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1. Introduction

In 1990 Drensky and Gupta [7] studied a generating set of free nilpotent Lie
algebra and free metabelian Lie algebra. Papistas [13] find a generating set
of free nilpotent Lie algebra of rank n ≥ 2 and over rational field. Let Fn,
be the free Lie algebra of rank n generated by X = {x1, x2, ..., xn} (n ≥ 2)
over a field K of characteristic zero. Cohn [6] proved that the automorphism
group of Fn is generated by elementary automorphisms. This result is similar
to the well-known result of Nielsen [11]. Bachmuth [3] is studied generators of
automorphism group of free group and free metabelian group. Let Fn,c be the
free nilpotent group of class c and rank n. Goryaga at [8] for n ≥ 3 · 2c−2 + c

and c ≥ 2, give a set of c generators for Aut(Fn,c). Andreadakis [2] obtained a
simple set of Aut(Fn,c) under the condition n ≥ c ≥ 2. Bryant and Gupta [4]
gave a minimum set of generators for the Aut(Fn,c) under the condition that
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n ≥ c − 1 ≥ 2. Drensky and Gupta [7] showed that the automorphism group
of free nilpotent Lie algebra with the condition n ≥ c ≥ 2 is generated by GLn

and

δ :
x1 → x1 + [x1, x2]
xk → xk, k ≥ 2

In this study we give a generating set of free nilpotent Lie algebra of class
4 and rank 2.

2. A Generating Set of Aut(L2,4)

Definition 2.1. Let Fn be the free Lie algebra generated by X = {x1, ..., xn}
over a constructive field K of characteristic zero. For any positive integer n, c,
let Ln,c = Fn�γc+1 (Fn) where γc+1 (Fn) is the (c+ 1)th term of the lower cen-
tral series of Fn. Then Ln,c is a free nilpotent-of-class-c Lie algebra with rank
n.

Since γc+1 (Fn)⊳ γc (Fn) there is

(Fn�γc (Fn)) ∼= (Fn�γc+1 (Fn))� (γc (Fn)�γc+1 (Fn))

from this Ln,c−1
∼= Ln,c�I where I = (γc (Fn)�γc+1 (Fn)) . So there is a natural

homomorphism Ln,c −→ Ln,c−1. So an automorphism of Ln,c determine one
automorphism of Ln,c−1. Since algebra Ln,c−1 is isomorphic to algebra Ln,c

�γc (Ln,c) there is a natural epimorphism φ : Aut (Ln,c) −→ Aut (Ln,c−1). The
kernel of this epimorphism occurs special automorphisms.

By ker φ we denote the kernel of φ homomorhism and we define the following
automorphisms.

ζ12 :
x1 → x1 + [x1, x2]
x2 → x2

and ζ121 :
x1 → x1 + [x1, x2, x1]
x2 → x2

ζi1i2i3i4 :
x1 → x1 + [xi1 , xi2 , xi3 , xi4 ]
x2 → x2

, where i1 6= i2and i1, i2, i3, i4 ∈ {1, 2}

Lemma 2.2. The kernel of homomorphism φ : Aut(Ln,c) −→ Aut(Ln,c−1)
consist of all central automorphisms of Ln,c and it is generated by all automor-

phisms of the form ς−1ζi1i2...icς, where ς ∈ GLn and

ζi1...ic :
x1 → x1 + [xi1 , xi2 , ..., xin ]
xj → xj , j 6= 1.
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Proof. See [12].

Theorem 2.3. Aut (L2,1) = 〈GL2〉.

Theorem 2.4. Aut (L2,2) = 〈GL2, ζ12〉.

Proof. The proof is obtained by the result of [6].

Theorem 2.5. Aut (L2,3) = 〈GL2, ζ12, ζ121〉.

Proof. See [12].

Theorem 2.6. Aut (L2,4) = 〈GL2, ζ12, ζ121, ζ1212〉 .

Proof. Let φ : Aut (L2,4) → Aut (L2,3) be the natural epimorphism. Note
that φ (GL2) = GL2 and φ (ζ) = ζ, where ζ is defined for L2,3 in the same way
as ζ is defined for L24,. Thus Aut (L2,4) is generated by GL2 and kerφ. Let
H = 〈GL2, ζ12, ζ121, ζ1212〉. We shall prove that kerφ ⊆ H

Let α ∈ Aut (L2,4). Then it is of the form

α :
x1 → ax1 + bx2 + c [x1, x2] + d [[x1, x2] , xi3 ] + e [[x1, x2] , x1, x1]

+ f [[x1, x2] , x1, x2] + g [[x1, x2] , x2, x1] + h [[x1, x2] , x2, x2]

x2 → a′x1 + b′x2 + c′ [x1, x2] + d′ [[x1, x2] , xi3 ] + e′ [[x1, x2] , x1, x1]
+ f ′ [[x1, x2] , x1, x2] + g′ [[x1, x2] , x2, x1] + h′ [[x1, x2] , x2, x2]

where i3, i4 ∈ {1, 2} and a, b, c, d, e, f, g, h, a′ , b′, c′, d′, e′, f ′, g′, h′ ∈ K with ab′−
ba′ 6= 0.

If α ∈ kerφ then a′ = c′ = d′ = 0, b = c = d = 0, a = b′ = 1. Thus

α : x1 → ax1 +
∑

i3,i4=1,2

ei3,i4 [[[x1, x2] , xi3 ] , xi4 ]x2

→ a′x1 +
∑

i3,i4=1,2

e′i3,i4 [[[x1, x2] , xi3 ] , xi4 ],

where ei3,i4 , e′i3,i4 ∈ K. Now we show α ∈ H.From Lemma 2.1, it is obvious
that α can be written by the automorphisms of the form δ−1ζi1i2i3i4δ, where
and δ ∈ GL2. It is enough to show that the automorphisms

ζi1i2i3i4 and ζ−1

i1i2i3i4
:
x1 → x1 − [xi1 , xi2 , xi3 , xi4 ]
x2 → x2

can be written by ζ12, ζ121, ζ1212 and automorphisms from GL2. For

ω :
x1 → x1
x2 → x2 + x1

, ψ :
x1 → x1
x2 → −x2

τ :
x1 → x1 + x2
x2 → x1

υ :
x1 → x2
x2 → x1

,
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µ−1 :
x1 → −x1
x2 → x2

, υ :
x1 → x1 + x2
x2 → x2

We have:

ζ−1

1212
=µ−1ζ1212µ−1, ζ1222 = [ζ1212, υ

−1],

ζ1221 = ζ1212, ζ−1

1221
= µ−1ζ1221µ−1 = µ−1ζ1212µ−1,

ζ1211 = [ω−1, ζ−1
1221

] = [ω−1, ζ−1
1212

] ζ2112 = µ−1ζ1212µ−1,

ζ2112 = µ−1ζ1221µ−1 = µ−1ζ1212µ−1, ζ2122 = ζ−1
1222

= υ−1ζ1212υζ
−1
1212

,

ζ−1
1211

= ψζ1211ψ = ψ
[

ω−1, ζ−1
1212

]

ψ, ζ2111 = ψζ1211ψ = ψ
[

ω−1, ζ−1
1212

]

ψ.

Hence α ∈ H. Thus kerφ ⊆ H. From here

Aut (L2,4) = 〈GL2, ζ12, ζ121, ker φ〉 ⊆ 〈GL2, ζ12, ζ121, ζ1212〉

and
Aut (L2,4) = 〈GL2, ζ12, ζ121, ζ1212〉 .
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