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Abstract: Intracellular dyes such as carboxyfluorescein succinimidyl ester
(CFSE) have become an important tool for the flow cytometric analysis of a
proliferating population of cells. The quantitative analysis of flow cytometry
data involves two components. First, the generation structure (cell counts in
terms of the number of divisions undergone) of the population must be re-
lated to a description of the manner in which cells divide and die. To this
end, the cyton model [11, 20, 21], which relates generation structure directly to
probability distributions over times to divide and die, is both experimentally
accurate and intuitive. Second, the manner in which the intracellular dye is
processed by growing, dividing, and dying cells must be related to the mea-
sured fluorescence profiles of the population of cells. Several models of label-
structured populations [4, 5, 7, 19, 24, 25, 36] have been used to accurately
describe these fluorescence profiles. Here, we rely upon the compartmental
formulations [7, 19, 36, 39] along with the recent computational framework of
[19, 36] to combine these two components to derive a new single model. This
new model is capable of simultaneously describing generation dynamics and
label structure dynamics in a proliferating population of cells in an extremely
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fast computational model. The new model is shown to be at least as accurate
as those of previous efforts, while also providing a more biologically intuitive
analysis of the behavior of the population of cells.

Key Words: cell proliferation, cell division number, CFSE, label structured
population dynamics, cyton models, partial differential equations, inverse prob-
lems

1. Introduction

While mathematical descriptions of cell division dynamics have long been con-
sidered [9, 38] (see also the review [6]), such models have been hard to validate
because of the difficulty in obtaining suitable experimental data. However, in
the past two decades, the use of intracellular dyes such as carboxyfluorescein
succinimidyl ester (CFSE) in proliferation assays has been shown to provide an
indication of the generation structure (cells per division number) of a popula-
tion of cells. While generation structure in itself is insufficient for the inference
of biologically meaningful parameters such as rates of proliferation and death,
assay measurements taken serially in time can be combined with a mathemat-
ical model of cell division to provide insights into the dynamic parameters of a
cell population. Thus there is significant interest in mathematical models which
accurately describe CFSE-based proliferation assay data, can be solved and fit
to data quickly, and provide estimates of biologically relevant information.

The mathematical description of CFSE data has generally followed one of
two distinct approaches. The first approach [14, 15, 16, 17, 18, 22, 23] is to
use data taken from proliferation assays to approximate the numbers of cells in
terms of the numbers of divisions undergone. Mathematical models are then
formulated which attempt to describe these numbers in terms of division and
death dynamics. The advantage of such models is that they are generally simple
and relate intuitive values (cells per division number) to biologically relevant
parameters (division and death rates). In particular, the cyton model [20, 21], in
which cell dynamics are characterized by independent probability distributions
over times to division and death, has proven particularly successful in describing
cellular dynamics [6, 11, 20]. However, the validation of such models requires
careful analysis and deconvolution of CFSE data to determine the generation
structure of the population of cells. This generally introduces some error and/or
bias into the resulting cell number data, particularly if division peaks are poorly
resolved or for high division numbers where there is significant overlap between
adjacent peaks [6, 39]. The second approach is to describe the evolution of
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the CFSE dynamics (intracellular turnover, partitioning upon mitosis) directly
[4, 5, 24, 25]. The benefit of such an approach is that the CFSE histograms are
described directly by a conservation law, without any need for deconvolution
of the data. However, models of label dynamics can be quite complex and the
parameters of such models are generally more difficult to relate to biologically
relevant information [4, 7, 19].

Recent work [7, 19, 36, 39] has been directed toward combining these two
approaches so that label dynamics are described directly while the generation
structure of the population is also computed and related to rates of proliferation
and death. In fact, it is possible to view such models, structured by both
(discrete) division number and (continuous) label fluorescence, as a unifying
framework relating models of generation structure to models of label dynamics
[6, 19]. Here, we take advantage of the compartmental formulations [7, 19, 36,
39] along with the computational framework developed in [19, 36] to propose
a new mathematical model which accounts for both the turnover and dilution
of intracellular dye (via a conservation law) as well as the evolution of the
population generation structure (via a generalization of the cyton model). This
new model is then compared to previous work [7, 39] in terms of computational
performance and accuracy in describing an actual CFSE data set. As will be
shown, the new model is at least as good as previous models describing CFSE
histogram data for the data set shown. The computational approach of [19, 36]
permits the model to be solved much faster (by orders of magnitude) than in
previous work [4, 6, 7, 39] and the incorporation of the cyton model [20, 21]
provides biologically intuitive estimates of the population distribution of times
to division and death.

We begin with a brief summary of mathematically relevant aspects of the
data collection process. Next, the cyton model for cell dynamics is reviewed,
as is a model of label dynamics. These are then combined to form a new
mathematical approach to describing flow cytometry data. Finally, an inverse
problem is formulated and the feasibility of the new modeling framework is
demonstrated by fitting it to experimental data for a population of CD4+ cells
labeled with CFSE and stimulated with PHA.

2. CFSE Data

CFSE is an intracellular dye which can be used to track division history in a
population of lymphocytes [27, 29, 33, 35, 41] without any adverse affects on
the functioning of the cells under study [26, 28, 29]. After being introduced to
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a culture of cells, CFSE diffuses freely across the cell membrane and becomes
bound to intracellular proteins [33]. The initial uptake of CFSE is mildly de-
pendent on cell size and the distribution of intracellular proteins [30, 35] but is
generally uniform across all cells in a population [29, 40], particularly when cells
of a single type (e.g., CD4+ cells) are being studied. The fluorescence proper-
ties of the fluorescein groups permit the quantity of CFSE within a single cell to
be assessed by a flow cytometer, which measures the fluorescence intensity (FI)
resulting from intracellular CFSE, a quantity which is known to vary linearly
with mass [27]. While individual cells are measured by the flow cytometer, it is
not possible to follow a single cell (or its progeny) across multiple measurement
times. Rather, individual fluorescence measurements are aggregated to indicate
the distribution of FI (and hence, CFSE) within the sampled population. Such
data is most commonly represented in histogram form, indicating the CFSE
profile of the population at the measurement time (see Figure 1).

As a result of the uniform initial update of CFSE, the initial distribution of
CFSE in the population of cells under study is unimodal. When a cell divides,
the intracellular carboxyfluorescein groups (and the proteins to which they are
bound) are partitioned approximately evenly between the resulting daughter
cells. Thus the measured FI of a given daughter cell is less than the measured FI
of a mother cell by a predictable amount. As a result, measured FI can be used
to estimate the number of divisions a cell has undergone [27, 29, 33, 35, 40, 42].
Each generation of cells (understood to be those cells which have undergone the
same number of divisions since initial labeling with CFSE) appears as a distinct
mode or peak in the histogram data. As cells divide, subsequent generations of
cells become hard to distinguish as the natural autofluorescence of cells becomes
an important contributor to the FI measurement [4, 7, 27, 35].

After cells are labeled with CFSE, those cells are then stimulated to di-
vide either by exposure to a specific antigen or nonspecifically by exposure to
phytohaemagglutinin (PHA). The time at which the stimulating agent is intro-
duced into the cell culture is considered to be t = 0 hours, and all measurement
times are given relative to this point. The stimulated cells are placed into sep-
arate wells (each to be analyzed, e.g., counted, at a different time) containing
a nutrient medium; separate wells for each measured sample are necessary to
prevent the disruption of cellular function by the measurement process. At
each measurement time, cells from a single well are harvested, stained and/or
analyzed in accordance with a particular experimental protocol, and then ana-
lyzed by flow cytometry. There are numerous experimental protocols available
for CFSE-based proliferation assays [27, 29, 35, 40, 42] and a detailed review of
the mathematically relevant aspects of the data collection process can be found



A DIVISION-DEPENDENT COMPARTMENTAL MODEL... 123

0 0.5 1 1.5 2 2.5 3 3.5
0

0.5

1

1.5

2

2.5

3

3.5x 10
5 Histogram Data, t =0 hrs

Log FI

C
el

l C
ou

nt
s

0 0.5 1 1.5 2 2.5 3 3.5
0

0.5

1

1.5

2

2.5

3

3.5x 10
5 Histogram Data, t =24 hrs

Log FI

C
el

l C
ou

nt
s

0 0.5 1 1.5 2 2.5 3 3.5
0

0.5

1

1.5

2

2.5

3

3.5x 10
5 Histogram Data, t =48 hrs

Log FI

C
el

l C
ou

nt
s

0 0.5 1 1.5 2 2.5 3 3.5
0

0.5

1

1.5

2

2.5

3

3.5x 10
5 Histogram Data, t =72 hrs

Log FI

C
el

l C
ou

nt
s

0 0.5 1 1.5 2 2.5 3 3.5
0

0.5

1

1.5

2

2.5

3

3.5x 10
5 Histogram Data, t =96 hrs

Log FI

C
el

l C
ou

nt
s

0 0.5 1 1.5 2 2.5 3 3.5
0

0.5

1

1.5

2

2.5

3

3.5x 10
5 Histogram Data, t =120 hrs

Log FI

C
el

l C
ou

nt
s

Figure 1: Cell count vs. log fluorescence intensity; originally from [25].

in [6, 39]. It will be assumed here that CFSE histogram data, such as that
shown in Figure 1, represents a census of all cells in the population. Such an
assumption has implications for the statistical model which describes errors in
the data collection process (see [39, Ch. 4] and Sections 4 and 5 below) but is
sufficiently accurate for the present purposes.

Fluorescence intensity data from a flow cytometer is most conveniently rep-
resented on a logarithmic scale. Let z represent the base-10 logarithm of fluores-
cence intensity (in arbitrary units of intensity, UI) and consider some partition
{zjk} (1 ≤ k ≤ K(j)) of the z-axis at measurement time tj . CFSE histogram

data describes the number of cells njk having log-fluorescence intensity in the in-

terval [zjk, z
j
k+1) at time tj . An example data set (originally from [25]) is shown

in Figure 1. As stated above, each ‘peak’ in the data represents a cohort of cells
having undergone the same number of divisions since initial CFSE uptake. For
models of label dynamics (see Section 3.2) this data can be compared directly
to the mathematical model. For models which consider only generation struc-
ture, additional effort is necessary to determine the numbers of cells having
undergone a certain number of divisions at each time. Typically, this involves
fitting the histogram data with a series of Gaussian-type peaks and then using
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these peaks to compute cell numbers (see, e.g., [6] and the references therein).
In this report, we focus exclusively on models which can be fit directly to CFSE
histograms.

3. Mathematical Model

As mentioned above, our new mathematical model is built upon two existing
frameworks which we summarize here. First, the generation structure (cells per
division number) of the population is described by the cyton model [20, 21].
We remark that the cyton model is not the only possible model of the evolution
of generation structure in a population of dividing cells. For a recent review
of alternative models see [6, 32]. However, the cyton model has been shown to
perform better than (or at least comparably to) most other models in several
practical applications [6, 20, 32]. Additionally, the quantitative modeling of
cell division and death is much more intuitive in the cyton model. We review
the cyton model and then in the second framework we summarize a hyperbolic
conservation law model which has been shown to accurately describe the natural
turnover of CFSE and the dilution of the dye by mitosis [4, 5, 7, 24, 25, 36].
Finally, these two approaches are combined using the computational framework
of [19, 36] to form a new model that directly describes flow cytometry data.

3.1. The Cyton Model

In simplest terms, the cyton model arises from the simple observation that any
given cell must eventually divide or die. Based upon experimental evidence
[20] it has been proposed that the processes of cell division and death operate
independently of one another. Thus, a given cell can be considered to have
(fixed) times to divide and die, with the eventual fate of the cell determined by
whichever of the two values is the smallest. The ‘cyton’ refers to the underlying
regulatory machinery of the cell which governs this hypothetical process [11,
20, 21]. (Some work, e.g., [32], considers the additional possibility that a subset
of cells may neither divide nor die over the duration of an experiment. This
can ultimately be viewed as a special case of the cyton in which the times to
division and death for a given cell exceed the time remaining in an experiment.)
In a population of cells, it is reasonably hypothesized that times to division and
death may be different for every cell in the population, but that these times
are drawn independently from probability distributions which are common to
all cells having undergone the same number of divisions. (The experimental
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evidence for such an assumption is considered in detail in [20, 21].) Thus,
it is these probability distributions which define the dynamic behavior of the
population, and the cyton model establishes a simple, intuitive relationship
between generation structure and these probability distributions in a population
of dividing cells.

Let Ni(t), 0 ≤ i ≤ imax represent the number of cells having undergone i
divisions at time t. Assume there are N0 cells in the population at t = 0. In its
simplest form, the cyton model relates the number of cells in the population to
the number of cells which divide and die in a unit of time,

N0(t) = N0 −
∫ t

0

(

ndiv0 (s)− ndie0 (s)
)

ds

Ni(t) =

∫ t

0

(

2ndivi−1(s)− ndivi (s)− ndiei (s)
)

ds, (1)

where ndivi (t) and ndiei (t) indicate the numbers per unit time of cells having
undergone i divisions that divide and die, respectively, at time t. Let φ0(t)
and ψ0(t) be probability density rate functions (in units 1/time) for the times
to division and death, respectively, for an undivided cell. Let F0, the initial
precursor fraction, be the fraction of undivided cells which would hypothetically
divide in the absence of any cell death. It follows that

ndiv0 (t) = F0N0

(

1−
∫ t

0
ψ0(s)ds

)

φ0(t)

ndie0 (t) = N0

(

1− F0

∫ t

0
φ0(s)ds

)

ψ0(t). (2)

Similarly, one can define probability density rate functions φi(t) and ψi(t) for
times to division and death, respectively, for cells having undergone i divisions,
as well as the progressor fractions Fi of cells which would complete the ith

division in the absence of cell death. Then the numbers per unit time of dividing
and dying cells are computed as

ndivi (t) = 2Fi

∫ t

0
ndivi−1(s)

(

1−
∫ t−s

0
ψi(ξ)dξ

)

φi(t− s)ds

ndiei (t) = 2

∫ t

0
ndivi−1(s)

(

1− Fi

∫ t−s

0
φi(ξ)dξ

)

ψi(t− s)ds. (3)

It follows from the forms of equations (1) - (3) that the evolution of the
generation structure for a population of cells described by the cyton model is
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entirely determined by the density functions {φi(t)}imax

i=0 and {ψi(t)}imax

i=0 and the
progressor fractions {Fi}imax

i=0 . Ultimately then, the cyton model is not a single
model but rather a family of models which can be identified by the underlying
forms and assumptions on the functions φi(t) and ψi(t) and the parameters Fi.
A detailed motivation of the cyton model, as well as experimental evidence for
the form of the model, can be found in [20, 21].

Following the experimental evidence initially described in support of the
cyton model [20, 21], it is most common to assume that the functions φi(t)
and ψi(t) are lognormal probability density functions. Define the (lognormally
distributed) random variable T div

i to be the time required for a cell to complete
the ith division (with the clock starting from the completion of the (i − 1)th

division), and let the parameters µdivi and σdivi represent the mean and standard
deviation of the natural logarithm of this random variable. The analogous
definitions hold for T die

i , µdiei , and σdiei . It follows that the distributions φi(t)
and ψi(t) are given by

φi(t) =
1

tσdivi

√
2π

exp

(

−(log t− µdivi )2

2(σdivi )2

)

ψi(t) =
1

tσdiei

√
2π

exp

(

−(log t− µdiei )2

2(σdiei )2

)

, (4)

for each i, 0 ≤ i ≤ imax, and t > 0. Alternatively, it may be more intuitive
to characterize the density functions φi(t) and ψi(t) directly in terms of the
means and standard deviations of T div

i and T die
i (as opposed to the means and

standard deviations of log(T div
i ) and log(T die

i )). These quantities are related by
the formulas

E[T div
i ] = exp

(

µdivi +
(σdivi )2

2

)

E[T die
i ] = exp

(

µdiei +
(σdiei )2

2

)

V ar[T div
i ] =

(

exp
(

(σdivi )2
)

− 1
)

exp
(

2µdivi + (σdivi )2
)

V ar[T die
i ] =

(

exp
(

(σdiei )2
)

− 1
)

exp
(

2µdiei + (σdiei )2
)

.

For the most basic cyton model, it is assumed that the random variables T div
i

are identically distributed for all i ≥ 1 and that T die
i are identically distributed

for all i ≥ 1. These distributions need not be identical to each other, and
may be different from the corresponding random variables for undivided cells
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(i = 0). Thus we have

µdivi = µdiv, i ≥ 1 (5)

σdivi = σdiv , i ≥ 1 (6)

µdiei = µdie, i ≥ 1 (7)

σdiei = σdie, i ≥ 1. (8)

It is also assumed that all cells which are activated to divide will continue to
do so (in the absence of cell death),

Fi = 1, i ≥ 1. (9)

Thus under these assumptions the most basic cyton model we consider has 9
parameters

{µdiv0 , σdiv0 , µdie0 , σdie0 , µdiv, σdiv , µdie, σdie, F0}.

Given these parameters, the probabilities of division and death (4) can be com-
puted for all time, which can then be used to determine the rates (2)-(3) for
the numbers of cells which divide and die and then the total numbers of cells
in each generation (1).

Of course, many of the assumptions made in obtaining this simplified model
might be relaxed to obtain a more generalized cyton model. For instance, it is
reasonable to assume that non-precursors (those cells which are not activated to
divide) may die at different rates than cells which are activated to divide (but
which die before dividing). For instance, it might be assumed that cells which
will not progress through the first division may die with some exponential rate,
β. In such a case, it follows that

ψ0(t) =
F0

tσdie0

√
2π

exp

(

−(log t− µdie0 )2

2(σdie0 )2

)

+ (1− F0)βe
−βt. (10)

An additional possibility is that a fraction of the cells which do not progress
through the first division will remain dormant throughout the experiment, with-
out dying according to either a lognormal or exponential probability. Let pidle
represent the fraction of non-progressing cells which remain idle through the
course of the experiment. If non-progressing, non-idle cells die with the same
probability as progressing cells, then the new probability of death is

ψ0(t) =
1− pidle(1− F0)

tσdie0

√
2π

exp

(

−(log t− µdie0 )2

2(σdie0 )2

)

. (11)



128 H.T. Banks, W.C. Thompson

If non-progressing, non-idle cells are assumed to die at an exponential rate,
then the new probability of death is

ψ0(t) =
F0

tσdie0

√
2π

exp

(

−(log t− µdie0 )2

2(σdie0 )2

)

+ (1− pidle)(1 − F0)βe
−βt. (12)

As before for the basic cyton model, the function ψ0(t) (regardless of form) is
used to compute the rates of numbers of dying and dividing cells (2) which are
then used to compute the numbers of cells per generation (1).

Another obvious generalization is to suppose that Fi (for i ≥ 1) may not
be equal to 1. In other words, at each generation there is some fraction of cells
which will not progress any further. (These cells may still die according to the
lognormal probability of death for that particular generation.) Following [20],
the fractions Fi can be most easily defined in terms of a division destiny. Among
the cells which will progress through at least one division (F0N0 of them; these
cells are the precursors from which all subsequent cells in the population will
arise). Let pi be the probability that a cell ceases to divide after completing i
divisions. Obviously,

imax
∑

i=1

pi = 1.

Define the cumulative probabilities

ci =

i
∑

j=1

pj.

It follows that the progressor fractions (for i ≥ 1) are

Fi =

{

1−ci
1−ci−1

, ci−1 < 1

0, ci−1 = 0.
(13)

We can now define the division destiny, di, to be the fraction of cells (out of
those cells in the original population) which would have proceeded through
exactly i divisions in the absence of any cell death. Given the definitions above,
the division destinies are computed as

di =

{

1− F0, i = 0
F0pi, i ≥ 1.

(14)

One possibility is to allow probabilities pi (or the progressor fractions Fi) to
vary independently of one another (subject only to the constraint that the
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probabilities must sum to one). An alternative approach considered in [20] is
to assume a discrete normal form for the probabilities pi. Hence the proba-
bilities pi as well as the progressor fractions Fi are entirely determined by two
parameters–the mean and the variance of the discrete normal distribution. This
assumption is convenient not only in reducing the total number of parameters
in the underlying mathematical model, but has also been shown to accurately
describe experimental data [20].

The generalizations of the cyton model considered in this paper are sum-
marized in Table 1. Of course, numerous additional generalizations are possi-
ble. For instance, cells which do not proceed through the first generation may
possibly be described by a separate lognormal distribution rather than by an
exponential distribution. If one considers non-progressors at every generation
(according to Equation (13)), then one may define a separate probability of
death for the non-progressors in each generation (say, exponential with rates
βi). In the interest of brevity, such a large number of possible models are not
considered here. As will be shown below, the generalizations of the cyton model
already proposed above are sufficient to accurately describe the data set shown
in Figure 1.

3.2. The Label-Structured Model

While the cyton model provides a method to compute the generation structure
for a population of dividing cells, it is not possible to directly measure the divi-
sion number of a given cell. As discussed in Section 2, intracellular dyes such as
CFSE can be used to provide some indication of division structure. However,
some work is required before the CFSE histogram profile of a population can
be used to infer the generation structure of the measured population. In order
to accurately and efficiently determine this generation structure, it is necessary
to account for the manner in which cells process the intracellular dye as they
grow, divide, and die. Because flow cytometry data is typically presented as
a histogram showing the numbers of cells having given values of fluorescence
intensity, structured population models [31] using fluorescence intensity as the
structure variable seem particularly suitable [25] to describe these dynamics.
Because the FI measurement corresponds approximately to the mass of fluores-
cence label within the cell being measured, such models have been referred to
as ‘label structured models’.

It is known that cells naturally lose FI over time as a result of the natural
turnover of the intracellular proteins to which CFSE is bound [27, 33]. Thus
an accurate model of label dynamics must account for both this intracellular
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Model Descriptions Equations Parameters

Cyton1 Basic cyton model (1)-(8),(9) 9
Cyton2 Cyton1 with exponential

death for undivided non-
progressors

(1)-(8),(9),(10) 10

Cyton3 Cyton1 with division destiny
curve

(1)-(8),(13) 11

Cyton4 Cyton1 with exponential
death for undivided non-
progressors and division
destiny curve

(1)-(8),(10),(13) 12

Cyton5 Cyton2 with an additional
fraction of idle undivided non-
progressors

(1)-(8),(9),(12) 11

Cyton6 Cyton3 with an additional
fraction of idle undivided non-
progressors

(1)-(8),(11),(13) 12

Cyton7 Cyton4 with an additional
fraction of idle undivided non-
progressors

(1)-(8),(12),(13), 13

Table 1: Summary of cyton model generalizations to be considered.

turnover of CFSE and the dilution of CFSE by division. Upon mitosis, it is
assumed that the mass of CFSE within the mother cell is partitioned evenly
among the new daughter cells. All cells are known to have a low level of autoflu-
orescence which is measurable even for cells which have not been labeled with
CFSE. Autofluorescence and fluorescence resulting from intracellular CFSE are
assumed to be additive.

Let n(t, x) be the structured density (cell per unit of fluorescence intensity)
of a population of cells at time t and with measured FI x. Let α(t, x) represent
the rate (in units 1/hr) at which cells with measured fluorescence intensity
x at time t divide. Similarly, let β(t, x) be the rate at which cells die. It
should be noted that the dependence of the functions α and β on measured
fluorescence intensity is not intended to be causative; because measured FI
decreases approximately 2-fold with each division, the structure variable x can
be used as a surrogate for the dependence of the proliferation and death rates
on division number, which has been well-attested in other studies [4, 5, 7, 14,
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15, 22, 23, 24, 25, 39]. Then the CFSE label dynamics can be described by the
fragmentation equation

∂n(t, x)

∂t
− ce−kt ∂[(x− xa)n(t, x)]

∂x
= −(α(t, x) + β(t, x))n(t, x)χ[xa,x∗]

4α(t, 2x − xa)n(t, 2x− xa)

n(0, x) = Φ(x)

n(t, xmax) = 0

v(t, xa)n(t, xa) = 0. (15)

The advection term (with parameters c and k) represents the Gompertz de-
cay process for decrease in FI resulting from intracellular turnover of CFSE.
The parameter xa describes the autofluorescence of activated cells. A careful
derivation of this model can be found in [4, 39]. Given rates of proliferation,
death, and FI decay, the structured density n(t, x) provides cell counts in terms
of measured FI at a given time, which can be compared directly to histogram
data such as that shown in Figure 1. The model (15) has been shown to accu-
rately describe label dynamics for CD4+ cells [4, 5, 24, 25, 39] and CD8+ cells
[25].

While the model (15) provides an accurate description of the evolution of
the CFSE histogram profile for a population of cells, it cannot be directly
related to the generation structure of the population. Rather, the model can
be reformulated with distinct compartments for each generation. The resulting
model is a system of partial differential equations,

∂n0

∂t
− ce−kt(x− xa)

∂n0

∂x
=− (α0(t) + β0(t)− ce−kt)n0(t, x)

∂n1

∂t
− ce−kt(x− xa)

∂n1

∂x
=− (α1(t) + β1(t)− ce−kt)n1(t, x) +R1(t, x)

...

∂nimax

∂t
− ce−kt(x− xa)

∂nimax

∂x
=− (βimax

(t)− ce−kt)nimax
(t, x) +Rimax

(t, x),

(16)

where now ni(t, x) is the structured population density for cells having un-
dergone i divisions. The recruitment terms describe the symmetric division
of CFSE upon mitosis and are given by Ri(t, x) = 4αi−1(t)ni−1(t, 2x − xa).
Boundary and initial conditions are given as in (15). Observe that, because
the number of divisions undergone has now been explicitly identified by the
subscripted generation number, it is no longer necessary for the division and
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death rates to depend upon the measured fluorescence intensity. This makes
the compartmental model (16) both simpler and more intuitive [7, 36, 39]. As
with the fragmentation model, the compartmental model has been shown to
accurately describe CFSE histogram data for CD4+ cells [7, 39].

3.3. The New Model

There are two major problems with the using (16) to describe CFSE histogram
data. First, computational solutions (when computed in a naive manner [7, 39])
can be quite expensive, requiring several minutes of computational time [19, 36,
39]. Second, it is not immediately clear how the time-dependent exponential
rates αi(t) and βi(t) might be related to biologically relevant quantities such as
mean time to division.

Rather than considering a compartmental model (16) with measured flu-
orescence intensity as the structure variable, Allgöwer, et al., [19, 36] have
proposed a model which is structured by the fluorescence intensity resulting
from the mass of CFSE within the cell. Let x̃ represent this fluorescence inten-
sity. Then the authors propose that the population density ñ(t, x̃) with respect
to this quantity is described by the system of equations

∂ñ0

∂t
− ce−kt∂[x̃ñ0]

∂x̃
=− (α0(t) + β0(t))ñ0(t, x̃)

∂ñ1

∂t
− ce−kt∂[x̃ñ1]

∂x̃
=− (α1(t) + β1(t))ñ1(t, x̃) + 4αi−1(t)ñi−1(t, 2x̃) (17)

...

with boundary and initial conditions as in (15) and (16). The major advantage
of formulating the model in terms of x̃ is the very simple form of the model
solution. It can be proven [19, 36] that the solution to the model (17) can be
written as

ñi(t, x̃) = Ni(t)n̄i(t, x̃) (18)

for all i. In this representation the functions Ni(t) satisfy the weakly coupled
system of ordinary differential equations

dN0

dt
=− (α0(t) + β0(t))N0(t)

dN1

dt
=− (α1(t) + β1(t))N1(t) + 2αi−1(t)Ni−1(t) (19)

...
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with initial conditions N0(0) = N0, Ni(0) = 0 for all i ≥ 1. The functions
n̄i(t, x̃) each satisfy the partial differential equation

∂n̄i(t, x̃)

∂t
− ce−kt∂[x̃n̄i(t, x̃)]

∂x̃
= 0 (20)

with initial condition

n̄i(0, x̃) =
2iΦ(2ix̃)

N0
.

Note that, by definition,

N0 =

∫ ∞

0
Φ(x̃)dx̃.

The structured density ñ(t, x) described by (17) is related to the density n(t, x)
(which is in terms of the actual observed fluorescence intensity) by adding the
autofluorescence. Because autofluorescence may vary from cell to cell in the
population [7, 19, 34, 36, 39], this is most accurately done by computing the
convolution integral

n(t, x) =

∫ ∞

0
ñ(t, x̃)p(x− x̃)dx̃, (21)

where p(x) is a probability density function describing the distribution of aut-
ofluorescence in the population. Typically, it is assumed that p(x) is a lognormal
distribution [7, 39], and thus characterized by its mean and variance. While the
computation of the convolution can be quite formidable, such an assumption on
the autofluorescence density function has been incorporated into an approxima-
tion scheme which has been shown to be both accurate and quite fast. Details
and associated proofs can be found in [19] and the references therein.

In separating the model into component parts and demonstrating fast ap-
proximation techniques, Allgöwer, et al., have produced an intuitive model for
a population of cells structured by fluorescence intensity and division number
as well as a remarkably efficient computational strategy. However, there is still
the problem of how to relate the time-dependent exponential rates of cell di-
vision and death, αi(t) and βi(t), to biologically descriptive information. To
this end, we turn to a reformulation of the model above which is, in fact, made
possible exactly by the model formulation and method of solution proposed by
Allgöwer, et al.

When the model (17) is separated into two components (18), it is clear that
the form of the system of differential equations to account for cell numbers
(19) arises naturally from the mechanisms chosen to describe cell division and
death in the original partial differential equation formulation (17). However,
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neither the partial differential equation (17) nor the separated solution (18) are
premised upon these particular forms. To that end, we consider the system of
equations

∂ñ0

∂t
− ce−kt∂[x̃ñ0]

∂x̃
=ndiv0 (t)− ndie0 (t)

∂ñ1

∂t
− ce−kt∂[x̃ñ1]

∂x̃
=2ndivi−1(t)− ndivi (t)− ndiei (t) (22)

...

where the definitions of ndiv0 (t), ndie0 (t), ndivi and ndiei are given in Equations
(2) - (3). This model, which is based on simple mass balance, can be solved by
factorization (18) as before; the label densities ñ(t, x̃) are computed according
to Equation (20), and the cell numbers are now provided by the cyton model
as discussed in Section 3.1. Thus the new model (22) is capable of accurately
describing the evolving generation structure of a population of cells while also
accounting for the manner in which the CFSE profile of the population changes
in time. The model is easily relatable to biologically meaningful parameters
(times to division and death) and can be solved efficiently so that it is eminently
suitable for use in an inverse problem.

4. Model Validation

We now consider fitting the new model (22) to the data set shown in Figure 1.
It will be assumed that the autofluorescence density p(xa) is lognormal and thus
can be described by its mean and variance. Let θ represent all the parameters
necessary to obtain a solution to the model (22). Thus θ contains the autoflu-
orescence mean and variance, the label decay parameters, and the parameters
associated with the given cyton model (see Table 1). For a given θ, the solution
for the model (22) is computed according to the technique demonstrated in [19]
to produce the population density n(t, x), which can be written in expanded
notation as n(t, x; θ). Of course, the data in Figure 1 is reported on a log10
scale. The label-structured population density in the log10 scale is

n̂(t, z; θ) = 10z ln(10)n(t, x(z); θ) = 10z ln(10)n(t, 10z ; θ), (23)

with the factor 10z ln(10) needed to conserve the quantity of fluorescence in-
tensity after the change of variables. As discussed in Section 2, the data is
given as a set of ordered pairs (zjk, n

j
k) indicating the number njk of cells having
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log-fluorescence intensity in the interval [zk, zk+1) at time tj . Because the trans-
formed model solution n̂(t, z) is a density, numbers of cells in a given region are
computed by integration,

I[n̂](tj , z
j
k; θ) ≡

∫ z
j+1

k

z
j

k

n̂(tj , z; θ)dz ≈
[

n̂(tj , z
j
k+1; θ) + n̂(tj, z

j
k; θ)

2

]

(

z
j
k+1 − z

j
k

)

.

Following standard inverse problem procedure [1, 8, 12, 13, 37], we can define
the random variables

N
j
k = I[n̂](tj , z

j
k; θ0) + Ekj, (24)

and consider the data njk to be realizations of these random variables. The Ekj
are random variables representing noise, errors, or otherwise unmodeled phe-
nomena which cause the data to deviate from the predictions of the model. It is
standard [1, 8, 13, 37] to assume that these random variables have zero expec-
tation, E[Ekj] = 0, reflecting a belief that the data arise from the mathematical
model, given some nominal truth parameter θ0. For the results presented here,
it will further be assumed that V ar(Ekj) = σ20 , and that the errors are indepen-
dent and identically distributed (iid). Then we may define the ordinary least
squares (OLS) estimator

θOLS = argmin
θ∈Θ

J(θ|{N j
k})

=
∑

k,j

R2
kj = argmin

θ∈Θ

∑

k,j

(

I[n̂](tj , z
j
k; θ)−N

j
k

)2
. (25)

The goal of the model calibration problem is to determine the estimate θ̂ which
minimizes the OLS cost functional J(θ) given a particular data set,

θ̂OLS({njk}) = argmin
θ∈Θ

J(θ|{njk}) =
∑

k,j

∇2
kj = argmin

θ∈Θ

∑

k,j

(

I[n̂](tj , z
j
k; θ)−n

j
k

)2
.

This minimization was carried out using the MATLAB optimization routine
fmincon, which implements the BFGS algorithm. It should be noted that the
consistency of the least squares estimator (25) is premised upon the accuracy of
the assumptions that the errors are iid with constant variance, V ar(Ekj) = σ20 .
While a statistical model for the error random variables Ekj is not known,
recent work [39, Ch. 4] suggests that these assumptions may be only a rough
approximation to reality for the CFSE proliferation data. In the absence of any
additional information, we use the OLS framework here to demonstrate that
the new model proposed is capable of accurately fitting data collected from
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Model Number of parameters Cost

Cyton1 4+9 7.5175 × 1011

Cyton2 4+10 7.5246 × 1011

Cyton3 4+11 4.4598 × 1011

Cyton4 4+12 4.0423 × 1011

Cyton5 4+11 5.7226 × 1011

Cyton6 4+12 4.0549 × 1011

Cyton7 4+13 3.6228 × 1011

(17) 4+29 3.8332 × 1011

Table 2: Summary of inverse problem results fitting the model (22) con-
taining the cyton dynamics described in Table 1. The Cyton7 model
clearly has the lowest cost of the models tested, although it also con-
tains more parameters than any of the other cyton-based models. Sig-
nificantly, the Cyton7 model outperforms the model (17) presented in
[7, 39], while also having fewer total parameters. We remark that the
cost of the model (17) is slightly higher than that reported in [7, 39] as
a result of the different approximation and computational approaches
used.

a CFSE proliferation assay (see Figure 2). Further work to characterize an
accurate statistical model (and hence an unbiased estimator) is ongoing. More
details about this inverse problem in general can be found in [39, Ch. 3].

Following the work presented in Section 3.1, multiple variations of the model
(following from different implementations of the cyton model) were fit to the
data shown in Figure 1. As a means of comparison, the model (17) was also
tested, recreating the results from [7, 39] but with the new computational frame-
work of [19, 36]. For this model, the proliferation rates αi(t) for each generation
are considered to be piecewise linear functions of time and the death rates βi(t)
are assumed to be constant. Such a model has been shown to accurately fit the
given data set (see [7, 39] for details).

Table 2 summarizes the results from the various inverse problems. Not
surprisingly, the most complex cyton model (Cyton7) is also the most accurate.
Significantly, this model is seen to outperform the old model (17) for the data
set studied, even though it uses fewer parameters. As discussed above, the new
model (with cyton dynamics) is more biologically intuitive than the model (17)
as well. Of course, this comparison is only valid for the single data set examined
in this report; further validation with additional data will be required before
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any broad conclusions can be reached, and this work is ongoing. The fit of each
of these two models to the data can be seen in Figure 2. Visually, there are
only a few differences between the two models. While both fit the data quite
well, the Cyton7 model is more accurate at t = 24 hours. This is most likely
the result of the form of Equation (12), which permits a rapid (exponential)
initial decrease in the number of undivided cells, followed by a much slower
subsequent decline. Meanwhile the model (17), with β0(t) a constant function,
permits only an exponential rate of death for the duration of the experiment;
the estimated parameter β0(t) = β0 is thus biased downward in order to avoid
losing too many undivided cells at subsequent measurement times. The only
major discrepancies between the Cyton7 model and the data occur for z ≥ 3
at t = 24 hours and for z ≈ 0.5 at t = 120 hours. Both cases are explained
by irregularities in the particular data set–aggregates and/or monocytes in the
former case, and irregular bin spacing in the latter case. See [4, 7, 39] for
details. We remark that the cost of the model (17) is slightly higher than that
reported in [7, 39] as a result of the different approximation and computational
approaches used.

It is more difficult to use Table 2 to reach similar conclusions regarding the
performances of the various cyton models considered. While Cyton7 clearly
has the lowest cost, it also contains the largest number of parameters. Model
comparison tests based upon refinement [1, 2] or information criteria such as
the AIC [10] exist, but each of these requires an accurate statistical model
for the error processes in the data. While model comparison statistics could
be computed from the information in Table 2, the results would be heavily
biased by the limited accuracy of the statistical model, and perhaps misleading.
Rather, we assess the fits of the various models qualitatively.

Aside from the model (17), the best models are Cyton3, Cyton4, Cyton6,
and Cyton7, each of which contains parameters for a division destiny curve. Be-
cause other model generalizations (see Section 3.1) such as exponential death
for undivided cells with (Cyton5) or without (Cyton2) a fraction of idle cells
do not result in nearly as much improvement in the fit of the model, it seems
reasonable to conclude that division destiny is an important feature of an accu-
rate mathematical model of cell division. The fit of the model to the data for
Cyton5, the best model lacking a division destiny curve, is shown in Figure 3.
While this model does again fit the data fairly well, there are systematic errors
in the population generation structure as predicted by the model, particularly
at t = 96 hours.

Aside from Cyton7, the most accurate cyton-based model considered is
Cyton4. The best-fit model solution for Cyton4 is shown in comparison to
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Figure 2: Best-fit results for models Cyton7 (Left) and (17) (Right).
The two models have very similar solutions, but the Cyton7 model has
a lower cost and fewer parameters (see Table 2). The cyton model is
much more accurate at t = 24 hours (top), probably because the form of
Equation (12) permits a rapid (exponential) initial decrease in the num-
ber of undivided cells, followed by a much slower subsequent decline.
Meanwhile, the model (17), with β0(t) a constant function, permits only
an exponential rate of death for the duration of the experiment. The
small bump in the Cyton7 solution near z = 0.5 at t = 120 hours is
actually the result of irregular bin spacing for this particular data set
(see [4, 7, 39]).
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Figure 3: Left: Best-fit results for model Cyton5. While the model is
fairly accurate, there are systematic errors in the population generation
structure predicted by the model, particularly at t = 96 hours. The
Cyton7 model (Figure 2, Left) provides a more accurate prediction of
the CFSE profile at all time points and thus has a lower cost (Table 2).
Right: Best-fit results for model Cyton4. Again, we see that the model
is fairly accurate, though the absence of any non-progressing, idle cells
in the undivided population results in an under-prediction for t ≥ 96
hours.
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the data in Figure 3. The only difference between Cyton7 and Cyton4 is that
Cyton7 considers a fraction pidle of non-progressing cells which are assumed to
neither die nor divide. While the difference in both OLS cost as well as model
solution are minimal between Cyton4 and Cyton7, careful observation of the
Cyton4 solution at t = 120 hours reveals that the model under-predicts the
number of undivided cells remaining in the population. It appears then, that
the fraction of non-progressing, idle cells is also an important consideration for
an accurate mathematical model.

5. Summary and Future Work

In this report, two existing frameworks (models for label structure dynamics
and models for generation structure) have been combined to form an accurate,
biologically meaningful quantitative description of a dividing population of cells
labeled with an intracellular dye. The cyton model, which relates the genera-
tion structure of the population to probability distributions over times to divide
and die, has been shown to describe the behavior of a proliferating population
of cells in a manner that is both accurate and consistent with a range of exper-
imental evidence [11, 21, 21]. Meanwhile, models of population label structure,
which account for the manner in which cells process an intracellular label as
they grow, divide, and die, have been shown to accurately predict the evolution
of histogram profiles indicating the label-structured density of the population
[4, 5, 7, 19, 24, 25, 36, 39]. Using a recently developed solution and computa-
tional technique [19, 36], we have shown how these two bodies of work can be
combined into a model which can simultaneously describe both label dynamics
and population generation structure.

The primary advantage of such a technique is that one is no longer de-
pendent on any deconvolution of histogram data in order to determine the
underlying generation structure of a population of cells measured by flow cy-
tometry. The resulting model, once fit to data, provides an estimate not only
on the histogram profiles themselves, but also of the number of cells having
completed a given number of divisions. For instance, one can use the validated
or calibrated model to determine the numbers of cells in the population in terms
of division number (Figure 4) or the population generation structure (Figure 5)
at any given time. While this was also possible with previous models (e.g., (17),
[7, 19, 36, 39]), these models are not amenable to describing such biologically
relevant features as times to division and death. Yet the new model, which
contains the cyton model, is derived exactly in terms of these quantities. For
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Figure 4: Total numbers of cells, and generational structure, as com-
puted with the model Cyton7. Vertical dashed lines at t = 0, 24, 48, 96,
and 120 hours indicate times at which data is available for the particular
data set used to calibrate the model.

instance, the estimated probability densities for times to division and death are
shown for undivided precursors and divided cells in Figure 6.

As discussed in Section 3.1, additional generalizations of the new model are
possible. For instance, one could consider a density function other than lognor-
mal to describe times to division and death. Given the success of the model
Cyton7, which features a combined lognormal and exponential probability of
death (as well as a fraction of idle cells), it is natural to wonder whether the
true density function might even be multimodal, possibly reflecting multiple
subpopulations within the data. Similarly, the time to division curve for di-
vided cells (Figure 6, right) admits the possibility that a non-negligible fraction
of cells divides in less than two hours. This is almost certainly non-biological.
It is possible that this problem can be also explained as the result of subpopula-
tions which are characterized by different distributions over times to divide and
die; when a single parametric distribution (e.g., lognormal) is used to describe
such data, the statistical moments of the estimated distribution may not accu-
rately reflect the multiple underlying subpopulation distributions. While some
experimental evidence exists to support the lognormal parametric forms for the
cyton model for some types of cells [20], a rigorous analysis of the effects of the
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Figure 5: Similar to Figure 4, the generation structure of the population
of cells at each measurement time.
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Figure 6: Lognormal distributions of division (blue) and death (red;
inverted) times for undivided (Left) and divided (Right) cells. The den-
sity functions shown for division apply only to progressing cells. The
density function shown for undivided cell death applies only to progres-
sors (i.e., it does not include the exponential death of non-progressors,
nor the fraction of idle cells).
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parametric form on the performance of the model has not been performed to our
knowledge. This problem may also be amenable to nonparametric estimation
[3] of the underlying probability distributions.

The accuracy and computational efficiency of the new model (22), as well
as its intuitive biological interpretation, make it an important tool for use in
analyzing data collected from flow cytometry proliferation assays. Regard-
less of the potential improvements and/or model generalizations just discussed,
the primary limitation of the current framework lies not in the mathematical
model itself but rather in the statistical model (24) which links the mathemat-
ical model to the data. An accurate statistical model is of vital importance
for the consistent estimation of model parameters, as well as for uncertainty
quantification for estimated parameters, e.g., the unbiased estimation of confi-
dence intervals around those parameters [1, 8, 13, 37]. An accurate statistical
model is also necessary for the rigorous comparison of different model parame-
terizations and generalizations [2, 10]. To that end, an array of data has been
collected and efforts to demonstrate an accurate statistical model of the data
are underway. In the mean time, we believe the new model presented here will
provide an important contribution for the quantitative analysis of proliferation
assay data.
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