstrate
some examples of new approaches to a number of classical problems with the
aim to illustrate the efficiency of the developed theory.
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2. Equations in the Space of Absolutely Continuous Functions

In the latter half of the 20th century there ripened the necessity of a unified
approach to numerous classes of equations in differentiable functions, like dif-
ferential equations, integro-differential ones, equations with deviated argument
and many hybrids of those. In [13], there was proposed a theory of the equation

ẋ = Fx, (1)

with an operator F mapping ACn, the Banach space of absolutely continuous
functions x : [a, b] → R

n, into Ln, the space of summable functions z : [a, b] →
R

n (throughout this paper the symbol R
n stands for the space of real vectors

α = col{α1, ..., αn}). Here the generalization of ordinary differential equation
is in replacement of the very specific “local” Nemytskii operator (N z)(t) =
f(t, x(t)) by a more general operator F : ACn → Ln.

The theory of (1) is applicable to wide classes of equations, including dif-
ferential equations with deviated argument. It should be emphasized that nu-
merous investigations of equations with deviated argument were based on the
concept of [22], [36], [21] which proceeds from a specific definition of the notion
of the solution as a continuous prolongation of the so-called initial function
on the strength of the equation. The requirement of continuous matching was
natural in the case of delayed argument and in studies of questions related to
the Cauchy problem while the attempts to study boundary value problems or
problems with impulsive effects were confronted by essential difficulties. In the
case of general deviation of the argument, even simple linear equations have
entirely no solution under such a definition. Let us give some explanations to
the said by the example of the simple equation

ẋ(t) + p(t)x[h(t)] = ν(t), t ∈ [a, b]. (2)

Let p, h ν be defined on the segment [a, b]. If the “deviated argument” h(t)
takes values outside [a, b], then equation (2) makes no sense over the set of
functions x defined on this segment. In such a case one has to enter in the
consideration an “initial function” ϕ and to write (2) in the form

{

ẋ(t) + p(t)x[h(t)] = ν(t), t ∈ [a, b],

x(ξ) = ϕ(ξ) if ξ /∈ [a, b].
(3)

If h(t) takes both the values less than a and the values greater than b, then
the continuous matching implies the boundary conditions

x(a) = ϕ(a), x(b) = ϕ(b).
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Otherwise we have just one condition (x(a) = ϕ(a) or x(b) = ϕ(b)). Thus the
solution of (2) has to be defined as a solution of the corresponding boundary
value problem. If h(t) ≤ t (the most actual case of “retarded argument”),
then, under some natural assumptions, the initial problem is uniquely solvable.
Generally such a boundary value problem is not solvable.

In the paper [11], there was proposed the notion of the solution that is
applicable to a wide class of equations with deviated argument. The essence of
this definition is in the abandonment of the necessity of the continuous matching
conditions. By the way these conditions are absolutely needless in respect to
definiteness of all operations in the left-hand side of (2). In doing so, the
solution is defined as an absolutely continuous function x that satisfies (2)
almost everywhere on [a, b].

It is appropriate to write equation (2) using the composition operator

(Shx)(t)
def
=

{

x[h(t)] if h(t) ∈ [a, b],

0 if h(t) /∈ [a, b]

and the function

ϕh(t)
def
=

{

0 if h(t) ∈ [a, b],

ϕ[h(t)] if h(t) /∈ [a, b].

Then equation (3) becomes linear:

(Lx)(t) def
= ẋ(t) + p(t)(Shx)(t) = f(t), f(t)

def
= ν(t) − p(t)ϕh(t).

The initial function ϕ finds its place in the right-hand part of the equation
jointly with ν.

The linear equation with concentrated deviation of the argument

(Lx)(t) def
= ẋ(t) +

m
∑

k=1

Pk(t)(Shk
x)(t) = f(t), (4)

where n × n-matrices Pk have summable elements, f ∈ Ln, and functions hk

are measurable, is a special case of the equation

(Lx)(t) def
= ẋ(t) +

b
∫

a

dsR(t, s)x(s) = f(t).

Indeed, we have

(Shx)(t) =

b
∫

a

dsR0(t, s)x(s),
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where R0(t, s) = −σ(t, s)E, E is the identity matrix, σ(t, s) is the characteristic
function of the set

{(t, s) ∈ [a, b] × [a, b] : a ≤ s ≤ h(t) < b} ∪ {(t, s) ∈ [a, b] × [a, b) : h(t) = b}.

If hk(t) ≤ t, then equation (4) is a special case of the equation with dis-
tributed delay of the argument,

(Lx)(t) def
= ẋ(t) +

t
∫

a

dsR(t, s)x(s) = f(t). (5)

As the most important result of the abandonment of the classical trends in
studies of equations with delay, the representation of the general solution to (5)
in the form

x(t) = C(t, a)x(a) +

t
∫

a

C(t, s)f(s)ds (6)

can be considered. Here the Cauchy function C(t, s) is the kernel of the integral
representation of the solution

x(t) =

t
∫

a

C(t, s)f(s)ds

to the half-homogeneous Cauchy problem

ẋ(t) +

t
∫

a

dsR(t, s)x(s) = f(t), x(a) = 0. (7)

It should be noticed that, for the ordinary differential equation, the identity
C(t, s) = X(t)X−1(s) holds, where X(t) is the fundamental matrix of the ho-
mogeneous equation Lx = 0.

A proof of (6) is given in [28], [13], [39], [14], [19] and based on the one-to-one
correspondence of solutions x ∈ ACn to (7) and solutions z ∈ Ln to the integral
equation

z(t) −
t

∫

a

R(t, s)z(s)ds = f(t). (8)
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In fact, setting R(t, t) = 0, we obtain after the substitution ẋ = z, x(t) =
t

∫

a

z(s)ds, x(a) = 0 and integrating by parts:

z(t) +

t
∫

a

dsR(t, s)

s
∫

a

z(τ)dτ ≡ z(t) −
t

∫

a

R(t, s)z(s)ds = f(t).

Under some natural conditions the integral Volterra operator in the space
Ln is weakly compact. The spectral radius of such an operator equals zero.
Hence, for equation (8), the successive approximations converge:

z(t) = f(t) + (Rf)(t) + (R2f)(t) + ... = f(t) + (Hf)(t).

Here (Rf)(t) =

t
∫

a

R(t, s)f(s)ds, (Hf)(t) =

t
∫

a

H(t, s)f(s)ds and therefore

x(t) =

t
∫

a



f(s) +

s
∫

a

H(s, τ)f(τ)dτ



 ds =

t
∫

a

C(t, s)f(s)ds,

where

C(t, s) = E +

t
∫

s

H(τ, s)dτ.

The implanted tradition of continuous matching the initial function and the
sought-for function inhibited a possibility to write the equation in the form of
(5). Moreover, at certain conferences, a number of investigators favored the
supposition that the delay equations are so complicated that the detailed study
of such a subject still remains unattainable under the contemporary state of
Mathematical Analysis... This is why it should be pointed out that, as shown
above, after doing away with the requirement of the continuous matching the
Cauchy problem for the delay equation can be reduced to the classical Volterra
integral equation.

Nevertheless, the abandonment of traditional techniques as applied to the
delay equations has been the theme of much discussions. It is reasonable to
recall here the words of M. Planck, “A new scientific truth wins not because its
opponents are convinced in its correctness and begin to see things clearly, but
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rather for the reason that the opponents gradually die out and a new generation
assimilates that truth with the mother milk”.

The history of our view development of equations with deviated argument
is presented in [5].

3. Further Generalization

The theory of (1) is essentially based on an isomorphism between the space
ACn and the direct product Ln × R

n which follows from the equality

x(t) =

t
∫

a

z(s)ds+ α, z ∈ Ln, α ∈ R
n,

for any x ∈ ACn. Namely, for each couple z ∈ Ln, α ∈ R
n, there exists

the corresponding x ∈ ACn and, inversely, for each x ∈ ACn, there is the
corresponding couple z = ẋ, α = x(a). In a similar way, Wn, the space of
(n − 1)-times differentiable functions x : [a, b] → R

1 with absolutely continu-
ous derivative x(n−1) is isomorphic to the direct product of L1, the space of
summable functions z : [a, b] → R

1, and R
n. Thus scalar n-order equations in

Wn can be studied using the general approach of equation (1). Moreover, if Ln

is replaced by an arbitrary Banach space B, then it can be observed that the
principal statements of the theory to (1) retain their validity. In such a way, a
further generalization of the differential equation appears. The equation in a
Banach space D being isomorphic to the direct product B×R

n ( D ∼= B×R
n

for short) is called the abstract functional differential one.

It would be not correct to consider the new theory only as one more gen-
eralization. As it will be shown, the results of the new theory recommend that
traditional approaches in several classic problems should be rethought, they
also open a new avenue of attack on these problems.

To explain the essence and the significance of the general theory, we have
to point out that any operation, functional, equation arising in the course of
mathematical modelling should be understood only as a figure made from math-
ematical symbols as long as the domain of definition is undefined. Thus, facing
a concrete problem, one has to choose a space adequate to this problem (to de-
fine a notion of solution). In the case that an equation under consideration in
D ∼= B× R

n satisfies the conditions of the general theory, we can immediately
use the standard techniques in studies of the problem.
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4. Linear Equation

The equation Lx = f with a linear bounded operator L : D → B is investigated
in detail mostly. The linear theory concentrates around the boundary value
problem

Lx = f, lx = α, (9)

where lx
def
= col{l1x, ..., lmx}, α def

= col{α1, ..., αm}, li, i = 1, ...,m, are linear
bounded functionals on D.

If m = n and, for each couple {f, α} ∈ B × R
n, the problem has a unique

solution x ∈ D, then this solution is representable in the form

x = Gf + Xα. (10)

Here G : B → D, called the Green operator, and a finite-dimensional op-
erator X : R

n → D are continuous. The operator X is defined by the vector

X = (x1, ..., xn), xi ∈ D such that Xα def
= Xα

def
=

n
∑

i=1

xiα
i. The elements

x1, ..., xn form the fundamental system of solutions to the homogeneous equa-
tion Lx = 0.

Theorem 1. (see [14], pp. 27, 28) For any linearly independed system
l = {l1, ..., ln} of linear bounded functionals, l1, ..., ln : D → R

n, there exists a
linear bounded operator L0 : D → B such that the boundary value problem

L0x = z, lx = α

has a unique solution x ∈ D for each {z, α} ∈ B×R
n and therefore the solution

of the problem has the form

x = Gz + Xα.

Note that if B = Ln, then the Green operator G : B → D is an integral
operator [19], [39]

(Gz)(t) =

b
∫

a

G(t, s)z(s)ds.

Let us fix a uniquely solvable problem

L0x = z, l0x = α (11)
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and write the solution of (11) in the form

x = Wz + Uα (12)

(W : B → D is the Green operator of (11), Uα = Uα =
n

∑

i=1

uiα
i, u1, ..., un

is the fundamental system of solutions to L0x = 0). Then the isomorphism
J = {W,U} : B × R

n → D (J −1 = [L0, l0] : D → B × R
n) is defined by the

operators W : B → D and U : R
n → D (L0 : D → B, l0 : D → R

n). We define
the norm in D ∼= B × R

n by the equality

‖x‖D = ‖L0x‖B + ‖l0x‖Rn .

The linear operator L : D → B is assumed to be a Noether operator with

the index n (the operator Q def
= LW : B → B is representable in the form

Q = P + V, where P is invertible, V is finite-dimensional).
The following proposition separates out an important class of linear opera-

tors.

Theorem 2. (see [14], p. 25) The following statements are equivalent.

a) The equation Lx = f is solvable for any f ∈ B (the range of L : D → B
coincides with the space B).

b) There exists a linear bounded vector-functional l : D → R
n such that

the problem (9) has a unique solution for each {f, α} ∈ B × R
n.

c) The dimension of the kernel to L equals n (the fundamental system of
solutions to Lx = 0 consists of n elements).

The solvability of (9) can be established due to the following criterion.

Theorem 3. (see [14], p. 30) Let the “model problem” (11) be chosen so
that l0 = l. Then the bounded inverse operator [LW]−1 : B → B exists if and
only if (9) is uniquely solvable.

Since LW = I − (L0 −L)W, where I is the identity operator, the estimate

‖(L0 − L)W‖B→B < 1 (13)

implies the unique solvability of (9).
The general theory leads immediately to fundamental statements concern-

ing linear equations with deviated argument in the space D ∼= Ln ×R
n. More-

over, boundary value problems for those equations solved with respect to the
highest derivative are equivalent to the classical integral Fredholm equations of



THEORY OF FUNCTIONAL DIFFERENTIAL EQUATIONS... 211

the second kind. Here the equivalence is understood as an one-to-one correspon-
dence between solutions x ∈ D of a boundary value problem for an equation
with deviated argument and solutions z ∈ Ln of the corresponding integral
equation.

As an illustration to the said, consider the equation

(Lx)(t) def
= ẍ(t) + p(t)(Shx)(t) = f(t)

with a measurable h and summable p , f . Let us take the problem

Lx = f, x(a) = α1, x(b) = α2 (14)

and the model problem ẍ = z, x(a) = α1, x(b) = α2.
We have

(Wz)(t) =

b
∫

a

W (t, s)z(s)ds, (Uα)(t) =
b− t

b− a
α1 +

t− a

b− a
α2,

W (t, s) =











(a− s)(t− b)

b− a
, a ≤ s ≤ t ≤ b,

(a− t)(b− s)

b− a
, a ≤ t < s ≤ b

(it is assumed that W (t, s) = 0 outside [a, b] × [a, b]).
As a result of the “W -substitution” (12) (the change of variables due to

(12)), we obtain in L1 a Fredholm equation,

z(t) −
b

∫

a

K(t, s)z(s)ds = ψ(t),

where
b

∫

a

K(t, s)z(s)ds = ((L0 − L)Wz) (t),

ψ = f + (L0 − L)(ψ1α
1 + ψ2α

2), ψ1(t) =
b− t

b− a
, ψ2(t) =

t− a

b− a
.

If this equation has a unique solution z ∈ L1 for each ψ ∈ L1 , that is the
operator LW : L1 → L1 is invertible, then

z = ψ + Hψ, (Hψ)(t) =

b
∫

a

H(t, s)ψ(s)ds,
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where the resolvent operator H : L1 → L1 is completely continuous. Thus, for
the Green operator of (14), we have:

(Gf)(t) = (W(f + Hf))(t) =

b
∫

a

W (t, s)







f(s) +

b
∫

a

H(s, τ)f(τ)dτ







ds,

and, therefore,

G(t, s) = W (t, s) +

b
∫

a

W (t, τ)H(τ, s)dτ

is the Green function. The fundamental system of solution x1, x2 of Lx = 0 is
defined by the equalities

x1 = ψ1 + W(I + H)(L0 −L)ψ1, x2 = ψ2 + W(I + H)(L0 − L)ψ2.

Equations not solved with respect to the derivative, say of the form

(Lx)(t) def
= ẋ(t) −B(t)(Shẋ)(t) +

b
∫

a

dsR(t, s)x(s) = f(t), t ∈ [a, b]

are reducible due to the W -substitution (12), where z = ẋ, α = l0x = x(a), to
an equivalent but more complicated equation

L(Wz + Uα) = z − (S + K)z + ψ = f,

where

(Sz)(t) = B(t)(Shz)(t), (Kz)(t) =

b
∫

a

R(t, s)z(s)ds, ψ = −R(·, a)α.

Here, as above, the equivalence is understood as an one-to-one correspon-
dence between solutions of Lx = f , l0x = x(a) = α and the equation LWz =
f−LUα. At this point, the serious question arised: What are conditions to pro-
vide the action of the operator Sh in the space of summable functions. Namely,
the operator Sh : ACn → Ln with measurable h(·) is bounded, whereas, for
Sh : Ln → Ln, the condition

mes(e) = 0 ⇒ mes(h−1(e)) = 0

for every e ⊂ [a, b] (mes stands for the Lebesgue mesure) is necessary.
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It is pertinent to note that disregarding this condition was the reason of
some inexactnesses and errors, even though the condition can be found in the
well-known monograph by N. Dunford and J.T. Schwartz [20].

Basic theorems on the equation Lx = f assume that the operator I −
(S + K) is Fredholm in the space Ln. the hypothesis In [6], the hypothesis
was formulated that such an operator is Fredholm if and only if the operator
I − S : Ln → Ln is invertible. This hypothesis was comprehensively studied
and proved by A.V. Chistyakov in [18].

It should be emphasized that the problems of equations with deviated ar-
gument were solved even in the works of the Tambov Seminar [5] before the
emergence of the theory of (1). Rationality of solutions to those problems has
destroyed the myth on an exceptionality of equations with deviated argument
and guided the development of the unified theory.

5. Nonlinear Equations and their Reducibility

The statements of the general theory concerning quasilinear equations

Lx = Fx

assume the operator F : D → B to be continuous compact and suggest condi-
tions of the solvability to the boundary value problem

Lx = Fx, lx = α. (15)

Let the “truncated” problem Lx = f , lx = α be uniquely solvable. Then the
problem (15) is equivalent to the equation of the second kind

x = GFx+ ν,

where G is the Green operator and ν is the solution of Lx = 0, lx = α.

The works of A.R. Abdullaev and coauthors (e.g. [1]) are devoted to a case
when the truncated problem is not uniquely solvable and the operator F has a
sublinear growth:

lim
‖x‖D→∞

‖Fx‖L
‖x‖D

= 0.

The equation of the form

ẋ(t) = (Fx)(t) def
= f(t, (Shx)(t), (Sg ẋ)(t))
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arises in some applied problems. This equation does not fit in the frames of
the cited investigations since the operator F : ACn → Ln is not compact. In
[7], there was proposed the notion of the reducibility. Namely, the equation
Lx = Fx is called a reducible one (is reducible to the form Lx = F0x) if
there exists a continuous compact operator F0 : D → B such that the sets of
all solutions to Lx = Fx and Lx = F0x coincide. Thus, in the case of the
reducibility, the problem Lx = Fx, lx = α may be replaced by the equivalent
one Lx = F0x, lx = α. In doing so, no explicit representation of F0 is required
if it is possible that some necessary a-priori estimates can be constructed due
to the form of the starting problem. Such cases are described in [7]. The
equation Lx = Fx is reducible if and only if every bounded and closed subset
of the set of all solutions is compact [14]. It should be emphasized that the
reducibility is necessary for the correct solvability of the problem Lx = Fx,
lx = α, and the correct solvability of the boundary value problem with a certain
vector-functional l : D → R

n implies the reducibility of the equation. Some
attempts to develope the theory of reducibility are undertook in the work of
Yu.V. Nepomnyashchikh [38].

The assumption that F is continuous and compact is not fulfilled for the
equation with deviation of argument dependent on the state variable:

ẋ(t) = (Fx)(t) def
= f(t, (Hx)(t)), t ∈ [a, b],

where

(Hx)(t) =

{

x[h(t, x(t))] if h(t, x(t)) ≥ a,

ϕ[h(t, x(t))] if h(t, x(t)) < a,

h(·, ·) and ϕ(·) are given, h(t, x) ≤ t for all t ∈ [a, b], x ∈ R
1.

In such a case operator F is not in general even continuous. These equa-
tions reveal some unexpected properties that rule out the possibility of study-
ing by traditional methods. For example, in the case F is Volterra, it may
appear that a solution of the Cauchy problem is not continuable and stops at
a point (whereas it is not possible for equations ẋ = Fx with continuous and
compact F). Moreover, no degree of smoothness of f , h, and ϕ provide the
unique solvability to the Cauchy problem even in local sense. The equations
of such a kind arise in applications and call new ideas for further investiga-
tion. Here we restrict ourselves to mention only the works of S.A. Gusarenko,
E.S. Zhukovskii, M.B. Ermolaev published in the annuals “Boundary Value
Problems” and “Functional Differential Equations” of the Perm Seminar.

A key point in applications of the general theory is a proper choice of the
space adequate to the problem under consideration. The idea of such a choice
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(say among various Lebesgue spaces) is not new, but a choice of a D ∼= B×R
n

allow one to use immediately the classical schemes while studying particular
problems.

As it was underlined above, significance of the theory of abstract functional
differential equation is not only in that this theory establishes the unity of wide
classes of equations and gives the possibility of immediate studying those on
the base of standard theorems of Analysis. This theory calls impressively new
approaches to classical and new problems. In support of the said, we restrict
ourselves to the following questions.

6. Asymptotic Behaviour of Solutions.
Boundary Value Problems on the Semiaxis

When elements x : [0,∞) → R
n of the space D ∼= B× R

n have certain specific
properties, for example, sup

t≥0
‖x‖Rn < ∞, and, for the equation Lx = f with

linear bounded operator L : D → B, a boundary value problem (9) is uniquely
solvable, the solutions of this problem will possess the same asymptotic prop-
erties. This is due to the following theorem.

Theorem 3(bis). Let W : B → D be the Green operator of the model
boundary value problem and let U be the fundamental matrix of the model
equation L0x = 0. Assume that the operator L : D → B is bounded, denote
by G the Green operator to the problem Lx = f , lx = 0 and denote by X the
fundamental matrix of the equation Lx = 0. Then the equality

WB + UR
n = GB + XR

n (16)

holds if and only if the operator LW has the bounded inverse (LW)−1 : B → B.

Corollary. If the operator L : D → B is bounded and the inequality (13)
takes place, then the equality (16) holds.

In the event of (16) (the spaces of solutions to the model equation and the
equation under study coincide) we say that the equation Lx = f possesses the
property D or, for short, the equation is D-stable.

It should be pointed out the linkage between the notion of D-stability, the
results of J.L. Massera and J.J. Schaeffer on the admissibility of the space pairs
[34] and the papers of E.A. Barbashin on preserving the solution properties
under accumulation of perturbations [15]. Here we keep from possible applica-
tions of D-property to studying various asymptotic properties of solutions and
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restrict ourselves to some generalizations of classical notions of stability and
stable-ability for solutions of ordinary differential equations.

6.1. Stability of Solutions of Equations with Volterra Operators

Let the model equation L0x = z and the space B be chosen so that the solutions
of L0x = z possess the asymptotic properties in which we interested. For

example, sup
t≥0

‖x(t)‖Rn <∞. Then, define L0 by L0x
def
= ẋ+ x = z, and take as

B the space L∞ of measurable essentially bounded functions z : [0,∞) → R
n.

The space D, generated by the model equation, consists of solutions that have
the form

x(t) = (Wz)(t) + U(t)α =

t
∫

0

e−(t−s)z(s)ds+ αe−t (α ∈ R
n, z ∈ B).

These solutions are bounded (sup
t≥0

‖x(t)‖Rn <∞) and their derivatives ẋ =

−x+ z belong to L∞.
D-stability under a proper choice of the space D (i.e. the model equation

L0x = z and the space B) ensures one or other type of stability in the classic
sense. It should be noted that, by Theorem 3 (bis), D-stability is equivalent to
the existence of the bounded inverse operator (LW)−1 : B → B. D-stability
takes place if the estimate (13) holds. Choosing the model problem and es-
tablishing the estimate (13) represent the essence of the so-called W -method.
This method is expanding to quasilinear equations where it gives conditions of
D-stability in “local” sense.

Efficiency of the W -method is illustrated by examples in [4], [14], [2], [9],
[10].

The invertibility of LW : B → B is necessary and sufficient for D-stability,
however the usual way is to establish the invertibility getting the estimate
(13). There are many model equations with prescribed asymptotic properties
of solutions, so a freedom in choosing an equation L0x = z does not provide
conditions of D-stability that are equally good for all admissible L0. That is why
there exist criticism and some doubts upon efficiency ofW -method. However we
can fix a model equation and try to obtain better result by applying W -method
to certain equation that is equivalent to the equation under consideration.

Thus (see [9], [10]) with the use of W -method, there is obtained a criterion
of exponential stability for the equation ẋ = Ax + f with constant matrix A
in terms of its eigenvalues. Another examples (see [2]) are some analogs of the
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famous condition of exponential stability by A.D. Myshkis (see [36], [37]) for
the equation

ẋ(t) + p(t)x[h(t)] = ν(t), t ∈ [0,∞),

x(ξ) = ϕ(ξ) if ξ < 0,

where p(t) > 0 almost everywhere on [0,∞), in the form

vrai sup
t≥0

t
∫

h+(t)

p(s) ds < 2
(√

3 − 1
)

,

or in the form

vrai sup
t≥0

t
∫

h+(t)

p(s)ds <
3

2
and vrai inf

t≥0

t
∫

h+(t)

p(s)ds >
1

2
,

where h+(t) = max{h(t), 0}.
As applied to ordinary differential equations, the notion of D-stability is a

natural generalization of classic stability notions. A comprehensive presenta-
tion of the results on D-stability for equations with aftereffect is given in the
monograph [9] and its English translation by “Taylor and Francis” [10]. This
generalization enables one to simplify proofs of some classic theorems and ex-
pand those to wide classes of equations. A series of works by P.M. Simonov,
including his Doct. Thesis, is devoted to applications of the D-stability theory
to studying dynamic models in Economics.

6.2. Boundary Value Problems on the Semiaxis.
Problem of Solutions Stabilization

Boundary value problems on the semiaxis could be studied by the use of proper
spaces D ∼= B× R

n. For example, the problem

(Lx)(t) def
= ẋ(t) +

t
∫

0

dsR(t, s)x(s), t ∈ [0,∞),

ℓx
def
= lim

t→∞
x(t) = β,

(in particular, some questions of solutions stabilization are reduced to such a
problem) is Fredholm in a space D ∼= B × R

n. Such a space is generated, for
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instance, by the model equation L0x
def
= ẋ = z and the space B of functions

z : [0,∞) → R
n such that there exists lim

t→∞

t
∫

0

‖z(s)‖Rn
ds. Here elements x ∈ D

are defined by the equality x(t) =

t
∫

0

z(s)ds+α, where z ∈ B, α ∈ R
n, B = L1

is the space of summable functions z : [0,∞) → R
n. If the matrix R(t, s) is

such that the operator L : D → B is Noether of the index n, then the problem
can be studied in the context of the general theory of boundary value problem
presented in [13], [14].

Consider the problem of stabilization for a solution x of Lx = Fx to a
prescribed function ϕ. Let us write this problem in the form

Lx = Fx, lim
t→∞

(x(t) − ϕ(t)) = 0,

where the linear operator L and the nonlinear operator F are defined on a set
of functions x : [0,∞) → R

n. By the substitution y = x − ϕ this problem is
reduced to the boundary value problem on semiaxes

Ly = F1y, lim
t→∞

y(t) = 0.

Example 1. Consider the “limit” boundary value problem

(Lx)(t) def
= ẋ(t) + p(t)(Shx)(t) = f(t), t ≥ 0,

(ℓx)(t)
def
= lim

t→∞
x(t) = β,

where functions p, h : [0,∞) → R
1 are measurable, p is locally summable,

h(t) ≤ t, t ≥ 0. This problem is uniquely solvable for any f ∈ L1, β ∈ R
1 if

vrai sup
b≥0

{

vrai inf
t≥b

h(t)

}

= ∞ and

∞
∫

0

|p(s)|ds <∞.

7. Calculus of Variations

The general theory of functional differential equations enables us to propose
a new efficient approach to problems in calculus of variations. This approach
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makes it possible to overcome some difficulties that are met with under the
classical approach [26].

The problem

I(x) → min, lx
def
= col{l1x, ..., lnx} = α, (17)

of minimization of the functional

I(x) =

b
∫

a

f(s, (T1x)(s), ..., (Tµx)(s))ds

with the linear constraints lx = α is considered in a Banach space D of functions
x : [a, b] → R

1 that is isomorphic to the direct product L2×R
n, where L2 is the

space of square summable functions z : [a, b] → R
1, ‖z‖L2

=







b
∫

a

z2(s)ds







1/2

.

Linear operators Ti : D → L2 and linear functionals li on D are assumed to be
bounded.

Apply the W -substitution (12), we construct the auxiliary functional I1(z)
def
= I(Wz +Uα) in the space L2. Points of minimum, x0 ∈ D, to the problem
(17) and points of minimum, z0 ∈ L2, of I1(z) are in the one-to-one correspon-
dence given by x0 = Wz0 + Uα, z0 = L0x0, α = lx. Thus the problem (17) on
a minimum under linear restrictions in the space D is reduced to the problem
on unconstrained minimization of the functional I1(z) in the space L2, which
is very convenient for pursuance of research.

7.1. Quadratic Functional

In the case of the quadratic functional

I(x) =

b
∫

a

{

1

2

[

m
∑

i=1

(T1ix)(s)(T2ix)(s)

]

+ (T0x)(s)

}

ds

in the space D ∼= L2 × R
n, the problem I(x) → min, lx = α, as said above, is

reduced to the problem on unconstrained minimization of functional I1(z)
def
=

I(Wz + Uα) in L2. Following [8], define H : L2 → L2 and f ∈ L2 by the
equalities

H =
1

2

m
∑

i=1

(Q∗
1iQ2i + Q∗

2iQ1i) , f = −Q∗
0(1) −

1

2

m
∑

i=1

(Q∗
1iT2i + Q∗

2iT1i) u.
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Here Qji = TjiW, j = 1, 2, i = 1, ...,m, Q0 = T0W and Q∗
ji (Q∗

0) is the
adjoint to Qji : L2 → L2 (Q0 : L2 → L2), u is the solution to the homogeneous
model problem L0x = 0, lx = α.

In [14, 8, 12] the proof of the following criterion is given. A point z0 is
the point of minimum of the functional I1(z) if and only if the operator H is
positive definite and z0 satisfies the equation Hz = f .

Example 2. Due to the variational principle, the resilient line of a beam
under load provides a minimum to the functional

I(x) =

b
∫

a

{ϕ(s)(x′′(s))2 − q(s)x(s)}ds

with the multipoint boundary conditions x(τi) = 0, i = 1, ..., N , where τi
are support points, ϕ(s) characterizes the properties of the beam at section
s ∈ [a, b], q(s) is the specific load.

Consider the beam with two support points at the beam ends: (τ1 = a,
τ2 = b).

Let T11x = x′′, T21x = ϕx′′. Take as the model problem ϕx′′ = z, x(a) =
x(b) = 0. Then

(Wz)(t) =

b
∫

a

G(t, s)

ϕ(s)
z(s)ds, G(t, s) =











(a− s)(t− b)

b− a
, a ≤ s ≤ t ≤ b,

(a− t)(b− s)

b− a
, a ≤ t < s ≤ b,

where G(t, s) is the Green function of the problem x′′ = z, x(a) = x(b) = 0.
Hence, we have:

Hz = ϕz, f(t) =

b
∫

a

G(s, t)q(s)ds =

b
∫

a

G(t, s)q(s)ds,

z0(t) =
1

ϕ(t)

b
∫

a

G(t, s)q(s)ds,

and the resilient line x(t) is defined by

x(t) =

b
∫

a

G(t, s)

ϕ(s)

b
∫

a

G(t, ξ)q(ξ)dξds.
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Note that here and in the sequel the differentiability of ϕ is not required in
contrast to the classical theory.

The case of three and more support points is considered in [12].

Example 3. Critical revolutions of a shaft.

The resilient line x(t) of a circular shaft rotating at n revolutions per minute
provides a minimum to the functional

I(x) =

b
∫

a

{

ϕ(s)(x′′(s))2 − n2r(s)x2(s)
}

ds

with the multipoint conditions x(τi) = 0, i = 1, ..., N , where τi is the ith support
point. Here r(s) is the distributed mass of the shaft. If x(t) ≡ 0, then the shaft
rotates steadily, whereas if x(t) 6≡ 0, then the shaft get vibrations. In the latter
case, the corresponding n is called the critical number of revolutions.

Thus the points of the spectrum of H define the critical numbers of revolu-
tions.

Consider the case of two support points (τ1 = a, τ2 = b). Let us take the
model problem from the above example and put T11x = x′′, T21x = ϕx′′, T12x =
−T22x = n

√
rx. Then H = I−n2rW∗W. The condition ‖n2rW∗W‖L2→L2

< 1
ensures the positive definiteness of H and the unique solvability of the equation
Hz = 0 [12].

The case of three and more support points is considered in [17].

7.2. Overdetermined Problem

In the case that the problem I(x) → min, lix = αi, i = 1, ..., N is considered
in the space D ∼= L2 ×R

n and N > n, it may occur that the functional attains
no minimum since the space determined by the model problem is too narrow.
In such an event, the Lagrange multipliers method can be employed. Namely,
we can choose n boundary value problems, say l1, ..., ln. Then by virtue of the

W -substitution we reduce the question to the problem I1(z)
def
= I(Wz+Uα) →

min, λiz
def
= ln+iWz = βi, where βi = αn+i − ln+iUα, i = 1, ..., N − n, in the

space L2. The latter one can be solved by the Lagrange multipliers method.
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7.3. Some A-priori Inequalities

Suppose that the functional

I(x) =

b
∫

a

m
∑

i=1

(T1ix)(s)(T2ix)(s)ds

is considered in the space D ∼= L2 × R
2 with the homogeneous boundary con-

ditions and attains its global minimum at x(t) ≡ 0. Then obviously I(x) > 0
on the set D0 = {x ∈ D : lx = 0, x(t) 6≡ 0}.

Example 4. The functional

I(x) =

b
∫

a

(

ẋ2(s) − p(s)x2(s)
)

ds, p(t) ≥ 0,

under the conditions x(a) = x(b) = 0 attains a minimum if and only if the
solution of the Cauchy problem ẍ + px = 0, x(a) = 0, ẋ(a) = 1 has no zero
on (a, b] (the Jacobi condition). Hence, the positiveness of the Cauchy problem

solution is neccesary and sufficient in order for the inequality

b
∫

a

ẍ2(s)ds >

b
∫

a

p(s)x2(s)ds to hold true on the set D0.

Recall that the estimate

b
∫

a

p(s) ≤ 4/(b − a) provides the positiveness on

(a, b] to the solution of the Cauchy problem.

Example 5. Let us consider the functional

I(x) =

b
∫

a

(

ẍ2(s) − p2(s)x2(s)
)

ds

on the set D0 = {x ∈ D : x(a) = x(b) = 0, x(t) 6≡ 0}. We put the problem

ẍ = z, x(a) = x(b) = 0 as the model problem. Here we have x(t) = (Wr)(t)
def
=
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b
∫

a

W (t, s)r(s)ds, where

W (t, s) =
1

b− a

{

(s− a)(b− t), a ≤ s ≤ t ≤ b,

(t− a)(b− s), a ≤ t < s ≤ b.

Hence, Hz = z − Kz, (Kz)(t) = (p2W2z)(t). The selfadjoint completely
continuous operator K : L2 → L2 is isotone. Therefore [14], the estimate
‖K‖L2→L2

< 1 holds if and only if there exists a positive almost everywhere

element ν ∈ L2 such that ν(t) ≥ (Kν)(t). Setting ν(t) = sin
π

b− a
(t − a), we

obtain that if p2(t) <
π2

(b− a)2
, then the functional I(x) attains its minimum

and it follows that

b
∫

a

ẍ2(s)ds >

b
∫

a

p2(s)x2(s)ds holds on the set D0.

It is pertinent to note that the touched questions are discussed in the clas-
sical monograph of E. Beckenbach and R. Bellman.

8. Singular Problems

A poor choice of the set where a solution is looked for can involve serious
complications: the problem under consideration may be “singular” (when the
standard methods are inapplicable) in a space and be regular in another one.
For example, the problem

(Lx)(t) def
= ẍ(t) +

k

t
ẋ(t) + p(t)x(t) = f, t ∈ [0, 1], p ∈ L1,

ẋ(0) = 0, x(1) = α

is singular in the space W2
1 of functions x : [0, 1] → R

1 with absolutely contin-
uous derivative ẋ) but turns out [14] to be regular in the space

D = {x ∈ W2
1 : ẋ(0) = 0}, D ∼= L1 × R

1,

where the model equation is chosen in the form (L0x)(t)
def
= ẍ(t)+

k

t
ẋ(t) = z(t).

Another example is as follows. The equation

(Lx)(t) def
= t(1 − t)ẍ(t) + q(t)ẋ(t) + p(t)x(t) = f(t), t ∈ [0, 1]



224 N.V. Azbelev, V.P. Maksimov, P.M. Simonov

with summable p and q may have no solution in the traditional space W2
1
∼=

L1×R
2. However this equation turns out to be regular in the space D consisted

of functions x : [0, 1] → R such that

1) x is absolutely continuous on [0, 1];

2) its derivative ẋ is absolutely continuous on every segment [a′, b′] ⊂ [0, 1],
0 < a′ < b′ < 1;

3) the product t(1 − t) · ẍ(t) is summable on [0, 1].

9. Finite-Dimensional Extensions of the Space of Absolutely
Continuous Functions and their Applications

Let us fix a collection of m points ti, a < t1 < ... < tm < b, and denote by
DS(m) the manifold of piecewise absolutely continuous functions y : [a, b] → R

n

representable in the form

y(t) =

t
∫

a

ẏ(s)ds + y(a) +
m

∑

k=1

χ[tk,b](t)∆y(tk),

where ∆y(tk) = y(tk) − y(tk − 0), χ[tk,b](t) is the characteristic function of the
segment [tk, b]. Under the norm

‖y‖DS(m) = ‖ẏ‖Ln + ‖∆y‖Rn+nm (∆y = col{y(a), y(t1), ..., y(tm)})

DS(m) is a Banach space and DS(m) ∼= Ln ×R
n+nm. Thus the general theory

can be applied to the equations in this space.
The space DS(m) is a finite-dimensional extension of the space ACn ∼=

Ln × R
n of absolutely continuous functions. This extension was offered by

A.V. Anokhin [3] in connection with the study of impulse systems and was
taken up in various situations. As an example, we mention here studies of the
properties to the Green function G(t, s) of the linear boundary value problem
Lx = f , lx = 0, where a section g(t) = G(t, s), s ∈ [a, b], turns out to be a
solution of the so-called extended boundary value problem

Ly = 0, ly = 0, ∆y(s) = 1

in the space DS(1). When a problem (say variational or boundary value prob-
lem) has no solution in the space D ∼= Ln ×R

n, the corresponding extension in
the space DS(m) ∼= Ln × R

n+nm get sometimes a solution with a substantial
interpretation.
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Recall that every element of the space BVn of functions y : [a, b] → R
n

with bounded variation is representable in the form of the sum of an absolutely
continuous function, a break function, and a singular component (a continuous
function with the derivative being equal zero almost everywhere). Thus the
space DS(m) can be considered as a special case of subspace to BVn. The
study of equations in the space DS(m) does not use the Dirac δ-functions.
This circumstance offers an advantage over the case of studying equations in
BVn. This advantage is used in particular in studies of the sign-definiteness
of the Green function [14] and in the next section where some questions of
controlled systems are discussed.

As an example, consider the control problem

Ly = Fu+ g, y(a) = α ∈ R
n, ly = β ∈ R

N . (18)

Here L : DS(m) → Ln and F : Lr
2 → Ln are linear bounded operators, Lr

2 is
the space of square summable controls u : [a, b] → R

r. The aim of controlling is
given by a linear bounded vector-functional l : DS(m) → R

N : a trajectory of
the system with the prescribed initial point α should satisfy, under the control
u and the sequence of impulses ∆y(tk), the condition ly = β. For example, in
the case of

ly = col

{

y(b),

m
∑

k=1

∆y(tk)

}

, β = col{β1, ..., βn, 0},

the aim of controlling is the transfer of the system from a prescribed initial
state to a prescribed endpoint in a way such that the balance of jumps ∆y(tk)
is met (the sum of all jumps equals zero). Under the conditions of Theorem
2 the dimension of the solutions space to Ly = 0 is n + nm. On the base
of theorems on the structure of the general solution and the representation of
solutions to Ly = f , it is possible to reduce the conditions of the solvability of
the problem 18) to conditions of the solvability for a linear algebraic system.
The parameters of the system are constructed by the parameters of the starting
problem in such a way that a high accuracy of results is ensured. Final answer
to the question on the solvability of (18), along with constructing the controls
and the corresponding trajectories, requires the so-called reliable computing
experiment [40, 14].

10. Control Problem and Reliable Computing Experiment

The theory of linear abstract functional differential equation allows one to con-
sider the control problems for wide classes of systems from unified point of
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view as well as to offer methods and algorithms oriented to computer-aided
implementation. Note that the line of computer-assisted study as applied to
various classes of operator equations in functional spaces is very actively devel-
oping during last 20 years (see [14, 40], fundamental works of E. Kaucher and
W. Miranker, as well as others cited in Chapter VI [14]).

Let a system under control be described by the equation

Lx = Fu+ f

with linear operator L : D → B and a linear bounded operator F acting from
a Hilbert space H (the space of controls u) in a Banach space B. Fix the
isomorphism D ∼= B × R

n:

J = {Λ,Y} : B× R
n → D, x = Λz + Yβ, z ∈ B, β ∈ R

n,

J−1 = [δ, r] : D → B × R
n, {z, β} = J−1x = {δx, rx}, x ∈ D.

We suppose that the “principal boundary value problem”

Lx = f, rx = α

is uniquely solvable for every f ∈ B and α ∈ R
n. In such an event, the solution

of the problem has the form x = Gf +Xα, where G is the Green operator, X
is the fundamental vector. Consider the control problem

Lx = Fu+ f, rx = α, ℓx = β. (19)

Here the linear bounded vector-functional ℓ = col{ℓ1, ..., ℓn}, ℓ : D → R
n,

prescribes the aim of controlling (it is required to find a control u such that the
solution of the principal boundary value problem Lx = Fu+f , rx = α satisfies
the condition ℓx = β).

The problem (19) covers a wide class of control problems.
To formulate a criterion of the solvability to the problem (19), note that the

equality λiu = ℓiGFu defines the linear bounded functional λi : H → R
1. Let us

denote by the same simbol λi the element of H that generates λi: λiu = 〈λi, u〉,
where 〈·, ·〉 stands for the inner product in H.

Theorem 4. (see [30]) The problem (19) is solvable for any f ∈ B, α, β ∈
R

n if and only if the matrix Γ = {〈λi, λj〉}i,j=1,...,n is invertible.
The idea of constructive study of the problem (19) using Computer Algebra

Systems is based on the fact that the invertibility of the matrix Γ , as a rough
property, can be established if an invertible matrix Γ̃ is constructed so that

‖Γ − Γ̃‖ < 1
/

‖Γ̃−1‖ . (20)
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To check this inequality, an approximation of the elements λi ∈ H is required.
As follows from the definition of λi ∈ H, it can be done on the base of approx-
imations ℓ̃i, G̃, F̃ to the operators ℓi, G, F respectively. Concrete schemes of
approximation are defined by specificity of the spaces D, H and the operators
in themselves. Consider, as an example, the following situation. Let D = ACn,
H = Lr

2 (the space of square summable controls u : [a, b] → R
r),

(Lx)(t) def
= ẋ(t) −

t
∫

a

K(t, s)ẋ(s)ds+A(t)x(a), (Fu)(t) = F (t)u(t),

ℓix
def
=

b
∫

a

ϕi(s)ẋ(s)ds+ φix(a), i = 1, ..., n.

Here, under some natural assumptions with respect to K, A, F , ϕi, φi, we
have for λi the representation

λi(t) =

b
∫

t

ϕi(s)P (s, t)dsF (t),

where P (t, s) is the resolvent kernel of K(t, s).

Computer-assisted techniques aimed at establishing the solvability of (19),
the so-called reliable computing experiment [33], [40], [29], [14] follows the sche-
me: 1) approximating the original problem by the so-called computable oper-
ators, which allow to produce all calculations with guaranteed accuracy, 2)
constructing the elements of the matrix Γ̃ , 3) testing Γ̃ for the invertibility,
4) checking the inequality (20). In the case that the realization of this scheme
does not establish the fulfillment of (20), the sequence of procedures 1)–4) is
executed again (and again) with a higher accuracy of all approximations. The
conditions ensuring that the computing experiment finishes with the result are
formulated for concrete spaces, operators and forms of approximation (see [40]).

Note that some applied problems of controlling that can be written in
the form (19) arise, in particular, in Mathematical Economics. Among those
problems, a problem of controlling the bank portfolio [27] and a problem of
programming investments for the multi-sector production system with use of
credit-investment resources [31], [32] are met with. In such problems, various
modes of controlling, impulsive among them, have a natural economic meaning.

Let us dwell on a problem. By the meaning of the problem, it is convenient
to put a = 0, b = T . Suppose that the dynamics of a multi-product system is
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governed by the equation

ẋ(t) = (T x)(t) + f(t), t ∈ [0, T ]. (21)

Here T is the linear operator mapping the space ACn of absolutely continuous
functions x : [0, T ] → R

n into the space Ln of summable functions z : [0, T ] →
R

n by the rule

(T x)(t) =

t
∫

0

K(t, s)ẋ(s)ds+A(t)x(0),

where the elements of n× n-matrix K(t, s) are measurable, their absolute val-
ues have a majorant k(t) summable on [0, T ], the elements of n × n-matrix
A(t) are summable on [0, T ]. The operator T models the impact of the pro-
ductive accumulation on the state dynamics x(t), f(t) describes the external
investments. The model (21) covers the cases of systems with concentrated
and/or distributed delay. Formally, (21) has no control variable, and a unique
trajectory with the initial condition

x(0) = α, (22)

is defined by the equality

x0(t) = X(t)α +

t
∫

0

C(t, s)x(s)ds,

where X(t) is the fundamental matrix to the homogeneous system ẋ = T x,
C(t, s) is the Cauchy matrix [13], [14]. A method of approximate constructing
C(t, s) with guaranteed accuracy is presented in [35]. Possibilities of control-
ling the system (21) appear if the system is considered in a finite-dimensional
extension of ACn.

Let us define the space D as the space DS[0, t1, ..., tm, T ] (DS(m) for short)
of piecewise absolutely continuous functions x : [0, T ] → R

n representable in
the form

x(t) =

t
∫

0

ẋ(s)ds+ x(0) +

m
∑

k=1

χ[tk,T ]∆x(tk).

Here 0 < t1 < ... < tm < T is fixed, ∆x(tk) = x(tk) − x(tk − 0), χ[tk,T ](t)
is the characteristic function of the segment [tk, T ]. In this event we have
D ∼= Ln×R

n+mn. Going from ACn to DS[0, t1, ..., tm, T ] requires an extension
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of the operator T : ACn → Ln with retaining the continuity to an operator
T̃ acting from DS[0, t1, ..., tm, T ] into Ln. Any such linear extension has the
representation

(T̃ x)(t) =

t
∫

0

K(t, s)ẋ(s)ds +A(t)x(0) +
m

∑

k=1

Ak(t)∆x(tk),

where the elements of n× n-matrices A1(t), ..., Am(t) are summable. For oper-
ators

(T x)(t) = B(t)x(t), (T x)(t) =

{

B(t)x(t− τ), t ≥ τ > 0,

0, t < τ ;

(T x)(t) =

{

B(t)x[h(t)], h(t) ∈ [0, T ],

0, h(t) /∈ [0, T ],

there are exist some “natural” extensions T̃ : DS[0, t1, ..., tm, T ] → Ln. For
such extensions, we use the same notation T . Specifically, if, for x ∈ ACn,

the operator T is defined by the equality (T x)(t) = B(t)

t
∫

0

ẋ(s)ds+B(t)x(0),

then, for

x(t) =

t
∫

0

ẋ(s)ds+ x(0) +

m
∑

k=1

χ[tk,T ](t)∆x(tk),

we have

(T̃ x)(t) = B(t)

t
∫

0

ẋ(s)ds +B(t)x(0) +

m
∑

k=1

B(t)χ[tk,T ](t)∆x(tk).

The meaning of the parameters ∆x(tk) as controls is in the possibility of
jump-like change of the state to (21) at the prescribed time instants tk. We
can put tk = k and T = m+ 1 without loss of generality. In the problen under
consideration we restrict ourselves to the following interpretation on the jumps
∆x. A positive jump of the component xi at t1 is associated with getting a
credit of the corresponding value. The i-th sector of the system gives back this
credit to the bank to the time instant T − 2 taking into account the rate of
interest ri and a schedule of restoring: γi,k−1∆xi(t1) at the end of the k-th
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period of time, (0 ≤ γi,k ≤ 1, i = 1, ..., n, k = 1, ...,m− 1,
m−1
∑

k=1

γi,k = 1). Hence,

the jumps ∆xi(tk), k = 2, ...,m, are negative and provide the credit restoring
under the rate of interest ri:

∆xi(tk) = −(1 + ri)
k−1 · γi,k−1 · ∆xi(t1), k = 2, ...,m, i = 1, ..., n. (23)

Formulate the aim of controlling. Let a system of activity indicators to (21)
is given by the linear bounded functionals

ℓj : ACn → R
1, j = 1, ..., q.

With no credit these indicators take the values ℓ1x0, ..., ℓqx0. Suppose that
some natural extensions of ℓj, j = 1, ..., q, to the space DS[0, t1, ..., tm, T ] are
defined (we use for those the same notation). As an example of such extension,
we can consider the integral functional

ℓjx =

T
∫

0

exp(−νjt)xj(t)dt,

which describes the integral discounted output of the j-th sector. The objective
here is to attain (along the trajectories of (21) from the space DS(m)) the
prescribed values ℓjx exceeding the “base” values ℓjx0 by the factor 1 + ρj:

ℓjx = (1 + ρj)ℓjx0, j = 1, ..., q (24)

(ρj > 0, j = 1, ..., q, are given).
Thus the problem on the attainability of the prescribed values of activity

indicators can be formulated as the problem on the existence of the values
∆xi(t1) such that the corresponding trajectory to (21) with the conditions (22),
(23) yields (24).

11. Stochastic Equations

The stochastic functional differential equation has the form

dx = F (x)dZ, (25)

where Z = Z(t) is an arbitrary semimartingale (see, for instance, [23]). There
is no way to study this equation in the context of the theory of (1), and yet it
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fits ideally into the more general scheme described in Section 2. In doing so,
the isomorphism defined the space of solutions is given by the equality ([23])

x(t) =

t
∫

0

H(s)dZ(s) + α.

It should be noticed that non-compactness of bounded sets of solutions
to stochastic equations does not allow to extend immediately the statements
on the reducibility to the equation (25). Nevertheless, the general schemes
of the reducibility theory are working if compactness of operators is replaced
by locality (in the random variable) and tightness, as it was established by
A.V. Ponosov (see, for instance, [14] and references therein). Thus the idea
of “stochastic reducibility” arises, which is of great importance in studies of
nonlinear stochastic equations.

TheW -method outlined in Section 6 is also applicable in the stability theory
of equation (25) (see, for instance, [24, 25, 23]). For linear stochastic equation,
this method can be schematized as follows. First, the relation between an
asymptotic property under consideration (say Lyapunov’s stability) and D-
stability (Subsection 6.1) should be established. Then, using a proper simple
“model” equation, the property of D-stability is tested. As in Subsection 6.1,
the model equation defines a specific transformation, which is applied to the
original equation and gives an equation of the form x−Θx = f . If the latter is
solvable (say ‖Θ‖ < 1), then D-stability, and hence, the asymptotic property
under consideration is established.

As is shown in [24, 25, 23], the W -method is efficient in studies of about
any kind of stochastic stability. This method is especially useful as applied to
linear equations, and the idea could be very productive in some nonlinear cases.
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Editor’s Note

This work is the last paper prepared by Professor N. Azbelev with his pupils
and collaborators in 2006. Professor N.V. Azbelev passed away in November
2006 and had been a leading figure in the differential and integral equations
profession for about five decades. At the time of his death, he was the Head
of the Scientific Research Center for Functional Differential Equations, Perm
State Technical University, Russia (since 1994).

The material of the article has been published in Russian in Vestnik Ud-

murtskogo Universiteta, No. 1 (2009), 1-23.
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