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Abstract: This paper presents a software package developed in Mathemat-
ica that contains implementations of various, mostly proposed during the last
three years, iterative algorithms, including combined algorithms, for solving
linear systems of equations. The accent falls on algorithms of type successive
overrelaxation which are modifications of the Gauss-Seidel algorithm (forward
and reverse iteration), as well as newer modifications applicable to systems with
iterative M -matrices. The package provides the algorithms’ implementations,
a set of functions that perform convergence analysis using criteria described
in literature, and additional utility functions. Described are the iterative algo-
rithms and the software implementation. A numerical example demonstrating
the use of the developed package is also given.
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1. Introduction

The recent paper presents a software package developed in Mathematica that
contains implementations of various, mostly proposed during the last three
years, iterative algorithms, including combined algorithms, for solving linear
systems of equations. The accent falls on algorithms of type successive over-
relaxation which are modifications of the Gauss-Seidel algorithm (forward and
reverse iteration), as well as newer modifications applicable to systems with
iterative M -matrices. Implemented are a number of algorithms (classical and
their new modifications), a set of functions that perform convergence analysis
using criteria described in literature, and additional utility functions providing
functionality not included in the Mathematica standard packages.

Our approach to begin the development of this software package from
scratch is a result of the fact that most of the implemented algorithms, being
various modifications of classical ones, are nonstandard and thus not provided
as built-in Mathematica functions [13, 16]. At the same time no legacy software
developed in other languages and providing the same functionality was found
in our research work. The existence of legacy software would give us the option
to seek solutions for modernizing it in order to reuse it, for instance provide
wrappers of the legacy software, as is presented in [7]. Another approach is
described in [9, 10], where the implementation of a parametric residual itera-
tion for linear interval systems by advanced MathLink communication between
the system Mathematica and the library C-XCS supporting rigorous complex
interval arithmetic is discussed. This implementation demonstrates the em-
bedding of higher-level C-SCS functions of complex interval arguments into
Mahtematica.

The newly developed in the last two years iterative algorithms, based on
classical algorithms and their modifications (see [4, 6, 15]), can, using the devel-
oped package, be easily implemented and added to the package, which we hope
would increase the interest in practical and theoretical research in the field of
computer algebra.

Further, the paper structure is as follows: section 2 describes in short the
algorithms that have been implemented; section 3 presents the software imple-
mentation; in section 4 is given a numerical example and concluding remarks
are given in section 5.
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2. Iterative Algorithms in Focus

The first task in front of us was to collect a set of new iterative algorithms for
solving linear systems of equations in a single software package, which would be-
come a basis for future research, development and obtaining of new algorithms
and techniques.

At this stage of our work, the object of implementation were both classical
algorithms and their modifications, proposed and considered by our team or
other research groups in the last few years. The detailed description of the
iterative algorithms is beyond the scope of this paper and is discussed in a
series of other publications referenced below. The focus of our work up until
now have been iterative overrelaxation algorithms for solving linear systems of
equations, which are modifications of the Gauss-Seidel algorithm (forward and
reverse iteration), as well as some newer modifications, applicable to systems
with iteration M -matrices. Special attention is paid to the decomposition A =
Tm − Em − Fm, where Tm is a banded matrix of bandwidth 2m+1, defined as
[1, 3]:

tij =

{

aij , |i− j| ≤ m

0, otherwise
,

where the matrices E and F are the following

Em =







−am+2,1
...

. . .

−an,1 · · · −an,n−m−1






,

Fm =







−a1,m+2 · · · −a1,n
. . .

...
−an−m−1,n






.

(1)

The iterative algorithms implemented in the developed software package are
proposed or considered in [1, 3, 5, 8, 11, 12, 17, 18, 19] where descriptions of the
algorithms and a number of corresponding convergence theorems are provided.
In brief, the main iterative algorithms covered until now are listed as follows:

1. Nekrassov-Mehmke iteration scheme (or Gauss-Seidel scheme), (see Mehm-
ke and Nekrassov [8]), referenced further as NM1:

xk+1
i = −

i−1
∑

j=1

aij

aii
xk+1
j −

n
∑

j=i+1

aij

aii
xkj +

bi

aii
, i = 1, 2, . . . , n; k = 0, 1, 2, . . . . (2)
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2. Modification of the Nekrassov-Mehmke algorithm (see Faddeev, D. and
Faddeeva, V. [1]), referenced further as NM2:

xk+1
i = −

i−1
∑

j=1

aij

aii
xkj −

n
∑

j=i+1

aij

aii
xk+1
j +

bi

aii
,

i = n, n−1, . . . , 1; k = 0, 1, 2, . . . .

(3)

3. Modification of the Nekrassov-Mehmke algorithm NM1 (see Iliev, Kyurk-
chiev and Petkov [3]):

xk+1
i = xki −

1

Nk
i





i−1
∑

j=1

aijx
k+1
j + aiix

k
i +

n
∑

j=i+1

aijx
k
j − bi



 ,

i = 1, 2, . . . , n; k = 0, 1, . . . ,

(4)

where

Nk
i = max







aii,

i−1
∏

j=1

(xki−xk+1
j )

n
∏

j=i+1

(xki−xkj )







, i = 1, 2, . . . , n; k = 0, 1, 2, . . .

and the sign of the product is defined as equal to the sign of aii.
4. Modification of the Nekrassov-Mehmke algorithm NM2 (see Zaharieva,

Kyurkchiev and Iliev [18]):

xk+1
i = xki −

1

Dk
i





i−1
∑

j=1

aijx
k
j + aiix

k
i +

n
∑

j=i+1

aijx
k+1
j − bi



 ,

i = 1, 2, . . . , n; k = 0, 1, . . . ,

(5)

where

Dk
i = max







aii,

i−1
∏

j=1

(xki−xkj )
n
∏

j=i+1

(xki−xk+1
j )







, i = 1, 2, . . . , n; k = 0, 1, 2, . . .

and the sign of the product is defined as equal to the sign of aii.
5. Generalized Nekrassov-Mehmke algorithm, based on NM1, with the ap-

plication of the decomposition A = Tm − Em − Fm (see Salkuyeh [11]):

xk+1 = (Tm − Em)−1Fmxk + (Tm − Em)−1b, k = 0, 1, 2, . . . . (6)
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6. Generalized Nekrassov-Mehmke algorithm, based on NM2, with applica-
tion of the decomposition A = Tm − Em − Fm (see Zaharieva, Kyurkchiev and
Iliev [19]):

xk+1 = (Tm − Fm)−1Emxk + (Tm − Fm)−1b, k = 0, 1, 2, . . . . (7)

7. Modification of the Nekrassov-Mehmke algorithm, based on NM1, with
application of the regular splitting A = D − L + U , where D is a diagonal
matrix and L and U are strictly lower and strictly upper triangular matrices,
respectively, and L ≥ 0, U ≥ 0 (see Kinashi, Sawami and Niki [5]):

xk+1 = −(D − L)−1Uxk + (D − L)−1b, k = 0, 1, 2, . . . . (8)

8. Modification of the Nekrassov-Mehmke algorithm, based on NM2, with
application of the regular splitting A = D − L + U , where D is a diagonal
matrix and L and U are strictly lower and strictly upper triangular matrices,
respectively, and L ≥ 0, U ≥ 0 (see Zaharieva, Kyurkchiev and Iliev [19]):

xk+1 = −(D − U)−1Lxk + (D − U)−1b, k = 0, 1, 2, . . . . (9)

9. Generalized Accelerated Over Relaxation algorithm, based on NM1, with
application of the decomposition A = Tm − Em − Fm (see Salkuyeh [12]):

xk+1 = (Tm − γEm)−1
(

(1− ω)Tm + (ω − γ)Em + ωFm

)

xk+

+ ω(Tm − γEm)−1b, k = 0, 1, 2, . . . , (10)

where 0 ≤ γ < ω ≤ 1.
10. Generalized Accelerated Over Relaxation algorithm, based on NM2,

with application of the decomposition A = Tm − Em − Fm (see Zaharieva,
Malinova [17]):

xk+1 = (Tm − γFm)−1
(

(1− ω)Tm + (ω − γ)Fm + ωEm

)

xk+

+ ω(Tm − γFm)−1b, k = 0, 1, 2, . . . , (11)

where 0 ≤ γ < ω ≤ 1.
Some of the above listed iterative algorithms allow 2-stage modifications.

For instance, (12) and (13) are constructed on the basis of algorithms (8) and
(9):

xk+1 =
1

2
(D−L)−1(D−L−U)xk +

1

2
(D−L)−1b, k = 0, 1, 2, . . . , (12)
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xk+1 =
1

2
(D−U)−1(D−U−L)xk +

1

2
(D−U)−1b, k = 0, 1, 2, . . . , (13)

as it is discussed in [5] and [19] respectively.
It can also be observed that the products taking part in factors D and N

in (4) and (5) can successfully be used for approximating the coefficients aii in
these algorithms, which we call combined algorithms.

3. Software Implementation

The developed software – the LSIterativeMethods package, is a Mathemat-
ica package that is installed as a Mathematica add-on (automatically or on-
demand). The package also provides help information, which is integrated in
and accessible through the Mathematica Help browser, as it is shown in Fig-
ure 1.

The content of the package can be grouped as follows:
1. Iterative algorithms: the implementation involves standard procedures

for setting: the maximum number of iterations; precision (number of digits);
tolerance for the approximate error; initial guess of the solution vector, relax-
ation parameters for the relaxation algorithms; the value of m for algorithms
with an iteration M -matrix; termination criteria; the printing of an approxi-
mate solution from each iteration and of the last iterative solution vector. The
algorithms also contain tests for specific requirements for the matrices, if they
are included in the algorithm definition; this is provided by functions realized
in the package. Some of the functions are for instance:

• GaussSeidelClassic – impelemnts (2); GaussSeidel2 – implements (3);

• GaussSeidelMod – implements (4); GaussSeidelMod2 – implements (5);

• GenGaussSeidel – implements (6); GenGaussSeidel2 – implements (7);

• GAORSalkuyeh – implements (10); GAOR – implements (11);

2. Functions providing convergence analysis, for example:

• StandardConvTest – analysis of the spectral radius of the iteration matri-
ces of the implemented algorithms;

• GAORconv – analysis of the spectral radius of the iteration matrix of
algorithm (11) and of the fulfillment of the requirements of Theorem 2
from [17], which guarantee convergence of the iterative algorithm;
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Figure 1: Help documentation for the developed software package LSIt-
erativeMethods

• GaussSeidelClassicConvSPD – analysis of positive definiteness as a con-
dition for convergence of the algorithm;

• GaussSeidelClassicConvSDD – analysis of diagonal dominance as a con-
dition for convergence of the algorithm.

3. Utility functions – the implementation of these functions involves using
Mathematica’s rule-based programming, patterns, transformation rules and ex-
tensive capabilities for manipulating strings [14, 2]. The package provides func-
tions such as:

• Generating banded matrices with bandwidth 2m+1 for the decomposition
A = Tm −Em −Fm, where T is a banded matrix with bandwidth 2m+1:
functions Tm, Em, Fm;

• Predicate functions for testing for specific requirements for the matrices,
for instance: if the matrix is an M -matrix, if it is diagonally dominant, if
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Figure 2: The package function GenerateCode with options to control
the code generation

it has a positive leading diagonal, if it is a square matrix, etc. (IsMMatrix,
IsDiagonallyDominant, IsStrictlyDiagonallyDominant, HasPositiveLead-
ingDiagonal). Note that the test for positive definiteness is implemented
using the built-in Mathematica function PositiveDefiniteMatrixQ.

• Functions for partial automation of the process of generating code for new
methods, as described below.

A considerable part of the base code for the function bodies is common
to all iteration algorithms. Due to that, a convenient facilitation for partial
automation of the process of code implementation for the newly created al-
gorithms is provided in the package by the function GenerateCode. Created
is a parameterized template on the basis of which the user could generate a
personalized version of the skeleton of the function code for an iterative algo-
rithm. The code generation is controlled by the GenerateCode function options,
such as: the name of the method, whether to add/remove the code for printing
the results of each iteration, whether to add/remove code for printing the re-
sults obtained by a direct method, adding/removing the parameter m for the
methods with M -matrix, etc., as it is shown in Figure 2. More options are to
be added, since this is a work in progress. The generated code is a function
that provides input parameters for: the matrices A and B, the initial guess
for the solution vector and additional optional input parameters with default
values, such as precision (number of digits) and tolerance for the approximate
error. The code also provides input of the maximum number of iterations and
a pre-defined termination criteria.

The generated code is automatically saved in a separate Mathematica note-
book file, titled with the name of the new function; then the user can make
changes and additions. For instance, the code shown in Figure 2 creates a
Mathematica notebook titled Method5.nb containing a function Method5, which
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includes the code for inputting a value for the parameter m and for printing
the results of each iteration.

Although the code generation is partial and concerns the most basic aspects
of the iteration algorithm, it is convenient and time saving in the process of
research work. It is also intended to add functionality to explicitly point to an
existing package algorithm and reuse its entire code without generating code
on the basis of the parameterized template.

4. Numerical Example

The following example demonstrates using the developed software package for
illustrating the results of Theorem 2, proved in [17]:

Theorem 1. (Theorem 2 in [17]) If A is an M -matrix and 0 ≤ γ < ω ≤ 1
with ω 6= 0 then method (11) is convergent, i.e.

ρ
(

G
N,(m)
AOR (γ, ω)

)

< 1.

Consider the M-matrix (example by Salkueh [12])

A =









4 −2 −1 −2
−1 5 −5 −1
−2 −1 9 −1
−1 −1 −1 5









.

Let γ = 0.5, ω = 0.9. For algorithm (11) and m = 1, using the package
functions IsMMatrix and GAORconv, we have (see Figure 3):

ρ
(

G
N,(1)
AOR (0.5, 0.9)

)

= 0.701942 < 1.

Similarly, for m = 2 and γ = 0.5, ω = 0.9 we have

ρ
(

G
N,(2)
AOR (0.5, 0.9)

)

= 0.495377 < 1.

These results show that the considered Theorem holds true. The example

also shows that, if t1 > t2, then in general ρ
(

G
N,(t1)
AOR (γ, ω)

)

is not less than

ρ
(

G
N,(t2)
AOR (γ, ω)

)

.
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Figure 3: Numerical example

5. Conclusions

The proposed Mathematica implementation of various, mostly developed during
the last three years, iterative algorithms for solving linear systems of equations
could contribute to research work aimed at developing successful modifications
of existing iterative algorithms. Specifically, the presented software can be
used in the process of studying the spectral radiuses of the iteration matrices
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of newly-appearing and insufficiently analyzed algorithms in the field of ap-
plied analysis, in order to prove the right of existence of these algorithms. The
developed software package, in our opinion, successfully complements the exist-
ing Mathematica packages. An additional benefit is the possibility to enhance
university education in subjects involving applied algorithms in the fields of
algebra and analysis such as Applied mathematics, Numerical methods, Insur-
ance mathematics and Econometrics.
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